
ISSN 1063�7842, Technical Physics, 2012, Vol. 57, No. 1, pp. 37–43. © Pleiades Publishing, Ltd., 2012.
Original Russian Text © V.I. Punegov, 2012, published in Zhurnal Tekhnicheskoi Fiziki, 2012, Vol. 82, No. 1, pp. 40–46.

37

INTRODUCTION

X�ray acoustic resonance [1–11] occupies a special
place in a wide range of studies in X�ray acoustooptics.
The effect of X�ray acoustic resonance, which was
mentioned for the first time in [1], appears under the
condition κs ≈ Δq0, where κs = 2π/Λs is the wavenum�
ber of the acoustic wave, Λs is the ultrasound wave�
length, and Δq0 is the minimal splitting of the two�
wave dispersion surface. An appreciable number of
theoretical and experimental studies were devoted to
Laue diffraction [6]. In this geometry, the X�ray
acoustic resonance suppresses X�ray anomalous trans�
mission [1] and strongly affects the profiles for the
transmitted and diffracted beams [4, 10]. As it regards
the Bragg geometry, the number of publications in this
field is scarce, and most publications contain the
results of theoretical analysis [5, 7–9, 11]. Only one
experimental work deals with X�ray acoustic reso�
nance in the Bragg geometry [5]. This is primarily due
to difficulties in the experiment itself and in analysis of
the results of measurements. As a matter of fact,
almost all existing theories have some drawbacks and
require substantial corrections. For example, relations
describing the position and width of satellites under
the action of ultrasound oscillations on a perfect crys�
tal were obtained in [5]. Diffraction curves (DCs) of
crystal with a sinusoidal field of atomic displacements
of small�amplitude ultrasound were simulated numer�
ically on the basis of Takagi equations. In [7–9], X�ray
acoustic resonance was studied using perturbation
theory, and analytic expressions were obtained for
X�ray fields in the case of longitudinal and transverse
ultrasound oscillations. Finally, an analytic solution
for dynamical diffraction was obtained in [11] using
the four�wave approximation under the X�ray acoustic
resonance conditions. The dependence of DR profiles

on the amplitude of ultrasound oscillations was ana�
lyzed on the basis of this solution.

The disadvantage of the above publications is that
the amplitude of transverse acoustic waves in the sur�
face region of the crystal in which Bragg’s reflection is
formed is assumed to be constant (i.e., is independent
of spatial coordinates). At the same time, as far back as
in 1885, Rayleigh [12] demonstrated that the ampli�
tude of acoustic waves propagating over the free
boundary of a solid attenuates in the bulk of the
medium. Another serious disadvantage of the theory is
the integrated approach to solving this problem. As a
matter of fact, during the propagation of a transverse
ultrasound wave over the crystal surface, diffraction
satellites are formed in the direction perpendicular to
the reciprocal lattice vector (Fig. 1). Consequently, for
a double�crystal diffraction scheme, satellites are reg�
istered either in the mode of sample rotation (ω scan�
ning) or in the mode of θ–2θ scanning with a wide
aperture of the detector, provided that the spacing
between the satellites in the reciprocal space is consid�
erably larger than the width of diffraction peaks [13].
For this reason, it is expedient to seek the solution to
this problem as applied to the differential (in other
words, triple�crystal) diffraction scheme.

This study is aimed at the development of a theo�
retical approach which correctly describes the X�ray
acoustic resonance in the Bragg geometry. An impor�
tant aspect of the theory being developed is that an
ultrasonic perturbation is treated as a Rayleigh surface
wave. In addition, the theory is constructed as applied
to the method of high�resolution triple�axial (triple�
crystal) diffractometry, which makes it possible to ana�
lyze reciprocal space maps [14, 15]. Such an approach
makes it possible to perform quantitative analysis of
the effect of acoustic fields on X�ray diffraction in an
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imperfect crystal, thus providing additional information
inaccessible for other methods.

1. CRYSTAL LATTICE MODULATION 
BY AN ACOUSTIC WAVE

Since X�ray diffraction in the Bragg geometry
occurs in the near surface of a crystal in which the lat�
tice is deformed by ultrasonic vibrations, we will first
consider the solution for a periodic field of atomic dis�
placements. Using the boundary conditions, we can
write the solution for a Rayleigh surface wave in the
form [14, 16]

(1)

where ωs is the frequency of the surface acoustic wave
(SAW). Atomic displacement amplitudes uz(z) are the
sum of two components:

(2)

The functions appearing in the sum,

(3)

(4)

decrease exponentially to the bulk of the crystal with

damping coefficients μ1 = κs(1 – ( / ))1/2 and μ2 =

κs(1 – ( / ))1/2. Note that these coefficients are
functions of κs (i.e., of the acoustic wavelength). In
relations (3) and (4), parameter u0 is a certain constant
independent of coordinates and time, cr is the velocity
of the Rayleigh wave, and cl and c
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and transverse velocities of acoustic waves in the crys�
tal, respectively.

It can be seen from solutions (2)–(4) that the
amplitude of the SAW in the surface region of the crys�
tal is not a constant quantity, as presumed in theories
[5, 7–9, 11], but is a function of spatial coordinates.

The velocity of propagation of an ultrasound wave
along the x axis (e.g., for a 127° Y ' cut of the LiNbO3

crystal) is cr = 3980 m/s; the longitudinal velocity is

cl =  = 6622 m/s, and the transverse velocity is

c
τ
 =  = 4047 m/s, where ρ = 4629 kg m–3 is the

density of LiNbO3 material [17], c11 = 20.3 × 1010 N m–2,

and c44 = 7.58 × 1010 N m–2 are elastic constants [18].

Figure 2 shows the profiles of elastic displacements
uz(z) for these parameters for different values of mod�
ulation amplitude u0.

It should be noted that with allowance for longitu�
dinal and transverse atomic oscillations of the crystal
lattice, apart from vertical displacements (2), lateral
displacements ux(z) also take place [16, 18], which are
much smaller than uz(z) and rapidly attenuate in the
bulk of the crystal. In X�ray diffraction experiments in
the Bragg geometry, lateral deformations pulsating
with the ultrasound frequency cannot be detected.
Moreover, since the velocity of light considerably
exceeds the velocity of elastic waves in the crystal, dif�
fraction from an instantaneous surface lattice is usu�
ally considered in the study of X�ray acoustic reso�
nance, while the time dependence in relation (1) is
usually disregarded.
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Fig. 1. Schematic diagram of X�ray diffraction from a crys�
tal modulated by a surface acoustic wave.
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Fig. 2. Elastic displacement profiles uz(z) for a 127° Y ' cut
of LiNbO3 crystals for different values of modulation
amplitude u0, nm; 1—0.05; 2—0.10, 3—0.15. The ultra�
sound wavelength is Λs = 12.5 μm.
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2. X�RAY DIFFRACTION
BY ULTRASONIC SUPERLATTICE

X�ray acoustic resonance in the Bragg geometry is
the problem of X�ray multiple scattering [3, 5–9, 11].
A schematic diagram of diffraction geometry in the
reciprocal space is shown in Fig. 1. Let us suppose that
the input surface of the crystal is parallel to the x axis,
and the z axis is directed to the bulk of the crystal. In
Fig. 1, κh, 0 are the wavevectors of the diffracted and
transmitted waves, respectively, h is the reciprocal lat�
tice vector of reflecting atomic planes, and q = κn –
κ0 – h is the vector determining the deviation κh – κ0
from a node of the reciprocal lattice. For simplicity, we
carry out analysis in the symmetric Bragg geometry.
In this case, angles θ1, 2 determining the direction of
the incident and diffracted waves relative to the input
surface of the crystal (see Fig. 1) are equal to Bragg angle
θB. In the triple�crystal diffractometry, the projections
of vector q in the diffraction plane are expressed in
terms of the angular parameters of rotation of the sam�
ple (ω) and of the analyzer (ε):

qx 2π/λ( ) 2ω ε–( ) θB,sin=

qz 2π/λ( )ε θB,cos–=

where λ is the X�ray wavelength in vacuum.
The procedure for deriving the equations describ�

ing X�ray diffraction by a laterally modulated crystal in
triple�crystal diffractometry is described in detail in
[14]. It was shown that if a plane X�ray wave is incident
on the crystal, the diffracted beam has a nonzero
amplitude for the values of qx that are multiples of the
wavenumber κs of the lateral modulation (i.e., for val�

ues of  = nκ, where n = 0, ±1, ±2, … are the numbers
of diffraction orders). In symmetric Bragg geometry,
multiwave diffraction by a crystal modulated by a SAW
for an arbitrary (e.g., nth) diffraction order can be
described by a system of equations of the type

(5)

where a0 = πχ0/(λsinθB) and ah, –h = Cπ (λsinθB)

are the dynamical coefficients, C is the polarization
factor, χ0, h = –r0λ2F0, h/(πVc) are the Fourier compo�
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Fig. 3. Calculated DRC profiles of diffraction satellites under X�ray acoustic resonance conditions in the Bragg geometry. Dashed
curve (0 curve) in (a) corresponds to the absence of ultrasonic modulation. Modulation amplitude, u0, nm: 1—0.05; 2—0.10,
3—0.15. The ultrasound wavelength is Λs = 12.5 μm. The “+” and “–“ signs in (b–d) show the DC order.
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nents of X�ray polarizability, Vc is the unit cell volume,
r0 = e2/(mc2) is the classical electron radius, e and m
are the electron charge and mass, F0, h are the struc�
tural factors in the direction of transmission and dif�
fraction of the X�ray wave, f is the static Debye–Waller
factor, and Jm(huz) are the Bessel functions of the mth
order.

System of equations (5) for  – nκs = 0 depends only
on angular parameter qz. This implies scanning in the
θ–2θ mode along the vertical axis; in this case, Ih, n(qz)
= |Eh, n(qz; z = 0)|2 describes the profile of the DC sat�
ellite with number n or of the main (zero) peak of the
ultrasonic superlattice for n = 0. The presence of the
sum on the right�hand side of Eq. (5) indicates that for
the angular position of the main peak or a certain sat�
ellite (say, with number n), not only the dynamical
interaction of the transmitted and reflected waves of a
given diffraction order, but also the interaction with
the waves of other satellites takes place.

In the case of a wide front of the X�ray wave inci�
dent on the crystal, the DCs for each satellite are nar�
row crystal truncation rods (CTRs) in the vertical

qx
n

direction of the reciprocal space. However, in real
experiments, the incident X�ray beam is bounded in
space and exhibits angular divergence in contrast to an
ideal plane wave. In addition, we must take into
account the aperture distortions arising due to X�ray
reflection from the monochromator and analyzer.
The CTR width in the reciprocal space is determined
by the above factors and is described by a certain func�
tion Φ(qx), which may have, for example, a Voigt or a
pseudo�Voigt profile [19].

The reciprocal space maps of the ultrasonic super�
lattice in the Bragg geometry are calculated using the
expression

(6)

3. NUMERICAL SIMULATION

Numerical simulation of DCs (qz cross section or
qz�mode), qx cross sections, and reciprocal space
maps were simulated on the basis of Eqs. (5) and (6)
taking into account the zeroth, first, second, and third
diffraction orders (satellites) from the 127° Y ' cut of
the LiNbO3 crystal in the X�ray acoustic resonance
conditions depending on the ultrasound amplitude.
All computations were performed for the (104) reflec�
tion of σ�polarized CuK

α1 radiation. The Bragg angle
for the chosen reflection is 16.350°, the interplanar
distance is d104 = 2.7363 Å, and the Fourier compo�
nents of the X�ray polarizability are χ0 = (–2.7104 +
i0.1055) × 10–5 and χh = (–1.237 + i0.0997) × 10–5

[17].
In the numerical simulation, the thickness of the

crystal was 100 μm; the calculated DC of the sample
unperturbed by the ultrasonic wave did not differ from
the Darwin curve for a semi�infinite crystal (Fig. 3a).
The minimal splitting Δq0 = 2πC|χh|/(λcosθB) [5] of
the two�wave dispersion surface in the given case is
0.527 μm–1, which corresponds to ultrasonic wave�
length Λs = 11.9 μm in X�ray acoustic resonance.
Computations were performed for Λs = 12.5 μm (κs =
0.5 μm–1 < q0; resonance condition is observed, the
branches of dispersion hyperbolas partly intersect) and
for elastic displacement profiles uz(z) shown in Fig. 2.
In the given case, function Φ(qx) has a pseudo�Voigt
profile with identical weights of the Lorentz–Gauss
dependences.

Figure 3 shows the DC zero�order profiles and
three nearest satellites for different values of modulation
amplitude u0. The superposition of ultrasonic perturba�
tions of a relatively small amplitude (u0 = 0.05 nm) leads
to distortion of the Darwin curve in the zero�order
angular range (Fig. 3a, curves 0, 1). A first�order satel�
lite with a DC profile resembling the Darwin curve and
a low�intensity second�order satellite appear simulta�
neously (Figs. 3b, 3c). A gradual increase in the ultra�
sonic wave amplitude suppresses the intensity of the
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Fig. 4. Calculated DR profiles of the zeroth (a) and first (b)
orders taking into account (1) and disregarding (2) multi�
wave scattering. Modulation amplitude is u0 = 0.10 nm,
ultrasound wavelength is Λs = 12.5 μm.
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zero�order peak and intensifies the diffraction satellite
peaks. The emergence of two lateral “humps” on the
DC for zero�order peak in the presence of an ultra�
sonic perturbation is associated with multiple scatter�
ing (i.e., with dynamical interaction of X�ray waves of
different diffraction orders). To confirm this conclu�
sion, Fig. 4 shows the calculated zero� and first�order
DC profiles taking into account and disregarding mul�
tiple scattering. In the latter case, system of equations
(5) is considered in the two�wave approximation, and
the sum on the right�hand side of the equations is
replaced by the corresponding expressions for the
given satellite. It can easily be seen that the disregard
of the interaction of X�ray waves of different diffrac�
tion orders preserves the DC profiles in the form of
Darwin curves even for the relatively large modulation
amplitude. The allowance for multiple scattering con�
siderably changes the DC profiles, and this is mani�
fested especially clearly for the zeroth diffraction order
(Fig. 4a).

It is well known that the half�width of the DC for a
perfect crystal is determined by the Fourier compo�
nent of polarizability χh. In the presence of ultrasonic
oscillations of constant amplitude u0 in the crystal, the
extent of X�ray interaction with the crystal (e.g., for a
satellite with number n) is in conformity with the
numerical value of the product χhJn(hu0) [5], where
Jn(hu0) is the Bessel function of the nth order.
Although the widths of the satellites decrease with

increasing n in accordance with Fig. 3, it is difficult to
estimate these widths from the values of the Bessel
functions in the given case. As a matter of fact, the
arguments of the Bessel functions in system of equa�
tions (5) depend on coordinate z; as a result, these
functions have different values at different depths of
the crystal. All these circumstances complicate not
only the interpretation of the results for large ultra�
sound amplitudes [13], but also the numerical solution
of the system of differential equations (Fig. 5a).

Figure 5 shows the qx sections in the absence (Fig. 5a)
and in the presence (Figs. 5b–5d) of ultrasonic waves
of various amplitudes in the crystal. The profiles of
these cross sections are in conformity with the values
of DRC intensities for qz = 0 (Fig. 3). An acoustic wave
with a relatively large amplitude (u0 = 0.15 nm) sup�
presses the zeroth order (central peak in Fig. 5d)
whose profile is shown by curve 3 in Fig. 3a.

The reciprocal space maps near (104) node of
LiNbO3 are shown in Fig. 6. The equal�intensity con�
tours are given on a logarithmic scale, and the ratio of
intensities between neighboring lines is 0.273. In the
absence of acoustic modulation, the diffraction pat�
terns symmetrical image of the behavior of the Darwin
curve (Fig. 6a). The ultrasound modulations cause dif�
fraction CTRs whose shape is determined by the
amplitude of the acoustic wave.

Thus, we have shown that in spite of the statement
that satellites appear in the Bragg geometry only for
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Fig. 5. Diffraction curves in the ω scanning mode (qx cross sections). Modulation amplitude u0, nm: (a) 0, (b) 0.05, (c) 0.10, (d)
0.15. Ultrasound wavelength is Λs = 12.5 μm.
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κs > Δq0 [5], diffraction orders can be registered for
κs < Δq0 also. Everything is determined by the diffrac�
tion system and the angular resolution for collected
radiation.
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