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Lax equations
on Lie superalgebras

A. Karabanov

Cryogenic Ltd,
London, W3 7QE, UK

karabanov@hotmail.co.uk

Abstract

Itis demonstrated that the standard construction of Lax equa-
tions on Lie algebras can be extended to Lie superalgebras,
with the even subspace carrying the usual Lax equations.
The extended equations inherit the existence of the canoni-
cal trace polynomial integrals of motion. An extra set of inte-
grals exists in the odd subspace, with a nontrivial homological
structure of the orbit space. This establishes a curious alge-
braic link between integrable evolution equations, supersym-
metry and the deformation theory.

Keywords:

Lie superalgebras, Lax equations, integrals of meotion, homo-
logical algebra, deformation theory

Introduction

The substantial interest to graded Lie algebras arose
about 60 years ago, in the context of similarity between de-
formations of complex-analytic structures on compact man-
ifolds and deformations of associative algebras and Lie al-
gebras [1-4], in combination with the relevant cohomologi-
cal theories [5, 6]. In these algebras, the interplay of “even”
and “odd” subspaces carrying skew-symmetric and symmet-
ric multiplication laws plays the crucial role. Later, the new
interest to these structures arose in theoretical physics, in
the context of supergauge symmetries relating particles of
bosonic and fermionic statistics. Although supersymmetry
has not been experimentally discovered, these studies stim-
ulated an interesting new mathematics [7-10].

At the same time, the advent of the inverse scattering
method gave a boost to the studies of Lie groups and Lie al-
gebras in mathematical physics, in the context of integrability
of nonlinear evolution equations. In such studies, the nonlin-
ear dynamics is encoded in the evolution under the “semi-
linear” Lax equations possessing trace polynomial integrals
of motion or revealing the isospectrality of the evolving oper-
ators [11-16].

In this work, the standard construction of the Lax equa-
tions on Lie algebras is extended to Lie superalgebras, the
Zo-graded Lie algebras of supersymmetry. The extended
equations possess the canonical trace polynomial integrals of

VpaBHeHus Jlakca
Ha cynepanrebpax Jin

A. KapabaHos

000 «KpuoreHuka»,
r. JlongoH, W3 7QE, BenukobputaHus

karabanov@hotmail.co.uk

AHHoTauua

MokasaHo, uTo CTaHAAPTHas KOHCTPYKUMSA ypaBHeHuit Jlakca
Ha anrebpax JIu MoxeT 6biTb pacnpocTpaHeHa Ha cynepan-
re6pbl Jlu, B KOTOpPbIX YETHOE MOANPOCTPAHCTBO HECET B Ce-
6e obbluHble ypaBHeHus Jlakca. PacwupeHHble ypaBHeHUS
HacnepgyoT CylWecTBOBaHWE KAHOHUUECKUX CNefoBbIX NOMM-
HOMWanbHbIX UHTErpanoB [BUXeHUs. B HeueTHoM nopnpo-
CTPaHCTBE CYWeCTBYET AOMNOHUTENbHbIA Habop MHTerpanos
C HeTPUBMANbHOM TOMONOrUUECKOH CTPYKTYPOM NMPOCTPaH-
cTBa opbut. 310 ycTaHasnuBaeT nobonbiTHY0 anrebpanve-
CKYI0 CBSI3b MEXJY UHTErpUPYEMbIMU 3BONTHOLLUOHHBIMM YpaB-
HEHWSIMU, CynepcUMMeTpueit U Teopueit fedopMaLmi.

KnioueBble cnosa:

cynepanrebpbi Jlu, ypaBHeHus Jlakca, UHTerpanbl BBUXEHMS,
romonoruyeckas anre6pa, Teopus pedopmaumii

motion and so can be applied in a similar manner to nonlin-
ear problems. It is shown that the odd subspace admits extra
polynomial integrals of motion independent of the canonical
integrals. The geometry of the relevant orbit spaces is stud-
ied revealing a nontrivial homological algebra. Thus, an alge-
braic link is established between integrable evolution equa-
tions, supersymmetry and the deformation theory. This work
can be regarded as a continuation of the previous work by the
author [17].

It is assumed that the reader is familiar with the basics
of the theory of Lie groups and Lie algebras and their rep-
resentations as well as the basics of algebraic geometry and
homological algebra.

1. Lie superalgebras

The algebra of supersymmetry comes from theoretical
physics as an attempt to combine into one unified theory two
statistically different types of particles, bosons and fermions.
According to the method of second quantization, the (complex
finite-dimensional) vector state spaces of these two types are
separated by parity, the one being represented in the even
space [0, the other in the odd space I'. To relate these spaces,
one assumes that the same symmetry (connected) Lie group
G linearly acts on both spaces. The group actions are repre-
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sented by the group homomorphisms
T :G — GL(I"), k=0,1.

The even action is assumed to be simply the adjoint action of
G,T° = Ad,ie. [V is the Lie algebra of the Lie group G. The
bilinear skew-symmetric bracket in [©

L1200 <0 = 10 1°

[xv y]O = _[yv X
is the standard Lie bracket. The differential ad of 7°
ad : I' = End(1°), ad(z)y = [z,y]°, z,y € © (1)

represents the adjoint linear action of [? on itself. It is further
assumed that the odd action 7! is tensorially intertwined with
T°. This means that a symmetric bilinear bracket

S e e N L e

is defined on [* with values in [ such that
[T (g)x, T (9)y]" = T°(g)[z,y]'",
zyell, ¢gea. (2)

Using the brackets [,]*, k = 0, 1, and the differential of
the action 7"

p: 10— End(l"), 3)

a bilinear bracket [, ] on the direct sum

(=ral
can be defined as
[z, 9]° 2y el
[z, y] =9 [y, zyel,
p(z)y, el yell.

With this bracket, the graded vector space [ becomes a
(complex) Lie superalgebra, i.e., a Zo-graded algebra whose
bracket satisfies the conditions

[z,y] C B, [z, y] = —(=1)[y, 2],
(=1 [z, [y, 2]] + (=1)%"[y, [2, 2]+
+(=1)"[z, [2,y]] =0
Veelt,yel zclV, &,n,v=0,1.

(4)

The skew-symmetry between [ and [* and the graded Jacobi
identity are externally imposed on z,y, z € I! (to naturally
extend the representation theory) while the rest of the condi-
tions follow the intrinsic properties of the construction above.

The combined action 7" = (7, T") of the Lie group G
on the Lie superalgebra [ = (I°, [') generates the structural
group of automorphisms of [,

[T(g)x, T(g9)y] = T(g)[z,y],

The differential (ad, p) of this action generates a represen-
tation of the Lie algebra [° on L.

r,yel, geG. (9)

2. Representations

Representations of Lie superalgebras are Lie superalge-
bra homomorphisms

¢: =L, ¢(z,9]) = [o(x),o(y)]L (6)

into operator Lie superalgebras L. The latter are constructed
as follows. For a Z,-graded (complex finite-dimensional)
vector space

V=vle Vv,

let L°, L' be the spaces of linear operators V' — V of ho-
mogeneous degrees 0,1. This means that operators from L°
act on the grades while those from L! permute the grades,

L(]vk C Vk k=0.1 le(),l C VLO.
On the Z,-graded vector space
L=L"qL!

define a bracket [, |, by the rule
[X,Y], = XY — (—1)¥Y X,

(7
XeILf, YelL &n=0,1.

With this bracket, L is a Lie superalgebra (the graded Jacobi
identity follows from Eg. (7). Representations of [ are homo-
morphisms of Egs. (6), (7) such that

o(F)CL*, k=01 (8)
In particular, the restrictions

¢° = ¢l 9)

to the even subspace are representations of the Lie algebra
1.

Nontrivial representations of Lie superalgebras always
exist. For example, the homomorphism

[ — Ider(l), z— 0, =[x, (10)

to the space of inner derivations of [ satisfies the requirement.
This representation generalizes the adjoint representation of
a Lie algebra. The existence of faithful representations (in a
more general context of graded Lie algebras over commuta-
tive rings) has been proved in Ref. [3]. Each faithful represen-
tation of [° (guaranteed by Ado’s theorem) can be extended to
a faithful representation of [.

3. Invariants and Lax equations

The group action 7" on [ admits a set of canonical invari-
ants, the (complex) trace polynomial functions on [

L[¢l(z) = Tr([p(2)]°), wel (M

taken for any power s > 0 and any representation ¢ of [.
In fact, according to Eq. (7), for X € L°and Y € L, the
bracket [X, Y], is the commutator of operators. Hence 7'
acts on operators of algebra representations by conjugation
and so preserves the traces of their powers. The restrictions
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of Eq. (9) generate the set of canonical invariants in the even
subspace,

12[¢°)(z) = L[¢")(z), x€l (12)

These are the standard trace polynomialinvariants generated
by the Lie bracket in [°.

The intertwining of Eq. (2) enables extra invariants to be
built for the group action 7' on [*. Precisely, for any invariant
f of the action T, the function

I'f)(z) = f([z, ),

is an invariant of the action 7°*. In fact, the map

zel, (13)

w:lt =10 wr)=[z,1] (14)
gives a (nonlinear) intertwining of 7" with 7°. Its composi-
tion fw with any invariant f of 70 is an invariant of 7. The
invariants given by Eq. (13) are called derived invariants.

For each £ = 0, 1, the canonical invariants I;[¢] of
Eq. (1) are integrals of motion (conservation laws) of evolu-

tion equations of the form

dijdt =[m,1], mel® 1l (15)

where m = m(t) is any time-independent or (continuously)
time-dependent magnitude. In fact, for any m, including the
case where m depends on [, the trajectories of the solutions
to Eq. (15) in the subspaces [* belong to orbits of the group ac-
tions T determined by the initial values. Egs. (15) are called
Lax equations on the Lie superalgebra .

In the subspace [*, Eq. (15) is rewritten as

dijdt = p(m)l, lel* (16)

where p is the representation of [° on [ given by the differ-
ential of the group action 7" (see Eq. (3)). This is a general-
ization of the standard Lax equation on the Lie algebra [° to
another representation subspace [*. Similar generalizations
(outside the Lie superalgebras theory) have been considered,
for example, in Ref. [16]. The derived invariants I'[f] given
by Eq. (13) are integrals of motion of Eq. (16) additional to the
canonical invariants.

The property of the Lax equations to have the “m-univer-
sal” conservation laws is very useful. It enables one to in-
tegrate nonlinear evolution equations (15) generated by any
(continuous) dependences of m on [ and .

4. Geometry of orbits

Since the invariants are integrals of motion, the trajecto-
ries of evolution under Eg. (15) belong to the intersections of
integral surfaces, on which the invariants take constant val-
ues determined by the initial states. Each such intersection
is filled with orbits of the group action 7" on I. The form of
the canonical invariants I4[¢] suggests their strong depen-
dence on the representations ¢. The representations (on the
same vector space) are subdivided into equivalence classes
with respect to the canonical invariants,

dgeG: ¢ =9T(g) — L[¢]=Llo]

Besides this, it is hard to formulate anything general about
the integral surfaces created by the invariants I;[¢).

The derived invariants 7' [f] on the odd subspace I' are
different. They are written as compositions of any 7°-invari-
ant with the map w of Eq. (14) that is independent of repre-
sentations of [. By Eq. (5), we have

[T (g)z, T (g9)x] = T°(g9)[x, z],
VgeG, xzecl. (17)

Hence, if the vector v = [z, 0] € I° is fixed under the
group action 70,

T(g)v=v Vge€QG, (18)

then the trajectory of the solution /(¢) to Eq. (16) starting from
x¢ is completely contained in the set

S, ={zxecl':[z,z] =0} (19)

In fact, in this case, any constant function f is suitable for the
derived invariant I [ f]. The space of the vectors v defined by
Eq. (18) is the zeroth cohomology group h° (G, I°) of the group
G with coefficients in [°. This space also forms the centre of
the Lie algebra [°.

For any v, the relation that defines the set S, is quadrat-
ically polynomial with respect to the coordinates in [*, so the
set S, is an (affine) algebraic variety. By Hilbert's Nullstel-
lensatz, it is defined by the zero locus of a proper ideal in the
polynomial ring C[I'] containing these quadratic polynomi-
als. There is an obvious link of Eqg. (19) to the classical prob-
lem of intersections of quadrics. The variety S, is symmet-
ric under the reflection with respect to the origin x — —x.
It is non-compact in general: the homotheties v — v,
x — VA x (A # 0) make the varieties S, and Sy, isoomor-
phic. In the case v = 0, removing the trivial orbit z = 0, S,
becomes compact as a projective variety.

The special property of the variety S, of Eq. (19) is that
it lies in the intersection of integral surfaces of all canonical
polynomial invariants passing through the point x,. In fact,
for any representation ¢ of [ and any = € [, in accordance
with Egs. (6), (7), (8),

([, 2]) = 2[p(x)]*

and any odd power of the operator ¢(x) permutes the even
and odd subspaces and so has a zero trace. Hence, we obtain
for any integer s > 0 and any representation ¢

Is[¢)(x) = 27°Tr ([¢([z, z])]*)
L 1[¢](xz) =0, zel'.

According to Egs. (17), (18), the set .S, is filled with orbits
of the group action 7' on ['. This generates the orbit space
S, /G that classifies paints of S,. Two points belong to the
same equivalence class if they belong to the same orbit. In
the case v # 0, we will assume that the group action 7! is
irreducible on [*.

The classification problem .S, /G can be approached as
follows. For any z € S, let 9, be the inner derivation de-
fined by the homomorphism of Eq. (10). In other words,

(20)

Oy =[z,y], €S8, yeL
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It follows from the Jacobi identity (see Eq. (4)) that
20,0.y = [v,y].
Eq. (18) is equivalent to the condition
[m,v] =0 ¥Ym el
By Eqg. (21), this implies
9,0,1° = 0.
Also, we have

v, 9] = [y, y],y] =0 VyeSs,

where we again used the Jacobi identity. Hence, S, is a sub-
set of the centralizer of v in [1. This centralizer is G-invariant
because v is G-fixed. For v # 0, we assumed that the 7" -
action is irreducible, so the whole [* centralizes v (otherwise,
there would exist a smaller invariant subspace of T'),

[, v] = 0. (23)
By Egs. (21), (23), we conclude then that
0,0, = 0. (24)
Combination of Egs. (22), (24) gives
0,0, = 0.
Considering the restrictions on the even and odd subspaces
05 = ul, k=01,

we have on [
8190 = 829! = 0.

This enables the Lie superalgebra [ to be represented as the
“loop” chain complex

0

=1

o}
with respect to the differential 0,. Introducing the kernels
and images (the cycles and boundaries)

Zf = ker 83’;, Bg’l =1im 8;’0,

we assign to each point z € S, the even and odd homology
groups as the quotients

Hy = Z;/ By,

The groups H*, H*
same G-orhit.
Introducing the vector spaces

Z, =207, B,=B ¢ B H.=H'® H!,

k=0,1. (25)

, are isomorphic if x, " belong to the

we see that 7, is a Lie superalgebra that is a subalgebra of
[, B, isanidealin Z, andso H, = Z, /B, also becomes a
Lie superalgebra.

The subspaces Z_, B! are respectively the tangent space
to .S, and the tangent space to the orbit of = at the point .
If the odd homology group is trivial, H! = 0, then the or-
bit of « covers a whole neighbourhood of the point x in .S,
All small deformations of 2 within S, are GG-orbit equivalent.

Such points x are called rigid. For Z} = 0 (for v # 0), the
set .S, consists of one point = (which in this case is fixed un-
der the group action, By = 0). If H; # 0 then the orbit of x
tends to lie strictly inside .S,,.

The subspace Z{ is the Lie subalgebra of [° that central-
izes x: [Z9,z] = 0. The subspace B is the image of x
under the odd inner derivations: BY = [I*, z]. By the Jacobi
identity and Egs. (19), (23), it is a Lie subalgebra (actually an
ideal) of Z0. If the even homology group is trivial, H? = 0,
then z is a simple point of S,,. In fact, let H? = 0 and let
x +u € S, be a deformation of the point z in S,. Then u
satisfies the deformation equation

20%u + [u,u] = 0. (26)
We can write the solution to Eq. (26) as a formal power series
u=zup + 2%us + ... (27)

in some (complex) scalar parameter z. The first term

28iu1 =0 —r Ui € Z;

can be chosen arbitrarily. To find the higher terms, the follow-
ing induction can be applied. Let the first ¢ terms be known.
Then they satisfy the equations
20 u, + J, =0,
r—1
J. = Z[up,ur_p], r=1,...,q.
p=1

To find the (¢ + 1)th term, the following equation should be
solved

(28)

201 ugi1 + Jyp1 = 0. (29)

Let

q

ul® = Z 2" u,

r=1
be the gth partial sum. Using the Jacobi identity, we have
[z + ul® [z + G u(q)]] —0.

Taking the (¢ + 1)th power of z, with the use of Egs. (23), (24),
we obtain
q
[z, Jg41] + Z[uq+1fr7 2[z,u,] + J;] = 0.

r=1
By Egs. (28), this gives
82Jq+1 = 0

This means that J, 1 € Z2 and so J,1 € BY because we
assumed H? = 0. Then Eq. (29) can be resolved for w1,
uniquely if we take the zero projection to Z!. Hence, all the
terms of the power series of Eq. (27) can be uniquely found.
This series converges for any u; as long as |z| is sufficiently
small. We obtain that the point x € S, can be analytically
deformed within S, in any direction given by the space Z! of
tangent vectors to S,,. Thus, for H? = 0, the point z is sim-
ple. A structure of a complex manifold on S, can be defined
in a neighbourhood of . The situation is very similar to that
described in Ref. [1].
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The consideration of dimensions gives the following rela-
tions

dim HY = dim* — ) " dim BY,
p=0,1
dim Z* = dim (* — dim B®V | k=0, 1.

(30)

Here in addition to Eq. (25) we used the isomorphisms
BO,l ~ [l,O/Zl,O.
Also, since v € BY C Z9, we obtain

v#E0 — dimZ°>dimB°>1  (3))

(in particular, if S,, # () for v # 0 then the group action T
on [! cannot be free). It immediately follows from Eq. (30) that
if the subspaces (! are not isomorphic, dim [* # dim [°
(i.e., the representation spaces of ad and p are not isomorphic
as vector spaces), then the groups H2! are not simultane-
ously trivial and are not isomorphic, dim H} # dim H?.
This is valid for each point x € S5,. This means, for in-
stance, that neither point x € S, can be simultaneously
a simple point of the variety .S,, and have its orbit cover-
ing the whole neighbourhood of x in M,,. In particular, for
dim ' # dim°, the variety S, cannot be a (nontrivial
smooth) homogeneous space of the G-action.

Egs. (30), (31) enable an estimation of possible orbit
classes in the space .S, /G to be made. The existence of func-
tions on [! that separate orbits in S, and their links to the
homology on .S, are interesting open questions. In addition to
Eg. (20), note that, for the “adjoint representation” of Eq. (10),
the canonical integrals take the zero values on S,

¢(x) = Oq

In fact, for z € S, we have 9> = 0, so the operator 9, is
nilpotent and its all positive powers have a zero trace.

—  Llpl(x) =0,z €S, s>0.

5. Conclusion

We have shown that the well-known construction of the
Lax equations on Lie algebras can be extended to Lie super-
algebras, important in mathematics and theoretical physics
in their relation to the deformation theory and supersymme-
try. Like the usual Lax equations, the extended ones admit the
canonical trace polynomial integrals of motion which can be
used in the integrability theory for nonlinear evolution equa-
tions. Besides the canonical integrals, the extra set of derived
integrals occurs in the odd subspace, as a result of tensorial
intertwining with the even subspace. This new feature is due
to the symmetric character of multiplication within the odd
subspace. The orbit spaces generated by constant values of
the derived integrals [z, x] = v, where v belongs to the Oth
cohomology group of the underlying Lie group action, possess
the natural (co)homological structure with respect to the in-
ner derivations 0,. This structure is generically nontrivial,
giving obstacles for the integral surfaces to be locally homo-
geneous spaces. These results algebraically relate the inte-
grability theory of evolution equations with supersymmetry
and the deformation theory.

The future work can be focused on possible connections
of the orbit space .S, /G with the “intrinsic properties” of the
algebraic variety .S,, independent of its embedding into the
odd subspace [* (say, in the spirit of the Zariski and Mum-
ford theories). An extension of the described algebraic struc-
tures to the general graded Lie algebras should be possible
in terms of their natural grading into the even and odd sub-
spaces. From the point of view of physical applications, it can
be interesting to relate the above constructions to integrable
nonlinear dynamics and supersymmetry (for instance, to con-
nect Egs. (19), (26) to symplectic geometry and Hamiltonian
dynamics as well as to the extended supersymmetry theory,
say, for the Poincaré algebra). Possible relations of the de-
formation Eq. (26) to the Maurer-Cartan formalism and the
gauge theories can also be interesting.

The author declares no conflict of interest.
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0 nepMaHeHTe MHOTOMepHbIX MaTpuy
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r. CbIKTbIBKap
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AHHoTauua

MepMaHeHT MHOroMepHbIX MaTpuLy, BbipaXkeH B TepMUHaX one-
pauuit Hag 3neMeHTaMu KOMMYTaTUBHOW anrebpbl ¢ HUNbMO-
TEHTHbIMM MHAeKca 2 obpasylowmMi. C NOMOWbIO TEXHUKH,
OCHOBaHHOW Ha [aHHOI B3aMMOCBA3M, [A,0KA3aHO HECKONbKO
CBOMCTB nepMaHeHTa. MayueHbl pasnnuHbie BULbI MHOrOMep-
HbIX nepecTaHoBoK. MlepMaHeHT MHOroMepHbIX MaTpuu, pac-
CMOTPEH C TOUKM 3PEeHUs Nepeuncnaiowen qyHKLMM MHOro-
MepHbIX NepecTaHoBoK.

KnioueBble cnosa:

MHOTOMepHasl MaTpuLa, NepMaHeHT, MHOroMepHas nepecra-
HOBKa

BeepeHue

[TepmareHT maTpuupl A = (a,;) n-ro nopspKa onpepe-
nsieTcs cnefyiowmm 06pasoM:

Per A = Z ﬁaw(i)

oceS, i=1

(cyMMMpoBaHMe BefleTcq Mo BCEM NepecTaHOBKaM n-ro no-
panKa). lepMaHeHT Halen WKUPOKoe NpUMeHeHue B KOMBUHa-
TOPMKE, TaK KaK ero MoXHO paccMaTpueaTh B KauecTBe nepe-
unucnaowwend GyHKLMM pasnnuHbix 06beKTOB JUCKPETHOM Ma-
TEMaTWUKU. COBEpLIEHHbIX MApPOCOYETAHWUN OBYAONbHBIX rpa-
(OB, NEPECTaHOBOK C OrpaHUUEHHbIMU No3uLMamMu 1 T. a. 06-
WMPHBIN MaTepuarn, KacaloWmica nepMaHeHTa MOXXHO HauTu
B CTaBLUEM YXe Knaccuueckon MoHorpadmm [1].

MoHATME NepMaHEHTa MOXHO 0606LMTb 1 Ha Clyyan MHO-
roMepHbiX MaTpul. JTa TemaTuka CTana paspabarbiBaTbCs
CpaBHUTENbHO HenasHo. MoapobHbIM 0630p, MOCBAWEHHbIN
LaHHOW TeMe, MOXHO HauTu B cTatbe [2]. B Haweit pabote Mbl
3aTparnBaeM HeKoTopble LOMOHMTENbHbIE BOMPOChI, CBA3AH-
Hble C MepPMaHEHTOM MHOrOMEpPHbIX MaTPULL, HE OTPaKEeHHbIE,
HACKOMbKO HaM M3BECTHO, B IUTeparype.

PaccMoTpuM accouuatueHyto anre6py Hag nonem F, no-
POXKOEHHYH0 3MIEMEHTAMM Ly, CBA3aHHbBIMM CIeAYHoL MMM onpe-
IensioWmMn COOTHOLLEHUAMM: Li =0, tt; = g, k1 =
1,2,...,n. Xopowo ussectHo [1, c. 110], uto nepMaHeHT Mat-
PULbI MOXKHO BbipasuTb Yepes MPOU3BELEeHWE OFHOPOAHbIX
3M1IEMEHTOB NepBOi CTeneHu JaHHoi anre6pbl. TouHee, MycTb
naHa matpuua A = (a;;) n-ro nopsifKa c aneMeHTamm us F.

On the permanent of multidimensional
matrices

D. B. Efimov

Institute of Physics and Mathematics,
Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

defimov@ipm.komisc.ru

Abstract

The permanent of multidimensional matrices is expressed in
terms of operations on elements of commutative algebra with
nilpotent index 2 generators. Using a technique based on this
relationship, several properties of the permanent have been
proved. Various types of multidimensional permutations are
considered. The permanent of multidimensional matrices is
considered from the point of view of the enumeration func-
tion of multidimensional permutations.

Keywords:

multidimensional matrix, permanent, multidimensional per-
mutation

Torga, Kak HeTpyaHO 3aMeTUT,
n
Per Avits. .. 1, = H(ailbl + aiote 4+ + Qintn)-
i=1

B nepBoM pasgene Mbl pacnpocTpaHsieM AaHHYH KOHCTPYK-
LLMI0 Ha MHOrOMepHbIA cnydyail. C MOMOLLbI0 TEXHUKM, OCHO-
BaHHOM Ha AaHHOW B3aMMOCBA3M, Mbl ,OKa3blBaeM HEKOTOpbIe
npocTeMwme CBOCTBA NepMaHeHTa MHOrOMEpHbIX MaTpuL,.

Xopowo M3BECTHO, UTO MEPMaHEHT MOXHO MCMOoNb30BaTh
NS NepeyYnCeHns NepecTaHoBOK C OrPaHUUYEHHbIMM MO3ULLM-
amu [3]. Bo BTopoM paspene Mbl paccMaTpyBaeM MHOTOMEpPHbIM
aHanor JaHHo B3aMMOCBA3M Ha NpUMepe MHOToMepHbIX Gec-
NopALKOB.

1. MepMaHeHT MHOrOMepHbIX MaTpuL, U HeKoTo-
pble ero CBOMUCTBa

d-MepHou maTpuiesi A nopsaka n Hag noneM F Hasbl-
BaeTcq d-MepHblii MaCCUB 3NeMeHTOB M3 I, KaXKabli MHOEKC
KoToporo npoberaet 3HaueHus ot 1 oo n:

A= ((1111‘2.4.7@)7 iy € {1727 e ?n}7 Qiyig..iy € F.

MHoxecTBO 3neMeHToB MaTpuubl A ¢ HKCUMPOBaHHbLIMU 3Ha-
ueHMaMn d — k WHOEKCOB HasblBaeTca k-MepHOM rpaHb!o,
(d — 1)-MepHyto rpaHb Ha3blBakT runeprparbio [2]. Quaro-
Hanbo MaTpuubl A HasbiBaeTca nio6oit Habop U3 n ee ane-
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MEHTOB, OTNIUYAIOLWMXCA OPYr OT Apyra B KaX40M UHOEKCE:

(alaz(l)...ad(l)a ceey anag(n)...ad(n))a o; € Sn

O6o3Hauum uepes L(A) MHOXeCTBO BCEX fuaroHaneq Mar-
puubl A. [lepmaHeHT MaTpuubl A onpepensetcs cneaytowmm

obpasom:
Per A = Z Ha.

leL(A) a€l

OueBHAHO, UTO eCnn A — pBYMepHas MaTpuLLa, TO Mbl MOJTYYMM
06bluHOE OMpeneneHne nepMaHeHTa.

Mpumep. PaccMOTpUM TpexMepHyH MaTpuuy 2-ro nopsifka:
A = (air), 1,7,k = 1,2. Tpatmueckn ee MoXHO n306-
pasuTtb B BuAe 2 X 2 X 2 Kyba unn gByx 06blUYHbIX 2 X 2

MaTpuLL;
A— a111 G112 G211 G212
(121 G122 )’ G221 G222
30ech NepBbIN MHAEKC 0TBEYAET 3a HOMEp MaTpULbl, BTOPON —

3a HOMep CTPOKM B MaTpuue, TPeTUil — 3a HoMep cTonbua.
lepMaHeHT AaHHOW MaTpULLbl UMEET CHELYHOWMIA BUA!

Per A = a111a292 + 1120221 + G121G212 + Q1220211

Paccmotpum accounatuBHyto anrebpy Hag nonem F, no-
POX[EHHYI0 0bpasylolmnMn ¢, 7,k = 1,2, ynosnetsopaio-
WMMK CrepyHolLUM ONPeRensiolM COOTHOWEHUSM:

0 ,ecnmj = sumk = t,
Liklst =

Lstljk ,BMPOTUBHOM Cyyae.

LlaHHas anre6pa, Kak HETPYLLHO BULETD, ABASETCS WeCTUMep-
HOi1. Kaxxapliil ee aneMeHT ofiHO3HauHo pa3naraeTcs no 6asuc-
HbIM 3NeMeHTaM (11, L12, L21, L22, L1122, L12l21, COCTABIEH-
HbIM M3 0BPa3yOWMX U UX BCEBO3MOXHbIX HEHYNEBbIX Mpo-
W3BefEHMA C TOUHOCTbIO A0 NopaaKa CoMHoXuTenen. Haso-
BEM TakoW 6a3uc ocHoBHbIM. NyCTb aHa TpexMepHas MaTpu-
ua 2-ro nopspgka A = (ai;x),%,J,k = 1,2. PaccMotpum
cnepyiolMe [iBa aNeMeHTa yKa3aHHoW Bbile anre6pbi:

a; = Q;11t11 + Qiiati2 + A1l + Gieatan, 1= 1,2.

KoathhmumeHtsl 3neMeHta aq COOTBETCTBYHT TUneprpaHu
MaTpuubl A, 06pa303aHH0171 3N1eMeHTaMu C nepBbIM UHOEK-
COM, paBHbIM 1, a KoaththULMEHTbI ANEMEHTA Ao — runeprpa-
HH, 06pa305aHH017| 3N1eMeHTaMu C nepBbiIM MHOEKCOM, paBHbIM
2. PaCCMOTpVIM npounssefeHne aTuX aNemMeHToB:

a1az = (a111a222 + A122a211 )L11t22+

+ (a112a221 + a121a212) 12021

HeTpynHo BUAETb, UTO CyMMa KO3(hMLMEHTOB 3NIEMEHTA 1 G
B Pa3noXeHWu No 0CHOBHOMY Ba3ucy paBHa NepMaHeHTy MaT-
puubl A. Takum 06pa3soM, ecnu uepes sc(a) 0603HaUUTb CyM-
MY KO3(PhULLMEHTOB 3NEMEHTA a B PasfioXXeHUU Mo OCHOBHOMY
Basucy, 10 sc(ajaz) = Per A.

Mo)KHO paccMOTpeTb 31eMeHTbl anrebpbl, COOTBETCTBYH-
Wwu1e OPYruMm runeprpaHsM, Hanpumep, cnegyolme:

bi = ari1t11 + Aotz + Ggi1to1 + Agiota2, 1 =1,2.

Wx npousseneHue

b1bs = (1110222 + G121G212)L11L22+
+ (a112G221 + G211G122) 12021

B 0bwem cnyvae byfer oTnMuaTbes OT aqas, HO CyMMa Ko3g-
(BMLMEHTOB NpousBefeHns Takke BymeT paBHa nepMaHeHTy
maTpuubl A: sc(b1by) = Per A.

MycTb Tenepb B 06wem cnyyae AaHa (d+ 1)-MepHas MaT-
puua n-ro nopagka A = (ailiQ,_idH) Hag nonem F. Pac-
cMoTpum anrebpy P ,, (1) Hap F' ¢ 0BpasyiowmMm ¢, .

Jar
J1sJ2y---5Ja = 1, ..., n, yROBNETBOPSIIOLUMIA KOMMYTALIU-
OHHbIM COOTHOLIEHUSAM:
— e oa !
Liy..5q Ljij(,i =0 ,ElS s = Jss (1)
Ljveja " biy.gly = Litegly " Linega > VIHEYE.

Kak u B TpexmMepHOM crnyyae, ee 0CHOBHbIM 6a3uCcoM Ha30BeM
6asuc, COCTaBNEHHbIA W3 06pasylolmMX U UX BCEBO3MOXKHbIX
HeHyneBbIX NPOM3BEAEHUI C TOUHOCTbIO [0 MOPAAKA COMHO-
wutenen. PaccMoTpum B aToit anrebpe crepyiolime aneMeHTbl:

a; = g Qiiy.igliy..igy V= 1,2,...,n.

U1500058d

Torma HeTPyaHO BUAETD, UTO
sc(aras . . . ay,) = Per A. 2)

AHanoruuHo TpexMepHoMy cnyuato, B 06LieM cryuae B Kaue-
CTBE COMHOXMTeNei MoXHo GpaTb aneMeHTbl anre6pbl, COOT-
BETCTBYHOLME W LpYTUM TUNEprpaHaM MaTpuLbl.

CooTHoweHue (2) no3sonser, HanmpuMep, [OKa3biBaTb
CBOWCTBA NepMaHeHTa MHOrOMepHbIX MaTpuL, B TEpMUHAX Npe-
o6pasoBaHus anemeHToB anrebpbl Py , (¢). Mpexxae yem npu-
BECTM NpUMep, pacCCMOTPUM JBa NPOCTEMAWMX CBOMCTBA (YHK-
KK sc.

1. NuneitHoctb. Ecnu o, B € F, a,b € Py, (F), T0
sc(aa + Bb) = asc(a) + Bsc(b). (3)

2. MynbTunnukatUBHOCTb. [lpeanonoXuM, YTo 3NEeMeHTbI
a,b,ab € Py, (1), paccMaTpuBaeMble KaK 3NeMeHTbl BEK-
TOPHOIO NPOCTPAHCTBA, UMEKIT M, 1 U M7 HEHYNEBbIX KOOp-
OMHaT B OCHOBHOM 6a3nce COOTBETCTBEHHO. TO BO3MOXHO TO-
roa v ToNbKo TOrfa, Korga npoussefexue noboro 6asucHoro
3NeMEHTa, BXOAAWEr0 B PasfoXeHWe a C HEeHYNeBbIM KO3dh-
(hULMeHTOM, Ha No6on 6a3nCHbINA 3NeMeHT, BXOLAWNA B pas-
NOXeHne b ¢ HeHyneBbIM KO3((ULMEHTOM, HE PaBHO HYJIO.
HeTpymHo BMAETD, uTo B 3TOM Clyyae

sc(ab) = sc(a)sc(b). (4)

Hanpumep, nyctb @ = 2u17 + 3t12, b = 3i93 — 4133 — LBa
anemeHTa anre6pel P, 5(¢) Hap R. Torpa

ab = 6L11L23 + 9L12L23 — 8L11L33 — 12L12L33.

Mpu atom sc(a) = 5, sc(b) = —1, sc(ab) = —5, u cBoit-
cTBO (4) BbINonHseTCS.

B kauecTBe npuMepa WCrONb30BaHWS COOTHOWEHMS (2)
[OKaXKeM (hopManbHO aHamnor CBOMCTBa Pa3NoXeHUs nepMa-
HeHTa no cTpoke (cTonbuy) Ansa MHOroMepHbIX MaTpuu, Myctb
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faHa d-mepHas Matpuua A = (a;,4,..5,) n-T0 NopsiaKa. To-
roa

n n
PerA = sc H E Qiyig. iglia..ig | =

i1=14g,...,ig=1

n

E A4y, iglig..iq X

i9,e.nig=1

n n
X H E Qj1ja...5ab52..3a

J1=2j2,....ja=1

= SsC

MpUHWAMas BO BHUMaHMe NEpBOE M3 ONPeLensioumx COOTHO-
weHwi (1), a Takxe cBoicTBa (3), (4), Mbl MOXEM MPOACIKUTL
npeobpa3soBaHus cnepytowmum o6pasom:

n

E A1iy...iglis..ig X

12,...,4g=1

PerA = sc

n

X H E : Aj1ja.-jabiz--da

J1=2 jr#ik

k=2,...,n
n n
= E Aliy...iqSC H E Aj1ja...5absz- Ja
i2,..,0g=1 J1=2 jrFik
k=2,....,n
n
= E aliz.._idPer (A{l,lg,,ld})
i2,enig=1

3pecb uepes A{l,is,...,54} Mbl 0603HauMNK LOMOIHU-
Te/bHyK0 MaTpuLy 3NEMEHTa Gy, . ;,, T. €. MaTPULLY, Nonyyae-
MYI0 U3 MaTpuLbl A BbluepPKMBAHMEM BCEX 3IEMEHTOB, NeXa-
WHX C G1;,...;, B ONHON runeprpann. OueBUAHO, YTO B AOKa-
3aTenbCTBE MOXXHO NPOBOAUTL CyMMUPOBAHUE U OTHOCUTENBHO
3NEMEHTOB APYrux runeprpaHeit. Takum o6pa3oM, NepMaHeHT
MHOTOMEpPHON MaTpULLbl PaBeH CyMMe NPOU3BefeHUi aneMeH-
TOB HEKOTOPOM rMneprpaHu Ha NnepMaHeHTbl JOMNONHUTENbHBIX
MaTpuL, 3TUX 3NIEMEHTOB.

Mpexxpge ueM nepeiTM K [10Ka3aTenbCTBY CreayHLiero
CBOMCTBa, BBEAEM AononHuTenbHble o6o3HaueHuns. 06o3Ha-
uMM uepes (Qj ,, — MHOXECTBO BCEX k-3MIEMEHTHbIX Heymno-
PANOYEHHBIX MOAMHOXECTB MHOXecTBa {1,2, ..., n}. Nyctb
A = (@iyiy...i,) — d-MepHas MaTpuLa 1-ro NOpaaKa U oy,
Qg,...,0q € Q.. Yepes Aloy_; . 4] 0603HauMM d-mep-
Hyl0 MaTpuuy k-ro mopsiaKa, KoTopas COCTOMT M3 3NIeMEHTOB
Qi is...i, MATPULBI A TAKMX, UTO 1) € vy, G2 € g, ..., 0q €
ag, avepes A{ay—1, 4} — d-mepHyw matpuuy (n — k)-ro
nopsifka, nonyyaemyio u3 A yaaneHueMm aneMeHToB d;, i, ..,
TaKUX, UT0 41 € 1, 1y € Qg,..., 1q € «ag. Matpuupl
Aloay=,.. a)n A{oy=1,. . 4} ByAeM Ha3bIBaTb JOMOIHUTENb-
HbIMY LLpyT BPYTY.

PaccMoTpuM nepMaHeHT cyMMbl AByx MaTpuu. NMycte A =
(@iyiy...ig) W B = (biyiy..i,) — BBE d-MePHble MATPULIbI MO-

psgka n. Torga

Per(A+ B) =

n n

I X

i1=11dg,...,ig=1

= Ssc (@ivig..iy + Viyig..iy) ig.iy | =

n n
=sc| ]I >
i1=1

12,...,0g=1

Qiyig..iglis..iq T

n

+ Z biliz...idbig‘..id =

12,...,0g=1

—sely w > aw) x
k=0 aler,n dGD(A[alzl,...,d]) a€d
I=1,....d

X > [Tow || =

deD(B{aj—=1,...,q}) b€d

:i > |sc IT ata | %

deD(Alaj=1,...,q]) a€d

H bbb =

deD(B{aj=1,...,q}) bed

n
= > Per(Al=i,  q])Per(B{ai=1,. a})-
k=0 aler,n
1=1,...d
TakiM 06pa3oM, NepMaHEHT CyMMbl ABYX MaTpHL, PaBeH CyM-
Me 10 BCeM NOAMATPHULLaM NepBoil MaTpULLb! (BKIKYas MycTyo)
NPOM3BEAEHNI NEPMaHEHTa NOAMATPULI Ha NEPMaHEHT f0-
MONHUTENbHOI MaTPMLLbl aHANIOMMYHOI MOAMATPHLLbI BO BTOPOIA
MaTpuLie.

2. I'Iepequcnel-me MHOIOMepHbIX NepecTaHOBOK

06bluHOE MOHATME NepecTaHOBKW Nerko obobwaercs Ha
MHOrOMepHbliA cyyai. MycTb, Hanpumep, uucna 1,2,...,n
PACMONOXEHbl B MaTpULE n X 7 TaK, UT0 B KaXOoi CTpoKe
M KaXx,oM cTonbLie CTOUT POBHO MO 0fHOMY uuchy. Hasosem Ta-
Koe pacnonoxeHue gBymMepHoi (KBagpaTuyHO#) nepecTaHoB-
KO¥ m~-To NopsagKa. 3a ToXGECTBEeHHYH MOXHO NMPUHATb ne-
PECTaHOBKY, MPU KOTOPOW KaX[0e UMCHO ¢ PacrnofokeHo Ha
nepeceyeHn i-i CTPOKM M i-ro cTonbua.

Mpumep. KBapgpaTnuHble NepecTaHoBKY 2-ro NopaaKa:

(o) ()G )G

KBaﬂ,paTMHHble nepecTaHoOBKK 3-10 nopsaaka:

1T - - 1

3 -2

AHanoruuHo MoXHo paccMoTpeTb TpexMepHble (KyGuueckue)
(1. e. pacnonoxenue uncen ot 1 0o n B Kybe n X n X n),
yeTblpexMepHble, NATUMEPHbIE U T. 4. NepecTaHoBKW. Boob-
e, d-MepHYH NepecTaHoBKY MOXHO 0npeaenuTb kak Habop d
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06bIUHbIX NEpPecTaHoBoK (7, s, - .., mq) [4]. MepBas oTBe-
yaeT 3a nepectaHoBKy uucen 1,2, ...,n B 0OHOM «Hanpas-
NeHUu», BTopas — B APYroM U T. 4. Kak 1 B 06bIYHOM (0 HO-
MEpHOM) Crlyuae, KaXKAo0i TaKoi NepecTaHoBKe MOXHO NocTa-
BuTb B cooTetcTBUE (d + 1)-MepHyto (0, 1)-maTpuuy (mar-
puLly nepecTaHoBKy). B 3Tol MaTpuLe aneMeHTbl Ha NO3ULM-
ax (i,m1(2), wa(4), ..., mq(i)) BymyT paBHbl eAUHULE, a BCe
oCTanbHble 3NIeMeHTbI PaBHbI HYMH0. B Takoi MaTpuLie Kaxaast
runeprpaHb 6yaeT copepxarb POBHO ORHY EAVHULLY.

OTMeTHM, uTo CyLIeCTBYIOT M Apyrve noaxofbl K NOHATUIO
MHOrOMepHOW nepectaHoBku. Tak, B pa6otax [5, 6] paccmar-
PUBAIOTCA MHOMOMEpHble MEepecTaHoBKM, KOTOpble 3a[alTcs
MHoroMepHbiMu (0, 1)-MaTpuLaMu, ComepXalyuMi poBHO Mo
O[HOM eMHULLE B KaX[0W OFHOMEpHOM rpaHu. B pabore [6]
TaKue NepecTaHoBKM Ha3bIBAKOT MI10THbIMY (aHrm. dense) B oT-
NMUmMe 0T PACCMOTPEHHbIX Bbile PaspexeHHbIX (aHr. sparse).
MnoTHbIe MepecTaHOBKM OHO3HAUHO accoLMMpYloTCS C na-
TUHCKMMM KBafpaTaMu pasMepHocTH n. B panbHeiiweM nog
MHOTOMEpHOW NepecTaHoBKO! Mbl By [,eM NOHMMaTb PaspexeH-
HYI0 NMepecTaHoBKY.

B kauectBe npuMepa paccMOTpuMM MHOroMepHoe 06061we-
HWe epecTaHoBOK 6e3 HeroaBuxXHbIX Touek (6ecropsaaxos).
HanoMHuM, uto Gecnopagkom (aHrn. derangement) HasbiBa-
eTcs nepectaHoBka m € S, Takasl, uto (i) # 4 AN nio-
Boro: = 1,2,...,n. [pn obobleHnn Takux nepectaHo-
BOK Ha MHOrOMEpHbI# Clyyait BO3HWUKAIOT CPa3y HECKOMbKO Ba-
PUaHTOB. YacTuuHbIM d-MepHbIM BECIOPAAKOM m-ro NopsaaKka
Ha30BEM TaKyl d-MepHyH MepecTaHoBKy (71, o, ..., Tq),
yto pns moboro ¢ € {1,2,...,n} Hanperca k TaKoe,
yto 7y (i) # i. [PUMEHsI METOp, BKIHYEHUIA-UCKIHOUEHMIA
HETPYLHO NOoKasaTb, uTo 06liee UMCIO TaKMUX NepecTaHoBOK
paBHO

n

pa(n) = (=1)*C¥[(n— k).

k=0

Myctb m < d. d-MepHbiM becriopgakom n-ro ro-
pSAKa no m  MHOEKCaM Ha30BeM d-MepHyl nepecTa-
HOBKY (71, 7g,...,7Tq), B KOTOPOM HaWOyTCA MHLEKCbI
k1, ko, ...k, Takue, uto gna nboro ¢ € {1,2,...,n}
Ty (8) # 4, Thy () # 4, ..., T, () # 4. OnsaTb Xe, uc-
MoNb3ys NPUHLMN BKIOUEHWS -UCKITIOUEHNS, MOXKHO NOKa3aTb,
yTo o6Lee UMCno Taknx GecnopsaLKoB paBHO

ta(m) =y (30

k=0

Kak n B knaccuueckom cnyvae, nobas (d + 1)-MepHas
(0,1)-matpuua A 3apaet Lenblit Knacc d-MepHbIX nepecTa-
HOBOK. A MMeHHO, B 3TOT Knacc nonagalT Te NepecTaHOBKM,
LS9 MaTPULL MHLMLEHTHOCTM P KOTOPbIX BbINOMHSAETCS Hepa-
BeHCTBO P < A, T. e. KaXablif aneMeHT MaTpuubl PP He 6onb-
e CoOTBETCTBYIOWEr0 aneMeHTa Matpuubl A. Torga nepma-
HEeHT MaTpuubl A, KaK U B KnaccuueckoM cryyae, bynet pa-
BEH UMCNY NepecTaHoBOK B 3TOM Knacce. Hanpumep, ecnu pac-
cmotpetb (d+1)-MepHyto MaTpuuy n-ro nopsaka A4,y ko-
TOpPOM AMaroHanbHble aneMeHTbl a;; 4,4 = 1,2,...,n paBs-
Hbl HYNH0, @ BCE OCTasbHble 3NIEMEHTbl — efMHULE, TO NepMa-
HEHT TaKoi MaTpuubl 6yaeT paBeH UMCTy YaCTUUHbIX d-Mep-

Hbix Becnopsaakos n-ro nopsaaka (cp. [2]):
Per A% = py(n).

PaccMotpum (d + 1)-mepyto (0, 1)-maTpuuy n-ro nopspka
BA&F1, B KOTOPOA 3NEMEHT paBeH Hyflio TOTAa U TONbKO TOrAa,
KOr[,a ero nepBsblil MHOEKC COBMNaAaeT C OfHUM U3 111 APYruX
MHOEKCOB Nof HoMepaMmu ki, ko, ..., k,,,. Toraa nepMaHeHT
3TOW MaTpULLbl PaBeH uucny BecrnopsiAKoB Mo 7 UHAEKCaM:

Per B4 = 14(n).

B AaHHbIX NpUMepax, 3Has KONMUeCTBO NepecTaHoBOK B KNac-
Ce, Mbl TOBOPUIIM 0 3HaUEHWUW NepMaHeHTa. Ho 3To cooTHolwe-
HWE MOXHO MCMONb30BaTh U B 06paTHYI0 CTOPOHY: BblUMCNASA
(ouenunBas) nepMaHeHT MHoromepHoit (0, 1)-maTpuupl, Nony-
yaTb XapaKTePUCTUKY KONMUECTBA COOTBETCTBYHOUMX MHOIO-
MEpHbIX NepecTaHOBOK.

3. 3aknoueHue

B pabote paccMoTpeHo BbipaXKeHMe MepMaHeHTa MHOro-
MEepHbIX MaTpUL, Yepe3 NPoM3BefeHNe OQHOPOAHbIX 3NeMeH-
TOB KOMMYTaTMBHOM acCOLMATUBHOW anreBpbl C HUbMOTEHT-
HbIMM MHAEKca 2 o6pasytowumu. Ha ocHoBe 3ToW B3aMMOCBS-
311 [0Ka3aHbl HEKOTOpbIe NPOCTeiilme CBOMCTBA NepMaHeHTa.
PaccmoTpeHa ero cBsi3b C NEpPeYnCceHneM MHOrOMEPHbIX ne-
pecTaHoBOK. B uacTHocTy, Gonee noapo6Ho pasobpaH cnyuai
MHOroMepHbIx 6ecnopsinKoB.

OTMeTUM, UTO MepMaHeHT 0BbIUHbIX ([LBYMEpHbIX) MaTpuL,
3af,aeTca CXofHbIM 06pa3oM c onpefenuTenem, Ho, No cpas-
HEHUIO C NMOCNefHUM, ABNAeTCS MeHee «ynoBHOW» ans usyue-
HUS YHKLMEN, TaK Kak 06afaeT 3HauUTeNbHO MeHbLUEN CUM-
MeTpuen C TOUKM 3peHus npeobpa3oBaHui MaTpuL. MHorve
3af,auu, CBI3aHHble C NMEPMaHEHTOM, HE UMEKT «XOpOLEero»
pewwenus B 06lieM BUAE M CBOBATCS K PACCMOTPEHMIO YaCTHbIX
cnyyaes. B MHOroMepHOM BapuaHTe CNOXHOCTb, ECTECTBEHHO,
elue bonee BospacTaeT. TeM He MeHee Nepexop, B BbiCLIKe pas-
MEPHOCTY NMoNe3eH C TOW TOUKM 3PEHMs, UTo MOMUMO CaMoCTOo-
ATeNbHOro MHTEpeca No3BONSET C APYrOro paKypca BarsaHyTb
" Ha «Ba3oBbIi» ABYMEPHbIil Clyuai.
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VcToitumBocTb TpeyronbHuka Péno
nop AeUCTBMEM HOPMaNbHOW Harpy3Ku
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r. CbiKTbIBKap
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AHHoTauua

®urypot NOCTOAHHOM WHUPUHLI Ha3biBaeTCA TaKas ury-
pa, y KoTopoii paccTosiHue MeXay nobbiMK napannenbHbIMU
OMOPHbLIMM NPSMBIMU OFHO 1 TO XKE. FICHO, UTO TaKUM CBOMCTBOM
obnapaet Kpyr, Ho He TonbKo. MpocTeweit durypoit nocro-
AHHOW WHpKMHbI (KpoMe Kpyra) aBngetcs TpeyronbHUK Péno.
B HacTosweit pabote pewaetcs 3ajaya yCTOMYMBOCTM Tpe-
yronbHuKa Péno, Haxopdwerocs nog, aencTeneM HopManbHoi
Harpy3ku. MonyueHo sHaueHne KPUTUUECKOro AaBneHus.

Kniouesble cnosa:

KpUTUUECKas Cuna, paguyc KpUBU3HBI, TpeyrofbHUK Péno,
ynpyras aHeprus, pabota BHEWHNUX CUA, ypaBHeHue Jitnepa

BeepeHnune

WccnepoBanue 3agayv ycTOMUMBOCTM TUBKMX 3NIEMEHTOB
KOHCTPYKLMIA M YNpyruX CUCTEM B HACTOsILLEe BPeMsl 3aHM-
MaeT OfHO W3 LeHTPanbHbIX MECT B MexaHWKe pedopMupy-
eMoro TBEpLOro Tena W NpPeACTaBNsieT 3HaUUTENbHbIA UHTE-
pec. Teopus YCTOMUMBOCTM YNpyrux cucTeM GepeT cBoe Haua-
no ¢ pa6ot Jiinepa no Teopun NpofonbHoOro Uarnba (cM. 06-
30p E. M. Hukonau «0 paborax /1. itnepa no Teopuu npo-
AonbHoro uarn6a» B [1]). Mpo6reMbl yrpyroit yCToMUNBOCTY UC-
CnegoBanMch MHOrMMK aBTopamu [2-5]. Ha ocHose Bapuaum-
OHHOr0 MOAX0HA MOXHO A0Ka3aTb TEOPEMY CYLLECTBOBaHUS
pelleHns ypaBHEHN paBHOBeCHUS. Takxke MOXHO yGeauTbeq,
YTO B YCTOWUMBOM MONOXEHUM PAaBHOBECHUS (yHKLMOHAN non-
HOI 3HepruM LOCTUraeT NOKanbHOro MUHMMyMa. O6las KoH-
Lenuua ynpyron 6utypKaLMoOHHOM YCTOMUMBOCTM Npeasioxe-
Ha B MoHorpacuu B. B. Hosoxunosa [6]. B cBasu co ctpemu-
TeNnbHbIM Pa3BUTUEM BbIUUCTIUTENbHOM TEXHUKM W NOSIBNIEHNEM
YHWUBEPCanbHbIX YACNEHHbIX aNrOPUTMOB NS PelLeHNs Kpae-
BbIX 3af1ay (MeTofbl FPaHUUHbIX M KOHEUHbIX 3N1IEMEHTOB) K Ha-
CTOSILLEMY BPEMEHU MMEHITCS KOMMIEKChI NPOrpaMM, No3Bons-
foLLMe PACcCUMTbIBATD YNPYre KOHCTPYKLIMM Ha YCTOWUMBOCTb,
Hanpumep [4]. HekoTopble HOBbIe 3afauu YCTOMUMBOCTH yrpy-
FUX CUCTEM MPU HaNUuWW OrpaHNUYeHU! B DOPMe HEPaBEHCTB
paccmotpeHbl B [7-9].

B obweM cnyyae npobrembl ynpyrod yCTOWUMBOCTU CBO-
OSTCS K HAXOXKAEHWI0 ToUeK BUthypKaLMK HENUHEHHbIX ypaB-
HEHUIM UMW HAXOXEHUI0 NapaMeTpoB, NPX KOTOPbIX HEKOTO-
pas Bap1aLMOHHas 3afiaua MMEET HECKOMbKO pelleHui.
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Abstract

A figure of constant width is a figure such that the distance
between any parallel reference lines is the same. It is clear
that a circle has this property, but not only that. The simplest
figure of constant width (except for a circle) is the Reuleaux
triangle. This work solves the problem of stability of the
Reuleaux triangle under normal load. The critical pressure
value has been obtained.
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1. MocTaHoBKa 3agauu

Mpeactasum cebe Kpyrosoe Komblo paguyca R, cxatoe
HOpManbHbIM [aBneHueM P, paBHOMEPHO pacnpefeneHHbIM
no AnuHe Konbua. Kpyrosas dopMa Konblia ByneT yCToNuMBOH,
ecnu cuna fasnenus P He NpeBOCXOAMT HEKOTOPOro npefae-
Na, KOTOpbIA Ha3blBaeTCa KpuTuueckum aasneHuneM. 06o3Ha-
UMM uepes 1 — XKECTKOCTb Ha u3rub KonbLa. Torma Kputuue-
CKOe J,aBneHue B Clyuae HOPManbHo Harpysku (cuna gasne-
HW9 HanpaBneHa BCce BPeMd Mo HOpManu K fedopM1poBaHHoM
0CM KOMblia) BbUMCAAETCA No thopMyne

P= 3~—’u M
R3

MpsiMast Ha3bIBaETCA OMOPOM K BbIMYKIOM NIOCKOM thurype,
ecnu oHa UMeT o6lue TOUKM C 3TOK tUrypoi, v Bca durypa
NIEXUT MO OLLHY CTOPCHY OT NpsiMoit. Urypoil MOCTOSAHHO WK-
PUHBI Ha3biBaeTCs Takas Nto6as Bbinyknas Gurypa, y KoTopoit
paccTosiHve Mexny OByMs NobbIMM NapanienbHbIMKU ONOPHbI-
MU MPSIMbIMM OAHO U T e. OUEBULHO TaKUM CBOWCTBOM 06-
napaet Kpyr. Ho kpoMe Kpyra cylwecTByeT ele MHOro ¢u-
ryp MOCTOSIHHOM WupKHbI. MpocTeiiweit U3 HUX ABNSeTCS Tpe-
yronbHuK Péno. TpeyronbHuK Péno — nepeceuenue Tpex pas-
HbIX KpYroB paguyca R ¢ LeHTpaMu B BeplIMHAX NPaBUibHO-
ro TpeyronbHuka. Takum 06pasom, TpeyronbHUK Péno coctout
W3 Tpex Oyr OKpyXHocTel paguyca R c LeHTpanbHbIM yrioM

Z (punc. 7).
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MpefcTaBuM, UTo TOHKMIA YNPYTUIA CTEPXKEHD, OCb KOTOPOTO
B HefledyOPMMUPOBAHHOM COCTOSHMM NPEACTaBNseT coboit ayry
OKPYXKHOCTM pagmnyca R, HaxoauTCA noa AeUCTBUEM CUM U Ha-
rpy3Ku, pacnpeneneHHoit no ee ocu. BeepeM B Touke M Ha
0CU CTEPXKHS CUCTEMY KOOPAMHAT (z,,2), 0Cb z HanpaBneHa
MO KacaTenbHOM K 0CH CTEPXKHS, OCH = M iy — MO FMaBHbIM 0CAM
WHEpLMM NONEepPeyYHoro ceueHus (0Cb x HanpaeneHa K LeHTpy
KPUBM3HbI AYrY, T. €. K COOTBETCBYHOILEH BEPLMHE TPeyrob-
HUKA). dS — 3NEMEHT LMMHbI CTEPXKHS, S — AJIMHE, OTCUMTI-
BaeMas 0T HeKoTopoil Toukn M. MycTb Touka M ABMKeTCH C
e0MHUUYHOMN CKOPOCTbIO (% = 1), Torna cucteMa KoopguHat
(z,y,2) 6yneT BpalWaTbCa C HEKOTOPOW YII0BOIA CKOPOCTbHO €2,
NPOEKLMN KOTOpPOiA Ha ocu (x,y,z) 06o3HaunmM uepes (p,q,7).

B touke M npunoxeHsbl cunbl (V;;, Vy, V) n moMeHTbI (L,
L,, L), aTakxe BeKTOp BHeWHei Harpysku (£, F), F,). To-
ria ypaBHeHus pasHoBecus Kupxroda [1] umetor Bua

Lo —rV,+4qV. + F, =0,

Do PV 41V, + F, =0, @
e — gV, +pV, + F. =0,

Lo — L, +qL. -V, =0,

Ly pL. 4L, +V, =0, 3)
d;; —qL; +pL, =0.

B HenethopMMpoBaHHOM (NepBoHauanbHOM) COCTOSHWM OCH T,
1, z 0603HauNM uepes T, Yo, Zo. COOTBETCTBYIOWLYIO YITIOBYIO
CKopocTb 0603HaunM uepes €y ¢ npoekumnamu (pg, qo, To) Ha
ocH (g, Yo, 20) COOTBETCTBEHHO.

B pesynbTate nedopMaLuu cTepxHs Touka M nonyuaet
nepeMelleHne, NPOEKLMM KOTOPOro Ha ocu (xo, Yo, o) 060-
3HaumM uepes (u, v, w). Bexktopsl (p, ¢, ) v (po, qo, 7o) Xapak-
TEPU3YIOT U3MEHEHUSA KPUBM3HbI CTEPXKHS B pesyrnbTare fe-
topmaumun. Cuntas medopMaLun ManbiMU, MOXHO 3anucaTb
ypaeHeHue Kne6wa [1):

p=po+90p, q=qo+3dq r=ry+Ir,
6p =92 — 1o+ qov,
6q =2 — poy + roc, (4)

or = ?TZ — qo + pof3,

rae («, B, y) — KoCHMHYCbI YrNoB Mexay ocamu (x, y, z) v (xg,
Yo, ZO)-
Tabnuua 1
KocuHycbl yrnoB, 3aknioueHHbIX Mexay ocamu (x, y, z) v (zo, Yo, 20)
Table 1
Cosines of angles between the axes (x, y, z) and (xo, Yo, 20)

x Y z
T 1 —a| B
Yo | @ 1 -«
Zo | =0 | « 1

Vbl o, 3, 7y CBA3aHbI C NepeMeLLeHUeM ypaBHEHNAMM:

6: %‘FQOw_TO%
—a =2+ rgu — pow, (5)
0= i—f%—pov—qou.

B 1abn. 1 npuBedeHbl KOCUHYCbI YrNOB MEXAY OCAMMU T, Y, 2
W Zo, Yo, Z0- TaK KaK 0Cb CTEPXHS B HeLethopMUPOBAHHOM
COCTOSIHUM MpeacTaBnseT co6on Ayry OKpYXHOCTH, TO pg =
0, ¢ = %, ro = 0 W, NOCKONbKY AYrW HarpyXeHbl Hop-
ManbHbiM fasnexuem, 1o I, = 0.Myctb ds = RdW, roe
1) — LeHTpanbHbIi Yron Lyru OKpYXHocTu. B HaweMm cnyuae
pedopmauumsa Konbua nnockas, 1.e.p = 0, ¢ = qp, r =
0, F, =0, F,=0,V,=0, L, =0, L, =0 . Takum
o6pasom, ypaBHeHusi Kupxrota-Knebwa ynpouwatotcs:

d
ds
av,
dS _qV’I' - 07
dL
—~ 4V, =0, (6)
ds

MocKonbKy aethopMaLvu NPeLNonaraloTcs ManbiMm1, TO MOXKHO
Hanucarb [1]

d
q = qo+ dq, 5q=£, L, = pdq,
8 du n 5 1 [d%u n dw
= — w = — | — u U= ——.
ds W 00T pa e ’ 40

Mpu BCAKOM BENWUMHE [LaBNeHUs Ha [yr BO3MOXHa nep-
BOHauanbHag, Hefled)opMUPOBaHHaa dopMa paBHoBecHs. [Ing
370l hopMbl UMeeM

V=0, V,=0,
Monaras B ypaBHeHuaXx (6)
V.,=—-RP+§V,

n OTﬁpaCbIBaﬂ B 3TUX ypaBHEHUAX HenWHenHble Cnaraemble,
nonyymm

V.= —-RP.

Ve 1§V, — RPéq =0,

dad
Vs —V,+ RP, =0, (7
2 + RV, = 0.

N3 ypaBHeHuit (7) nerko umeem

AV, RP
1+~ )V, — RP, =0.
d192+<+ M)vm RP. =0

Ecnun paBneHue octaetcs HopManbHbIM K ocu ayru, 10 P, = 0.
W3 TpeTbero ypaBHeHua (7) nonyuaem

~ldL, p d3u+du
R4 R3\d¥3 dY)’

C yYerToM YCnoBus HECXKMMAEMOCTH u = w' OKOHYATESbHO
HaXofMM ypaBHeHUe paBHOBECHS:

dw dw dw
w+2w+w+p< w+w>_07 ®)

d9s ot dy? vt do?

3
rie BBefeHo 0603HaueHne p = %. Nlna dyHKUMM 1 ypaB-
HeHue (8) NpuMHMMaeT BUA
d*u  _d*u

d*u 1
W+2W —l—u—l—p(dW +u> +m(65ﬁ9+06) =0.
9)
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VpaBHeHue (8) aBngetcqa ypaBHeHneM 3inepa ong hyHK-
LuMoHana

’191 1 2
J= / - (w/// + w/) P (w//Q _ w/2> do.
0 |2 2

(10)
3ameTuM, uTo NepBoe CraraeMoe NPONopLUOHaNbHO NOTEHLU-
anbHoM (ynpyroit) aHeprum nedopMUpoBaHHOMN oyrv

po [ ’
U - = " / d'l9
21 J,, (“’ o >

a BTOpOe — NPONopLMOHanbHO paboTe BHEWHUX CUA

W = I;/ﬁl <w"2 — w’Q)dﬁ.
)

O6wee peweHune ypaBHeHua (8) uMeeT BUL;

w = ¢ 8ind + ¢ cos ¥ + cgsin(y/p + 19)+
1
+ecqcos(+/p+ 19) + (

2+p
2. PelweHue 3apauu

6579 + C6> . (TI)

TpeyronbHWK PENo cocToMT W3 TPex Jyr OKPYXHOCTH pa-
Auyca R, TOUKM MepeceyeHus aTUX Lyr ABNAIOTCA Bepuwu-
HaMM MPaBMNbHOMO TPEYTONbHUKA, LEHTPbl KPUBM3HbI Oyr
HaxopaTCA B BeplMHAX, MO3TOMY LEHTpanbHbliA yron gyr
paseH % (puc. 1).

PucyHok 1. TpeyronbHuk Péno. Hanpaenexus nepemelueHuit BeplwmH Tpeyronb-
Huka Péno B pesynbTate gedopmaLmum.

Figure 1. Reuleaux triangle. Directions of movement of the vertices of the
Reuleaux triangle as a result of deformation.

MycTb Kaxpaa oyra Harpy)eHa HopMarbHbIM [aBlNeHUEM
P, Torga KacatenbHoe M HOpManbHOE MepeMelleHns Touek
KaX[01 [yru onpenensoTca hopMynamu:

u=1w = ¢, costV¥ — cosin I+
+esy/p+ 1eos(y/p+ 19)—

—easin(V/ G DV G+ D) + g

(12)

u =w" = —c;sind — ¢y cosV—

—c3(p+1)sin(y/(p+ 1)9)—

—cgcos(v/(p+1)9)(p + 1),

(13)

1 .
8= = (—c;;psm(\/(p—i- 1)9)—
C5’§+CG)
_ 1))+ S8V 1
capcos(/(p+1)) + 2+ ) ) (14)
u” = —c;1 cos ¥ + ¢y sin ¥—

—cgcos(y/p + 19)(p + 1)3/%+
+eysin(y/p + 19)(p + 1)%/2. (15)

Mopcraenas (12)-(15) e (10), monyuuM BbipaxkeHue MONHOM
3HEprun ana nedopMUPOBaHHbIX oyr.

MoCTOAHHbIE MHTErPUPOBAHNA HE MOTYT GbITb COBEPLIEHHO
MPOU3BONbHLIMU: MPOEKLMM NEepeMelleHnit Byr TPeyrofbHuKa
Péno Ha HanpaBnewus gi, go, 94,95, g7, gs Ha KOHLAX Oyr
[OMKHbI COBMaAaTh. TakKe AOMKHbI COBMaAaTh Yrbl NoBOpO-
Ta:

s
B(0) = gs anapyru |, 5(3) = g3 ans pyrv Il

o
B<3> = ge Ans gy |, 5(0) = go ana pyru Il ,

ﬁ(g) = go Bna pyru I, 5(0) = go ons pyrm Il .
Takum o6pasom, ans ayrv Il w(%) v u(%5) RomkHbI onpepe-
NATCS yepes nepeMeLleHns g, go BepwuHbl A. ng pyru | ue-
pes 3t xe nepemelenuns onpepensiorcs w(0), u(0). AHa-
NIOTMYHO, NS AYTY | BENNUMHDI w(g), u(g) LOMKHbI onpefe-
NATCA Yepes NepeMelleHns gy, gs BeplwmHbl . Yepes aTu xe
nepemelenus onpegenstotcs w(0), w(0) ans ayrv Il. 3Ha-
yenns w(% ), u(3) ang ayrv |l onpepensiloTcs yepes nepe-
MelleHnsa g-, gs BepwuHbl C. Yepes aTu xe nepeMelieHus
onpepensiorcs Benuumnnbl w(0), w(0) ana pyru lll.

Ina pyrv | nocTosiHHbIE MHTErpUpOBaHKUs 0603HAUMM ye-
pes ci, Co, ..., C, BNA Oyru Il — yepes c7, cg, ..., c12, @ ANg
pyrn lll — yepes ci3, C14, ..., C1g. B pesynbtate umeem Tpu
gektopaC; € R®, i =1,2,3.

BeegeM B paccMotpeue MaTtpuuy H C 3neMeHTamu
hij, i, €1,...,68BMna

hiin=0, ha=1 hi3=0,

1
h = —_—
YT o4y

haz = vVe+1,

1
h = —
25 2+p7

hia=1, his=0,

h21 = 17 h22 = 0;

hay = 0, hae = 0,

hs1 =0, hs =0, hg3=0,

P2 +2p 1
h36:2 )
i
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hes = ——, hgg = ——.
65 32+ ) 66 21,

5 % 0 0 0 0
1 B 0 0 0 0
0o 0 1 0 0 O
M, =
: 0 0 0 ¥ 1o
0 0 0 1 ¥
0o 0 0o 0 0 1
u 0603Haunm yepes M, maTpuuy
M, = H ' M,,.

MycTb g1 go NepeMeleHns BepluMHbl TPeyrofbHUKa A,
NpUUYEM g1 HanpaBeHo K LiEHTPY TPeyrofibHUKa, a go — nep-
NEHLMKYNSPHO K g1 TaK, YTo NOBOPOT OT go K g1 MPOMCXORUT
MPOTUB YaCOBOI CTPENIKM; g3 ECTb YTo NOBOPOTa BEPLWMHbI A.
AHanoruuHo g4, gs NepeMeLLeHus BeplwmHel B3, a gg yron no-
BOpOTa BepLWHHbI B. BenuumnHbl g7, gs, COOTBETCTBYHOWME Ne-
peMelLeHna BepwuHbl C, a gg Yron NoBOpoTa 3T0H BEPLWMHbI
(cM. puc. ).

Ledopmaunsa gyru | onpenenserca ypasHenuamu (12)-(15),
NPOW3BObHbIE NOCTOSIHHBIE C1, Ca, . . . , Cg MOTYT BbITb OfHO-
3HAUHO BbIPaXeHbI Yepes g, go, - - . , §g. LN TOro, 4TobbI UC-
KMOUMTb NepeMelLeHns TpeyronbHUKa PEno Kak XecTKoro Le-
noro, cnepyer nonoxutb gs = 0, g7 =0, gg = 0.

BseneM HoBble nepeMeHHble
di = g1, da = g2, d3 = g3, ds = ga, d5 = gs, ds = go-
PaccMoTpum Tpu BekTopa
l1 = (dy,ds,ds,dy,0,ds), lo = (d4,0,de,0,0,ds),

I3 =1(0,0,dg,dy,ds,ds).

Bektopel C7, Cs, C3 BbipaxatoTcs 4epe3 MNepeMeHHble

dy,ds, ..., dg N0 hopMynammu
Ci=Mpl;, i1 =1,2,3. (16)

Mopcrasnag (16) B (12)-(15) ana pyr |, 11, lll, HaxoauM Bbi-
PaXeHUs 4N9 NofHOM 3Heprum AeopMUPOBaHHbIX Lyr

™ 2
J; = / " l;( ; wi) — g<w§’2 — w?)] do.
0

(1
MonHas 3Heprua JJ,erOpMMpOBaHHOFO TpeyroibHMKa paBHa

J=J1+ o+ Js.

3aMeTum, uto J npencTaBnset coboit KBappaTUuHyto thopMy
oT nepeMenHbix d = (dy, ds, ds, dy, ds, dg). MaTpuuy atoit
KBagpaTuUuHoM thopMbl 0603HaunM uepes D. TakuM o6pasoM,
nonyyaem yHKLMI0

£(d) = 5(Dd,d).

3
Matpuua D 3aBucKT 0T Beapa3MepHOro napameTpa p = %,

KOTOpbIi B CBOK Ouepefb onpegensercs gaeneHueM P, pa-
[MYyCOM 2 M XKeCcKOoCTbio iyrv Ha usrub (1 = E.J,, BOKpyr ocu
nepneHaMKyNspHoi nnockocTy oyru. 3geck £ — mopynb HOH-
ra, J, — MOMEHT MHEpPLIMM MONEPeYHOro CEYEHMS.

25000

200007
150001
100001

5000

13 14 1 16 17 18

" oun ]

PucyHok 2. Tpadink dyHkuwmm 6(p) 1076,
Figure 2. Graph of function §(p)1076.

B nonoxenuu paeHosecus dyHkumua f(d) npuHuMaeT Mu-
HWUManbHOe 3HaueHue, CNefoBaTeNbHo,

of(d)
23X — Dd=0. 18
54 0 (18)
B ypaBHenuu (18) 82—(;1) ecTb rpapueHt tyHkuum f(d). Ang

Toro, uto6bl cucteMa ypaeHeHni (18) uMena HeTpuBManbHoe
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20

peweHune, He0bX0AMMO M [OCTATOUHO, UTOBbI
0(p) = det(D) = 0. (19)

Ha puc. 2 npefcraBneH rpadvk onpegenqtenst MaTpuubl
3
D B 3aBMCHMOCTM OT BeapasMepHoro napametpa p = 217,

OyHkums § obpawaetcs B 0 npu p = 13.05 n 14.945. fcHo,
YTO MMHUManbHas KpUTUUECKas Harpyska ByneT paBHa

13.05u

R
Paguyc pyr, coctaBnsawmx TpyronbHUK Péno, paseH R v pa-
BEH AMaMeTpy TpeyronbHMKa. ECnu paccMoTpeTb Kpyr AnameT-
pa R = 2R, 10, cornacHo (1), Kputuueckas cuna ansg Hero 6y-
[eT paBHa %. Tak1M 06pa3oM, Kpyr BbiAEPXMBAET BOMbLYH
Harpysky no cpaBHeHW0 C TpeyronbHWKoM Péno. Ecnu pac-
CMaTpuBaTh 3aMKHYTOE KOMbLIO, pafiMyc KOTOPOro paBeH pa-
LMYCY KPWUBM3HBbI Oyr, COCTaBASAOWMX TpeyronbHUK Péno, To
TpeyronbHUK PEno byaeT BblaemKUBaTh B % = 4.35 60nb-
Wylo HOpManbHyl Harpysky. HakoHew, paccMOTpuM KonbLio,

onucaHHoe Bokpyr TpeyronbHuka ABC (cM. puc. 1). Paguyc
R\/3

P, =

ero paseH [y = “5=, cnepoBatenbHo, KpUTUUeCKas cuna
LN Hero paBHa % = ‘g“, T.e. 8 1/3 pa3 MeHbLLe.
0

3. 3aknoueHue

MonyyeHo 3HaUYeHMe KPUTMUECKOrO HOPMaNbHOro faBne-
Hus P, [ng durypbl NOCTOAHHOM WUPHHBI — TPEeyroNbHUKa
Péno. 3apaua pelwanach aHanuMTMYeckum MeTopoM. [ing ypas-
HEHWiA paBHOBECUS Iy, U3 KOTOPbIX COCTOMT TpeyrofbHuK Pé-
no, BbinucbiBanoch obuiee peweHue. [pon3BoNbHbIE NOCTOSH-
Hble ONpefenanuch U3 YCNOBUWA HeNpepbiBHOCTU NepeMelle-
HWI W YTIIOB NOBOPOTA KOHLOB [iYT.

ABTOp 3aaBnser 06 OTCYTCTBUM KOH(NMKTA MHTEPECOB.
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06 yCTOMUMBOCTH KPYroBbiX
nogKpenneHHbiX apoK B clyyae
NPOCTPAHCTBEHHOU AedopMaLuu

B. 10. AupprokoBa, B. H. Tapacos

®usunko-mateMaTnueckuit MHCTUTYT GUL, Komm HL| YpO PAH,
r. CbIkTbIBKap

veran@list.ru
vntarasov@dm.komisc.ru

AHHOTaLMA

B pabore paccmatpuBaeTcsl KpyroBas apKa, HarpyXeHHas
paBHOMepHO pacnpepeneHHbIM HOPManbHbIM JaBNeHNUeM, Ha-
npaBneHHbIM K LeHTPY. KoHubl apku npukpenneHbl Tpocamy,
O[MH KOHeL, KOTOPbIX MPUKPENnieH K Ayre apku nop CoOOTBeT-
CTBYIOLLMM YITIOM, U PacCTOsIHME MeXAY TOUKaMW npuKpenne-
HUS TPOCOB He MOXeT yBenuuuBatbcs. OnpepeneHbl 3Have-
HWUS AABNEHMS, NPU KOTOPbIX BO3MOXHbI UCKPUBNEHHbIE thop-
Mbl paBHOBECMS apKH1, U HaNAEHO HaUMeHblUee U3 ITUX 3Haue-
HWiA, ABNSIOLLEeCH KPUTUUECKON CUNOM.

KnioueBble cnosa:

YCTOMUMBOCTb, KpyroBas apKa, BapuaL{OHHas 3apaua, Tou-
K1 61ty pKaumm1, OBHOCTOPOHHWE OrpaHUyYeHus, KpUTMUECKas
cuna

BeepeHune

Pacuer Ha YCTOWUMBOCTb CIOXHbIX TOHKOCTEHHbIX KOH-
CTPYKUMIA CBAI3aH C MCCef0BaHWEM BapMaLMOHHbBIX Hepa-
BEHCTB WNM PeLIeHUEM BapUaLLMOHHBIX 3aAay C OrPaHUYeHu-
fIMA Ha UCKOMble (byHKUMM B dhopme HepaseHcTB. [Ipobne-
Ma YCTOMUMBOCTM KPYroBbIX apoK paHHee paccMaTpuBanach
E. J. Hukonaw [1]. Mpwu anpokcumai i nepemelieH1i ucnonb-
30BanM CnnaiH-thyHKUMK [2], LNa peweHns NopobHbIX 3apay
npumeHanu metog rnobanbHon ontumusauuu [3]. Ikcnepu-
MEeHTanbHOe U YNCNEHHOE U3yYeHWUe BIUIHUS OLHOCTOPOHHUX
CBfA3e# Ha YCTOMUMBOCTb LIMIMHAPUYECKUX 060N0UEK, CKMMa-
eMbIX MPoJoNbHOIA cunon, ocywectsnan H. A. AndyTos B Tpy-
ge [4]. HekoTopble 3agauu yCTOMUMBOCTM M 3aKPUTUUECKOMO
NOBELEeHMS NPY HaNUUNUW OLLHOCTOPOHHUX OTPAHUYEHNH Ha Ne-
peMelleHns paccMoTpeHbl B pabotax [5-7]. B npegnaraemont
cTaTbe paccMatpuBaeTcs npobnema KpyroBbIX apok, Harpy-
XEHHbIX PaBHOMEPHO pacnpefeneHHbIM HopManbHbIM faBne-
HWEM, HanpaBneHHbIM K LeHTpY. KoHLbI apKu 3aKpenneHbl oT-
KOCaMM TaK, YTo pacCTosiHWe MeX[y TOUYKaMU NPUKpenneHus
OTKOCOB HE MOXET U3MEHSATBCS.

1. YcToWuMBOCTL apOK C OAHOCTOPOHHWM Nop-
KpenneHuem

MycTb KpPWUBONMHEWHBIA CTepXeHb MpefcTaBnseT coboil
OYry OKpy>XHoCTH papuyca R. CTepxeHb HarpyXXeH faBneHu-

On the stability of circular reinforced
arches in the case of spatial
deformation

V. Yu. Andryukova, V. N. Tarasov

Institute of Physics and Mathematics,

Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

veran@list.ru

vntarasov@dm.komisc.ru

Abstract

The work considers a circular arch loaded with uniformly dis-
tributed normal pressure directed towards the centre. The
ends of the arch are attached with cables, one end of which
is attached to the arc of the arch at an appropriate angle, and
the distance between the points of attachment of the cables
cannot be increased. We estimated pressure values, at which
curved equilibrium forms of the arch are possible, and the
smallest of these values is found, which is the critical force.

Keywords:

stability, circular arch, variational problem, bifurcation points,
one-sided constraints, critical force

eM P, paBHOMepHO pacrpefeneHHbIM BAONb Ay U Hanpas-
NIEHHbIM K LiEHTPY ee KPUBM3HbI. YpaBHEHUS HelethopMUpo-
BaHHOI OCW apKu UMeIT BUA;

x = Rcosy, 5
y= Rsinp, p€(-7,7)
0603HauMM eAMHUUHbIE BEKTOPbI HOPMany, KacaTemnbHoi v 6u-
HopManu K KpuBoi (1) uepes
n = (—sinp, cos p),
&= (—cosp,—sinyp),

¢=nx¢.
MepeMeLieHMe TOUEK apKu OMUCbIBAETCA BEKTOPOM
g =u(p)§ +w(p)n +v(p)C. 2

3pecb w(1¥) — papManbHoe nepemelenue (nporud), v(¥) —
KacaTenbHoe nepeMeLLeHue.

Myctb &, M4, (. — HOpManb, KacatenbHas U 6uHopManb
K nedopM1MpoBaHHOM Kpueol. Bektopbl &, 1, ¢ nepexopdr
B&., 1, C« MyTEM NOBOPOTA Ha Manble yribl «, 3, 7y, KOTopble
CBA3aHbI C NepeMeLyeHnaMu thopmynamu [2]:

B =L +w),
a:—%vl, A3)
w/ =U
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LlechopMaLns cTepHS XapaKTepuayeTcsl BeIMUMHAMK

op = g (o’ +7),
0g= B,
or =4y + 50 ).
C yueToM (3) chopMynbl NPUMYT BUA;
0p =70 + 57,
8q = %(y + U),, (4)
or = %(’y + %v ).
Vnpyras 3aHeprus CTepXKHs B KBaapaTUuHoM NpuBnmkeHm
onpepengercs yHKLUOHANoM

12

U= [ (omstu + 0+ sy — 00+

\ops 2R?
C o1y,
+27R2(7 +EU ))d%

a pa6oTa BHeWHUX CUN MOXET GbiTb BbIUMCIIEHA MO (opMyne
PW, roe

1 (7 /. ,
W:2/ <u2—2u2+1}2—1}2>d90.

-7

B BbipaXkeHuu ona ynpyroid aHepruu BBeAeHbl 0603HaueHs
A, B —eCcTKOCTH CTepXHS Ha u3rub, C' — XEeCTKOCTb CTepXK-
HA Ha KpyueHue.

B nonoxeHun paBHOBECHS MONHAA 3HEPrUs

J=U—-PW

NPUHUMaeT MUHUManbHOe (CTaLl,VIOHapH(Je) 3HaueHue. He-
TPYOHO yBULOETb, YTO NOUCK KpMTMHECKOFI Harpysku cBoauTcd
K peleHno 3agaym n3onepMMeTpuyeckoro Tuna

U — min,
u,v,Ww (5)
W =1.

11. AHanutuueckoe peweHue. fCHO, UTO MHOXWTENb
NarpaHxa B 3apaue (5) onpepensieT KpUTUUECKYHD Harpys-
Ky. YpaBHeHus Jiinepa

d? d _
d%2Fu11 - @Fu’ + -Fu - 0)
d d —
WﬁdFv// —a. by +F, =0,
_@Fvl +F, =0

Bnga dyHKUMoHana J UMeroT BUL!

% (ulv U + u) + P(uﬁ + 2u> (6)
LoV — %7” — S — LA+ PR —v) =0,
20— ey =0,

(7)
CucTeMa ypaBHeHMit iinepa pasgensercs Ha 4Be He3aBu-

CUMble MOACKUCTEMbI: YpaBHeHue (6) onuckiBaeT aedopMaLmio

apKy B ee NepBOHayanbHOM N0CKOCTH, ypaBHeHus (7) onucbl-

BalOT MPOCTPAHCTBEHHYI0 AetopMaumio. YpasHenus (6) v (7)

COBMafAaloT C ypaBHEHWAMM, NPUBEAEHHbIMU B [2].

MpennonoxmM, uTo apka NOAKpenneHa TpPOCaMu, OfUH KO-
HeL, KOTOpbIX MPUKPENeH K ayre apKu Nof COOTBETCTBYHOLLMM
yrnom

2T
P == —j, j=1,.... M
()0] T+M+1]7] ) ) 9

a ﬂ,peri;I — K TOYKaM C KoopguHaTaMu

Ty =T+ 5550, 5=1,-.., M,
y=0,
z = %2

TaK, UT0 PacCTosHUE MEeXQOy TOUKaMW NPUKpeneHus TPOCcoB
He MOXeT YBENMuMBaTbCA. [1Ns yBENNUEHUS KPUTUUECKON CH-
Mbl B Cllyyae NpoOCTPaHCTBEHHOW AethopMaLMy NonydyaeM npu
=1, j=1,..., M paBeHcTBa

Uj =0. (8)

Ha nnockyto dopMy noTepu yCTOMUMBOCTM OrpaHuueHus (8)
HUKaK He BnusioT. ECNiM 0QHOBPEMEHHO YuMTbIBaTbL KaK Mioc-
KYl0, TaK M MPOCTPaHCTBEHHYI0 AedhopMaLyio, To BMecTo (8)
MNPUXOANM K HEpaBEHCTBaM

—Ru+2vz <0 9)

npn ¢ = @;, j = 1,..., M. MoxHo nokasartb, 4To 3a-
faua onpefeneHns KPUTUUECKOW CUMbl MOXeET BbiTb CBepe-
Ha K BapuaLuoHHoi npobneme usonepumetpuyeckoro tuna (5)
W BbiNoNHeHWo HepaseHcTB (9). Pewenue 3agaun (5)-(9) cy-
LWeCTBEHHO 3aBUCHUT OT nocTosiHHbIX A, B, C (A,B — xecTko-
CTW Npu u3rnbe, C — KeCTKOCTb Ha KpyueHue), KoTopble onpe-
pensaiorcs hopMoi NonepeyHoro ceueHus cTepxHs. B cnyuas,
KOrfia CeyeHne CTEePXKHS CTb 3MIUMC C NONyocamM a, b, To

TEa®b?
(1+v)(a? +b?)’
E — mopynb HOHra matepuana. He ymanas o6wHoCTH, MOXHO

cuutatb, uto £ = 1.

1.2. YncneHHblit MeToa. byaeM annpoKCUMUpoOBaTb (hyHK-
LMK U, V, W, -y MHTEPMONSILMOHHBIMU KyBUUECKUMM CTinaiiHaMu
Buaa [3]:

A= %Eag’b, B= %Eab‘{ C=

S(z,¢) = 2z (1 —t)*(1 + 2t)+
+Zi+1t2(3 — 2t>+ (10)
+m,ht(1 - t)2 - m7;+1ht2(1 — t),

rne BEeKTop z MMEeT Pa3MEpPHOCTb 4n, d
m; = S/(Z> @1)7

MNpu annpokcumaumm nporuba u

1=0,...,n+1,
h = @it — @i, t € [0,1].
zi=uw =ulp;), gpi=1i-h, i=1,...,n

aHanornyHo I'IpMﬁJ'IVI)KaPOTCﬂ oCTanbHble YHKLUK V, W,

Zivn =u; = ulp;), wi=i-h, i=1,...,n,
Zivon =V = v(@;), wi=1d-h, i=1,...,n,
Z’i+3’rL:wi:w<<10i)v 901:Zh5 t=1,...,n.
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B cnyyae rpaHWuHbIX YCMOBWW LAPHUPHOMO OMUPaHMs
YCNOBWE HenpepbiBHOCTY BTOPO NPOU3BOHOMA 3anucbiBaeT-
cq B Buge [2]:

2mgy + M;ml = CS,
)\imi_l + 2m; + HiMy1 = C; 1= 1, ,N -1 (")
)\}kva_l + ZmN = C*;V,

npuuem

¢ =3 (M Zi+1h— 25 A Zj —hzz‘—1> :

i = /\z = 0, 5.
3Aecb AN rpaHUYHBIX YCNOBUI WApPHUPHOTO ONMpaHus
* * * 21 * ZN-1
o = Ay =1, 00:3ﬁ, cy =—3 W

OKOHUaTesNbHO MoNyyaeM, eciim UHTEPNoNUPYeTCH (yHK-
UM u(p) W BbINONHEHbI FPaHUUHbIE YCNOBUS WAPHUPHOTO
0MMpaHus, TO MHTEPMONSALMOHHDIA crnaiti S(z, ) yaoBne-
TBOPSET YCNOBUAM

20 =0, 2,41 =0,

_ 3 1 _
Mo = 321 — 3M1, Mpy1 =

1 (12)

3
EZn — §mn

AHanorvyHo, ecnu uHTepnonupyetcs tyHKuus v() W Bbinon-
HEeHbl YCOBWSA XKECTKOW 3a[ieNKu, TO CMaiiH yo0BNneTBopsieT

20 =0, Zn4+1 = 0,
moy = 0, Mp+1 = 0. (13)

Onpegenum Bektop m = (my, ma,...,m,)". Toraa m

MOXET BbITb BbIUMCTIEH MO (hOpMYNE:
m = C 'Mu,

roe Matpuubl C' v M uMetoT BUA!

a b 00 .. 000
1 410 ..000
1
0250141...000’
000 0 14 1
000 0 0 b a
c d 00 .. 0 0 0
-1 0 10 .. 0 0 0
-3 0 -to1 .0 0 0f
29 | ...
0 0 00 .. -1 0 1
0 0 00 .. 0 —dc

rmea=4,b=1,¢=0, d= —1, ecnucnnaiti S(z, ¢)
YAOBNETBOPSIeT Ha KoHuax uHTepBana [0, ] ycnosusm (13),
mnpna = 3.5, b =1,¢c = —0.5, d = 1, ecnu BbINOAHS-
totca ycnosus (12).

[LLnq Toro, uto6bl yuecTb YCNoBME HECXKMMAEMOCTH, BBEAEM
WTpadHyo yHKLMI0:

D [~ 2
F:/ (u—w’) do,
2 Jo

roe D — poctatouHo 6onblioe yucno, KOTopoe onpegenseTcs
OMbITHBIM NMYTEM B YUNCIIEHHBIX 3KCMEPUMEHTaX.

C yuetoM wrpadHoM yHKUMK 3afauy 06 YCTONUMBOCTH
apK1 MOXHO CthOpMYNMpoBaTh CNepytowmuM o0bpasom: Tpeby-
€TCS HaTU MUHUMaNbHOE 3HaUEHWe Harpy3ku P, Npu KoTopoil
BapuaLMOHHas 3afava

T B A 1 1
U:/ (—(u”—l—u)Q—l—i(v——v )P+

__\2R3 22\ T R
C / ]_ 1 2
o+ P )dom

P [T/ /
_2/ (u2—2u2+vz—v2)dgp+
D

- 2
<u - w’) dp — min

v, W

M)

MpU BbINOAHEHWM OrpaHnueHnit (5) MMeeT HeTpuBManbHoe pe-
lWweHve.
PaccMoTpuM BapuaLMoHHY0 3apauy:

1 /1 AR 1
Ji =/ ((u"+u)2+(7—v )2+
0

2 2 B R
CR ’ 1 " 2
+?(’Y + Ev ) +
R3D 2 .
+ 5B (’LL — w/) >dgp - u;li)lgFl (]4)

1 «
Jo == / <u'2 - ku2>d<,p = (15)
2 0

npy rpaHnuHbix ycnoeusx (12) unu (13) v BbiNonHeHUM Hepa-
BeHCTB (9).

MycTb w,, Vs, w, — pewenne s3agaum (14), (15), D un A, =
J1(Us, vy, w,). Torpa gns nwboro A < A\, Jy(u,v,w) —
AJ2(u,v,w) > 0 pna seex (u,v,w) € T'; u, HaoBopor,
ecnm A > A, T0 HangyTcs dyHKumn (u, v, w) € I’y Takue,
yto J1 (u, v, w) — Ao (u,v,w) < 0, 71.e. P* = %/\*
MMEEeT CMbICN KPUTMUECKOW Harpyaku: npu P < P* 3apaua
(9),(14) umeet TonbKo TpMBMAnNbHoe pewenue, npu P > P*

BbINONHsIETCS HepaBeHcTBO J ((u*, v*, w*)) < 0.

Mocne noacTaHoBKK crnaitios S (v, ) U S(T, ) 8 (14),
(15) nonyyaem fBe KBafpaTUuHble HOPMbI:

1 [*/d*S 2 D [“ -\’
92/0 (CW+S> dg0-|—2/0 (S—S) do =
= 2(@22),

1 [ 1
q= / <S'2 — kS2>dgo = =(Qz, 2).
>/, 2

[na BbluMcneHns Ko3hMULMEHTOB KBagpaTUUHbLIX hopM
Heo6Xx0aMMO BbIYUCAIUTL CRefyHoLLmMe UHTErpanbl:
1. WnTerpan ot kBagparta cnnaiHa

@ " /11 13
2()dt = h —zimih — ——z;my 1 h
/0 S*(t) ;<1O5z/m 5102+t
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13 1, 11

+m ihzip1 — %mih Mip1 — ﬁzi+1mi+lh+
13, 1 ., 9
ae%i T =miht + oo ziz
tap P g gt

2. MHTEFpaJ’I 0T KBajparta nepsoﬁ |'|p0VI3B0,U,H0ﬁ
a 1 n
SlQ t dt = — zlmlh + Z;my; h — mihz,v —
[ s om= g3 i "

1
—gmithi_‘_l — Zi+1mi+1h + 62’3"‘

2 2
+§mfh2 —122;2;11 +6- zi2+1 + 3m?+1h2> .
3. MHTerpan ot KBafpata BTOPOi NPOU3BOAHOM

@ 1 n
/O S (t)dt = 5 Z (12,2142 + 12z;m 1 h—
1=0

—24Zi27;+1 + 12zlmlh — 122¢+1mi+1h+
+4m;hPmiyy + 4m7 k7 + 1227 —

4. Winterpan ot npov3BefeH1s BTOPOiA NPOM3BOAHOIA U Crinaii-
Ha

« ™ 1 n _
/(; S”(t) . S(t)dt = E Z (zn+i+1mih — mihZi+1—

=0

—ZignMih +mihzy — my1hzy — zppipimip h+
1, ~
+ZignMigp1h + émih Mip1 + M1 hzip1—

1
~ 2
*gmiﬂh My + 5Zntit12i + O%ntit1Zi41—

—dZntiZi — 5Z7L+z'z7',+1) .

3pecb uMena zg, Zpi1, Mo, Myy1 (B3aBUCUMOCTH OT rpa-
HWUUHbIX ycnoBui) onpegensiotca opMynamu (13) unm (12).
Ins cnnaitha S(Z,¢) Zo = 0, my =
07 7:7’1,”+1 = O

MpUX0AMM K KOHEUHOMEPHOM 3afiaue ONTUMU3aLIAN:

07 Zn+1 —

g(z) = %(Gz, z) — min (16)

zER2™

o) = 5(@52) =1, )
(aj,2) <0, j=1,..., M. (18)

B (18) BekTopbl a; € R*" nonyyalotcs B pesynbrarte nof-

CTaHOBKM cnnaitHoB S(z, ) n S(Z,¢) B (9). KBappartuu-
Hble dopMbl g(2) W ¢(z) NonNoXuTENbHO OnpefeneHsl, ecu
a < T.

O6o3Hauum uepes I" KoHyc, onpepenseMblit HepaBeHCTBa-
mu (18). NMycTb 2, — pewenve 3agaum (16)-(18). Torma no Teo-
peme KyHa-Takkepa HaiipyTcst MHOXUTenM JlarpaHxa A, v 7;,
7; >0, j=1,..., M, 1aKkue, uto

{Gz* —AQzy + Zj\il Tja; =0,
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mi(a;,2) =0, j=1,..., M. (19)

V cuctembl ypaBHeHuit (19) ectb HeoBxoauMble ycnoBus
3KCTPEMyMa, Ho, TaK Kak 3apauva (16)-(18) He aBndetcq sapa-
uel BbIMYKNOro NPoOrpaMMUPOBaHMUS, TO 3TU YCNOBUA He A0-
cTatouHbl. Toukm z,., yanosnetsopstolue (19), 6yaem HasbiBaTb
CTaLMOHapHbIMU.

Inga pewenua 3apaun (19) HeobxoanuMo MpuUMeHATb Me-
ToAbl rno6GanbHoi onTMMU3auuK (HanpuMep, MeTof BeTBeil
W rpanuy, [3]), uMcno nepeMeHHbIX MOXeT 6biTb BENMKO,
a B aHHOM Cflyyae TPyA0eMKOCTb MeTofa BeTBeil U rpaHuL,
onpepensieTcs pasMepHOCTbH 3afauun. [Ing peleHus 3apa-

n (16)-(18) npuMeHanca Metof MOMCKa CTaLMOHAPHbIX TO-
ek [6, 7).

MoCKoNbKY MeTof BeTBeit M rpaHuL, sBNFeTCA [O0BOMbHO
TPYLOEMKMM, B LAHHOM CITyYae MOXHO NpeLioXuTb METOR, ne-
pe6opa BapUaHTOB, KOTOPbI B COYETAHMM C NIOKANbHbIM anro-
PUTMOM MOXET 0Ka3aTbCa Bonee NpeanoyTUTENbHBIM.

2. Pesynbtatbl 1 ux obcyxpaeHue

Mpu M = 3,7 = 7 apKa npefcTaBnser coboy nonosuHy
Lyru oKpyxHocTu. Mpu pacueTax MCNoNb3oBanuCh rpaHNUHbIe
YCTNOBMS XXECTKOMN 3afeNKu:

u=0, w=0, ul—l—w:O, v =0, v/:(), =0
Npu ¢ = =+=7; W WaPHUPHOTO OMUPaHUS:
u=0, w=0, u +w =0, v=0, v ++ =0,

npu ¢ = =£7.

KpyroBas thopMa paBHOBECHS apKy YCTOAUMBa, eCNU [aB-
neHne P He NpeBOCXOAMT HEKOTOPOro NpeenbHOro 3HaueHus
Py, Npennonoxum, uto ceyeHmne apku — Kpyr, T. e. Nonyocu
a = b = 1. bes orpaHnuenuin (9) pewenne sapaum (5) gaet
Kputnueckylo cuny P, = 5.2892. Ecnun xe paccmatpusatb
sapauy (5)-(9), 10 Py, = 5.3570. B paHHom cnyyuae nonyya-
ercq, yto u = Omw = 0, av = 0 B TOUKax npukpenne-
HuWs TpocoB. B Tabn. 1, 2 npuBeneHbl pe3ynbTaThl BbIYMCTIEHMI
MPU pasHbIX FPaHAYHBIX YCNIOBUAX M 3HAUEHWI Nonyoceit an-
nunca, B nocnegHeM crtonbue — 3HauyeHUs NPy BbIMOMHEHUM
HepaBeHCTBa

—Ru; + 2v;z9 <0,

XapaKTepu3ylolero OfHOBPEMEHHO TMNOCKYI0 W MNPOCTPaH-
CTBEHHYI0 fedopMaLmu.
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Tabnuua 1
Pe3ynbTaTtbl BoIYMCNEHNA NPU FPAHNYUHBIX YCNOBUSX XECTKOMH 3aAeNKu
Table 1
Calculation results for rigid embedment boundary conditions

Besorp. | v; =0 | ymosn. (9)
a=0.5, b=1 0.0570 0.3764 0.0755
a=0.75, b=1 | 1.3758 4.9026 1.4793
a=1.0, b=1 52892 | 1.4203 5.3570

a=2.0,b=1 | 22.7900 | 22.7900 241390
Tabnuua 2
PesynbTaTbl BbIYMCAEHNUA NPU FPAHNYHBIX YCNOBUSX WAPHUPHOIO ONUpaHMs
Table 2
Calculation results for hinged support boundary conditions
6esorp. | v; =0 | ymosn. (9)
a=0.5, b=1 0 0.1492 0.0384
a=0.75, b=1 0 2.7697 0.8352
a=1.0, b=1 0 8.5631 2.4033
a=2.0, b=1 0 23.2861 13.2698

Pe3ynbTaTbl BbIUMCTIEHNN MOKA3asK, UTO OQHOBPEMEHHBIN
yUeT MIOCKOM WU NPOCTPAHCTBEHHOW AedopMaLu NpUBOAUT
K CHWXKEHMIO KPUTUUECKOW HarpyaKu.

3aknuyeHue

VunTbiBas NPOBEAEHHbINA UNCTIEHHbIA aHaNU3, MOXKHO CAe-
natb BblBOJ, UTO YCTOUNBOCTb apKu, NOAKPENNEHHOI 0TKOCa-
MU (TpoCcamm), pacCTosiHME MEX LY KOHLLaMM1 KOTOPbIX HE MOXET
W3MEHSATbCA, CYLECTBEHHO YBENMUMBAET 3HaUeHue Kputuue-
CKOM Harpysku. lpu aTOM AN NPaBUIbHON OLEHKM KpUTMUE-
CKOM CHIbl He0BXOAMMO YUUTbIBATbL Kak MPOCTPaHCTBEHHYI,
TaK 1 nnockyto petopMaumio (u = 0 n v # 0), B oTnnume
oT cnyuaq 6es noakpennenus. Toraa npu notepe ycToMunBo-
CTY NPOMCXORMT NGO AedhopMaLMa apKku B ee nepBoHayanb-
Hoi nnockocTh (v = 0 u~y = 0), NM6o NPoCTPaHCTBEHHAA
petopmauma (u = 0 u w = 0). BenuunHa KputUUECKOM CU-
Nbl CYLLECTBEHHO 3aBUCUT OT KOHCTAHT XecTKocTh A 1 B, ot
pagmuyca R M rpaHuuHbIX YCNOBUM.
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KoHTpaKuuu KanmbpoBoUHbIX rpynn
W CMOHTAHHOEe HapylleHne CUMMETpUH
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AHHoTaUKA

N3yueHbl KOHTpakuuM KanubpoBouHbIX Mogened c opTo-
roHanbHeiMu rpynnamun Kanu-Kneitha SO(2;¢), SO(3;¢)
W yhutapHbiMu rpynnamu SU(2;¢) B KauecTBe Kanubpo-
BOYHbIX rpynn. B npepene HyneBbiX KOHTPaKUWOHHbIX Na-
paMeTpoB OPTOroOHanbHbIE rPyMMbl U30MOPtHBI Henomynpo-
cTbiM rpynnam EBknnpa u HbloToHa cooTBeTcTBYHOWEH pas-
MEepHOCTM, a NPOCTPaHCTBA NoONeit MaTepun CTaHOBATCH pac-
CNOEHHbIMW POCTPAHCTBAMM C BbIPOXKAEHHO MeTpuKoid. Oco-
60e BHUMaHWe y[eNeHo COrNacoBaHUI0 CMOHTAHHOTO Hapy-
WeHNs CUMMETPUM C NpoLeAypoil KoHTpakumu rpynn. Moka-
3aH0, UTO KOHTPaKTUPOBaHHble KanubpoBOUHbIE TEOPUM OMU-
CbIBalOT TOT Xe Habop noneit ¢ TeMMU e MaccaMmu, YTo 1 Teo-
PYK C UCXOAHBIMM MPOCTBIMM FPYNNaMu, ecnu BbiGpaHHbIA Ba-
KyyM B COOTBETCTBYIOLEM Npefene npuHapnexan base pac-
CNOEHHOro NPoCTpaHCTBa noneii Matepuu. MonyueHsl 3aBUcs-
IMe OT KOHTPAKLMOHHbIX MapaMeTpoB narpaHxuaHbl Mope-
new, YTo NO3BONSET NPOCNesUTb NOPAACK 06HyneHus cnarae-
MbIX B NarpaHvaHax npu cTpeMneHuu NapaMeTpoB KOHTpaK-
UM K Hy N0

KnioueBble cnosa:

opToroHanbHble rpynnbl Kanu-KneitHa, yHutapHas rpynna Ka-
nu-KneitHa, KOHTPaKUWs KanubpOBOYHON rPyNMbl, CMOHTaH-
HOe HapyLleHWe CUMMeTpUHU

BeepeHue

KanubpoBouHble Teopuu 6binu  npepniokeHbl  SHroM
n Munncom B 1954 r. [1] 1 B HacToslLEee BpeMs paccMaTpuBa-
l0TCA KaK Haubonee ycnewHblit MeToL, OnuUcaHus thyHLaMeH-
TanbHbIX B3aMMOLENCTBMI B hU3MKe YacTUL, FLe B OCHOBHOM
MCMONb3YIOTCA KOMMaKTHble MonynpocTble rpynnbl. Hanpu-
Mep, eL1HOE OnMCaH1e 3NEeKTPOMarHUTHbIX U cnabbix B3auMo-
AENCTBUI B paMKax CTaHAapTHOW Moaenu BaiHGepra-Cana-
Ma [2,3] ocHoBaHo Ha kanu6posouHoit rpynne SU (2) x U (1).

Hannu 1 ButteHoM 6bino 3aMeueHo [4], uto MoxHo pac-
CMaTpuBaTb KanubpoBOUHble TEOPUM U AN HEmonynpocTbIX
rpynn, 06nafalowmux HeBbIPOXKAEHHON UHBAPUAHTHOW BUnK-
HeliHoM dopMoit. Takve Teopumu MMeoT Bonee NPOCTYHO CTPYK-
TYPY N0 CPABHEHUIO CO CTaHAAPTHbIMUA MOAENAMU C NoNynpo-
CTbIMM KanuBpoBouHbIMKM rpynnamu. Mosxe noasunmch pabo-
Tbl [5, 6], B KOTOpbIX paccMaTpuBanuCh KanubpoBouHble Teo-

Contractions of gauge groups and
spontaneous symmetry breaking

N. A. Gromoy, V. V. Kuratov

Institute of Physics and Mathematics,

Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar

gromov@ipm.komisc.ru

kuratov@ipm.komisc.ru

Abstract

Contractions of gauge models with orthogonal Cayley-Klein
groups SO(2;¢), SO(3;¢), unitary groups SU(2;€) as
gauge groups are studied. In the limit of zero contraction
parameters, orthogonal groups are isomorphic to the non-
semisimple Euclidean and Newton groups of the correspond-
ing dimension, and the spaces of matter fields hecome fibered
spaces with a degenerate metric. Particular attention is paid
to the coordination of spontaneous symmetry breaking with
the group contraction procedure. It is shown that contracted
gauge theories describe the same set of fields with the same
masses as theories with the original simple groups, if the cho-
sen vacuum in the corresponding limit belonged to the base of
the fibered space of matter fields. Lagrangians of the models
depending on the contraction parameters are obtained, which
makes it possible to trace the order of zeroing of terms in the
Lagrangians as the contraction parameters tend to zero.

Keywords:

orthogonal Cayley-Klein groups, unitary Cayley-Klein group,
contraction of the gauge group, spontaneous symmetry
breaking

pUW, 0TBEYALOLLME PA3NUYHBIM HEMOMYNPOCTbIM rpynnaM. KoH-
TPaKLUMK CTaHAapTHOM anekTpocnaboit Mopenu BaiHbepra-
Canama k kanu6posouHoi rpynne SU (2; €) x U(1) onucaHbl
B [7].

B nanHoM paboTe paccMaTpuBaeTCa MeXaHu3M CMOHTaH-
HOT0 HapyleHUs CUMMETPUM (MexaHuaM Xurrca) Ans Kanué-
POBOYHbIX MOfieNel, 0CHOBAHHbIX Ha HEMOMYNPOCTbIX FPpynnax.
Takue rpynnbl B (hyHAAMEHTANbHOM NpeACTaBNeHUU SBNa-
loTCS rpynnamu npeo6pasoBaHUi PacCNOEHHbIX MPOCTPAHCTB
C BbIPOXJEHHOW METPUKOA M MOryT GbiTb MonyueHbl M3
KNacCUYeCKUX MPOCTbIX TPYNM KOHTPaKUUaMM (NpepenbHbi-
MM nepexopamu). MocnefoBaTenbHoCTb 0BHyNeHus cnarae-
MbIX NarpaHmaHa B npoLecce NpefenbHoro nepexopa 3afa-
eTcsl IBHOI 3aBMCMMOCTbIO NarpaHXuaHa oT napameTpa KoH-
TPaKLMK.
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1. KanubposouHas Teopus pns rpynnbl SO(2; €).

11. EpnHoe onucaHue mopenu. PaccMotpuM npeobpaso-
BaHue SO(2) kanubpoBoYHOW MOLENM B ranuneesy Kanue-
POBOUHYIO TEOPMIO C MOMOLLbI0 KOHTPaKLMK Fpynnbl Bpalye-
Hui1 B rpynny Fanunes. MpocTtpaHctBo P (e) u rpynna Gy =
SO(2;€) Tanunes MoryT 6GbiTb NOMyYeHbl M3 EBKNMAOBOM
nnockoctu ®, 1 rpynnbl SO(2) BBELEHMEM NapaMeTpa KoH-
TPAKLMK € U 3aMEHAMN (3 —> €¢o, @ — e, Npu € — 0.
KannbpoBouHble npeobpasoBaHus

( fb(@)) ) N
cos ea(x)

_ sin ex(x) o1(x) 0
—sinea(zr) cosea(x) epa ()

OCTaBNSIOT MHBapUaHTHO! dopMy @' (e)p(e) = ¢? + €2¢3,

KoTopas npu € = 1 onpefensieT eBKIMGOBY METPUKY B Npo-
cTpaHcTBe Ps.

Uto6bl MpocneauTs NoBeLeHWe CnaraeMbix npu nepexofe

K npegeny, BBELeM NapaMeTp € B CTaHAAPTHbIA narpaHxu-

aH [8]

1

L(e) = —62ZF#VF,W + % [(Du1)? + €(Du2)?] —

2

A 2 2 1242 2
1 [(¢1 +ep3)" —v } ) (2)
roe KoBapuaHTHble NPOM3BOLHbIE AaHbl COOTHOWEHWEM

Dyg(€) = 0u¢(€) + ee A, Té(e),

(1) 3)(2).
€D, ¢ —eeA, O, €py )’

T.e.
D;L¢1 = 8u¢1 + 626Au¢27

D, s = 0,2 — €A, 1. (4)

MexaHu3M CMOHTAHHOMO HapylWeHWs cuMMeTpuu (Mexa-
Hu3M Xurrca [9]) - ato cnoco6 HapenuTb Maccoit KanuBpo-
BOuHble nonq. JlarpamxuaH (2) uMeer Habop OCHOBHBIX CO-
CTOSIHWI, KOTOpbIE JOCTUTAOTCS NPU HYNEBbIX BEKTOPHbIX Mo-
nax A, = 0 n KOBapUaHTHO MOCTOSHHbIX MOASAX Mare-
pmm D,¢ = 0, obecneunsaiowmx MUHUMYM MOTEHLMANa

V(p(e)) = [¢3 + 23 — v2]2, T.e.

¢%+62¢§:1}2, I

V= \T)\ (5)

Bce ocHoBHble cocToaHus (puc. 1) (mpu e % 0) MoxHo nony-
UWTb C NOMOLLb0 KanuBpoBOUHbIX Npeo6pa3oBaHuii U3 0QHOTO
W3 HUX, Hanpumep,

WC:(S), v=%, 0)

oTBevatowero Touke A(v, 0) Ha puc. 1.

®14

X

A(v,0)
TN
\\JB(O,U/E)

PucyHok 1. 3nnunc BakyymoB narpatxvana L(e).
Figure 1. Ellipse of vacua of the Lagrangian L(e).

PaccMoTpuM Manble BO3GY)XAEHUS X () KOMMOHEHTbI No-
nsl ¢1 () OTHOCUTENbHO BbIGPAHHOIO BakyyMa ¢ (x) = v +
x(x) (puc. 1). 3a cuet kanubpoBouHbIX NpeobpasoBaHuit (1)
KOMMOHEHTa ¢)o(x) CTAHOBUTCS OTAMYHOM OT Hyns. MoacTa-

v+ X
HOBKa nonsi MaTepun ¢ = e NPUBOLUT NarpaH-
2

XXMaH K BURY
L(e) = Ly + €Ly,

1 A
Ly = 5(0)" = 1*x* = Vaux® - e

1, e,
+ B+ eA, (¢20,X — X0u¢2) +

Ly=—-
Vi

1 A
2 A2 2 20,2 A2 2
Fox (242 = A03) + (A2~ S6B), ()
rae B, = A, — =08, - kanuBpoBouHoe BeKTOpHOE Mofe
C Maccoit mp = ev = % X - CKangpHoe none (Xurrcos-
cKuit 6030H) € Maccoi m, = w2, a TakKe BKIIOYEHb! Cna-
raeMble, ONMCbIBaOLMe B3aUMOLEUCTBUS nonei. Mpu Manbix
€ mone ¢, 3a CUeT KanuBpoBOUHbIX NpeoBbpa3oBaHuiA CBA3a-
HO C BaKyyMoM coOTHowWeHueM ¢ (x) = a(z)(v + x(z)).
N 1
Bsons BekTopHoe none B, = A, — —-0,q, npeo?pasyeM
narpaHxuaH L K Buy, conepxaliemy TonbKo none 5, v ero
B3aMMOfENCTBMS C NONeM y
1. e2v? e?
L,=—-B + —
4 2 2
Teopus ¢ kanubpoBouHoi rpynnoit SO(2; €) MoxeT GbiTb
nonyyeHa u3 Teopuu ¢ rpynnoit SO(2) nopcTaHoBKoM

O1— 1, Q2 — €Pa,
E,, — €F,,. 9

Bi + vezxﬁi + XQBE. (8)

v — v,
A, — €A,

1.2. KanubpoBouHas Mopenb ans rpynnel Fanunes Go.
Teopus ¢ kanuBpoBouHoi rpynnod Fanunes G nonyuyaetcs
u3 Teopuu c rpynnoit SO(2) nepexopoM k npepeny € — 0.
B atoM npepene npocTpaHcTBo noned Matepun $, npespa-
lWaeTcs B [ABYMEpHOE TPUBMaNbHO PAaCcCNOEHHOe MPOCTpaH-
ctBo Py (€), B KOTOpOM OCb {¢b;} ecTb ofHOMepHas 6asa,
a ocb {¢2} npepcTaBnseT ofHOMepHbIA cnoit. NHBapuaHT
o' (e)p(e) = ¢? + €22 pacnapaercs Ha ABa MHBapUaH-
Ta:inv; = ¢? oTHocuTenbHo o6wux npeoBpasosamuii (1)
&) = @1, ¢y = ¢a — ady Minvy = P3 oTHOCUTEND-
HO TONbKO AUCKPETHbIX NpeobpasoBaHnil ¢y = +¢o B cnoe
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(¢1 = 0). Noatomy B npocTpaHcTBe [anunes ecTb ABe MeT-
puKu: ogHa B 6ase, a ppyraq B cnoe. YuteM B fanbHenleM aTy
0cobeHHOCTb.

My4yoK NpsMbIX, NPOBEAEHHbIX Yepe3 TOUKY, Ha 3TUX ABYX
MNOCKOCTAX MMEET pasHble CBOWCTBA OTHOCUTENbHO aBTOMOp-
tusmos nnockoctn [10]. Ha eBKNUO0BOM MIOCKOCTM NioBble
ABe MpaMble MyuKa COBMELLAOTCA APYr C APYroM BPaLieHu-
aMKM BOKpyr Touku (puc. 2). Ha nnockoctu Fanunes (puc. 3) B
MyuKe ecTb OfHA M30NMPOBaHHAA NPAMas, KOTopas He COBMe-
waetcs ¢ mo6oi Apyroit NPAMON MyuKa BpalLeHUAMU BOKpYT
TOUKM, T. e. npeoBpasoBaHuamm [anuneq.

P14

%2
PucyHok 2. Myyok npsaMbix Ha nnockoctu EBknnpa Eo.
Figure 2. Bundle of lines on the Euclidean plane Fo.
d1A
?2

PucyHok 3. Myyok npsiMbix Ha nnockocTu Manunes G'a.
Figure 3. Bundle of lines on the Galilean plane G».

Ecnv vHTepnpeTupoBaTh 3TU NAOCKOCTH B HEKOTOPOM (K-
3MYECKOM KOHTEKCTe, TOrfa Ha eBKNMAO0BOM MNOCKOCTM Bce
npsiMble JOMKHbI UMETb OfHY W Ty e h3UYECcKylo pasmep-
HocTb [¢1] = [¢2]. Ha nnockocTu Fanunes umeetcs ecko-
HEUYHO MHOr0 MPAMbIX C TOW e (HU3MUECKOM PasMepHOCTbIO,
uYTO W pa3MepHOCTb Ba3bl (1] M OOQHa M30NMpPOBaHHas Mps-
Masi, UMetoLLas HeKOTOPYIO [LPYryt0 Pa3MepHOCTb (o] # [¢1]
[11]. Hanpumep, npu wHTepnpetaumy npocTpaHcTea lanunes
KaK NpoCTpaHCTBa-BPEMeHM KNacCMuecKom thnankm Gasa pac-
CMaTpUBaeTCA KaK 0Cb BPEMEHM M MMEET pasMepHOCTb [cek],
a CrnoW MofenupyeT coBCTBEHHO MPOCTPAHCTBO M UMeeT pas-
MepHOCTb [cM].

Mpencrasnenus (7), (8) ykasbiBaloT NOPAROK CTpeMNeHus
K HYJNI0 CnaraeMblx B NlarpaHXxuaHe npu nepexoge K npegeny
€ — (. BHauane cuutaem ManbiM narpaHxwuaH L, nponop-
LIMOHanbHbIA €2, 3aTeM B ocTaTKe nonyyaem none B 6ase
(puc. 4) c narpaxmuaHom L, = L,. MoxHo paccmaTpusath
W 0BpaTHbI NpoLecC BOCCTAHOBEHMS NoNel U B3auMopen-
CTBUiA NPYU U3MEHEHMM NapaMeTpa KOHTPAKLMM € OT Hyna [0
eAMHMILbI.

A1

A(v,0)

o)

PucyHok 4. OcHOBHble COCTOSHUS MOAENM C KanuBpoBouHOM rpynnoii Fanunes
Ga.
Figure 4. Ground states of the model with the Galileo gauge group Go.
Lpyroi BbIGOp OCHOBHOIO COCTOSIHMSI OTBEYAeT TOUKe
B(O, g) Ha puc. 1. B npenene ¢ — 0 oHa nonapaeT B Coif
— — t __
¢1 = 0, P2 ¥ onUCbIBALTCH BEKTOPOM (e = (0,€2)" =
(0, v)*. NarpaHxuaH (2) B cnoe MHBAPUAHTEH TONBKO OTHOCH-
TeNbHO AUCKPETHON KannBpoBOUHON CUMMETPUN o —> — o,
Manble Bo36yxaeHus £ nons ¢ B OKPECTHOCTU 3TOT0 BaKyyMa
OnMCbIBAKOTCA NofneM Matepuu Buaa (puc. 5)

() = ( v+85(x) ) v— \% (10)

MopcTaBmB ero B 06w uiA narpaHxuaH (2), nonyuuM narpaHxm-
aH B cnoe

L(€) = 62Lf =

— ¢ B(aﬂgf — 12 — Vg’ — 6225‘*} -

V(2)
. %
§ ¢
-t o % ]

PucyHok 5. MoTeHuuan V (2 ) 1 0CHOBHbIE COCTOAHUS NarpaxuaKa B cnoe
(p1 =0, ¢2).
Figure 5. Potential V' (¢2) and ground states of the Lagrangian in fiber
(¢1 =0, ¢2).

NarparxuaHbl B 6ase L, (7) u cnoe L (11) umetor opu-
HaKoBbIA BWA, coBnagatowui ¢ dopmynoit (5.8) B MoHorpa-
tuu [8] pnsa narpaHuaHa BO3MYLEHUI CKANFPHOTO Nong
C AMCKPETHOW cuMMeTpuent ¢ — —. Jarpakxuan L, (7)
He WHBapWaHTEH OTHOCUTENbHO 3aMeHbl Y — —YX, TaK Xe
kak L ¢ (11) He MHBapuaHTeH OTHOCUTENbHO 3aMeHbl § — —&,
MOCKONbKY OCHOBHble COCTOSIHUS He UHBapUaHTHbI. Cnep, cuM-
MeTpun ¢ — — B narpamxuarax L., L octancsa B Bupe
COOTHOLWIEHMS MeX[y Maccoi nons /i U KOHCTaHTaMu Ky6uu-
HOrMO M YeTBEPHOro B3auMogencTBuin. TakuM obpasoM, B Ka-
n1BpoBouHOM Teopuu ¢ rpynnoi Fanunea G5 none Matepum
(xurrcoBckuit 6030H) x B Gase u kanubposouHoe none B,
B Coe MpefacTaBisioT (U3MUYECKU pasHble Mons C pasHbIMU
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(hM3NUECKMMI pasMepHOCTAMM, Nofo6HO ToMy, Kak Bpems (6a-
3a) 1 npocTpaHcTeo (Cnoit) B npocTpaHcTe-BpeMeHn Fanunes
AIBNAOTCSA PasHbIMU (U3NYECKUMM CYILHOCTAMM. TeM He MeHee
Pa3MepHOCTN Macc XMITCOBCKOro 603oHa m,, = V241 v BeK-

TOpHOTro 6030Ha mp = ev = i;\ OAMHAKOBbl U B TOUHOCTU

TaKOBbI )€, KaK U B HEKOHTPaKTMpoBaHHoi SO (2) kanubpo-
BOYHOM TEOpUM.

B kanu6poBouHoit Teopuu ¢ rpynnoit SO(2;¢) npue # 0
B KauecTBe BaKyyMa MOXHO BblBpaTb noboe oCHOBHOE CO-
cTosiHMe Ha annunce puc. 1. OgHako pna Toro, yto6bl nony-
UWTb TEOPUIO C MOJHOW, 3aBMCALLEN OT OAHOTO BelLeCTBEHHO-
ro napametpa rpynnoi Fanunes G Npu Nepexocfe K npegeny
€ — 0, HeobxoguMo, uTo6bl BbIGpaHHbIA BaKyyM NpUHage-
xan 6ase B 3ToM npegene (cM. puc. 4). Ecnu xe BakyyM Mo-
Lenu oTBeuaeT, HanpuMep, Touke B Ha puc. 1, To B npepene
nonyyaeM Mofenb C AMCKPETHON CUMMeTpuen, aBnsiowencs
LMCKPETHOI NoArpynnon UCXOLHOW KanuBpoBOoUHOI rpynmbl.

2. Kanu6posouHbie Teopuu c rpynnamu SO(3; €)

2.1. EpvHaa KanubpoBouHas Mopgenb. OpToroHanbHas
rpynna Kanu-Kneitha SO(3;€), € = (e1,€2) onpenens-
etcs [11] Kak rpynna npeo6pasoBaHuit BEWECTBEHHOIO NPo-
cTpaHcTBa P3(€), ocTaBnatoWLas MHBAPUAHTHOM KBafpaTUy-
Hylo hopmy

P'(e)p(e) = BT + €195 + €153 (12)

Kanu6poBouHble npeo6pa3oBaHus noneit Matepuu ¢(€) ocy-
wecTBnsoTca aneMeHTaMn w(z; €) € SO(3; €) B BUAe

¢'(z) = w(z; €)¢(z),

ol
61¢’2 =
€160
W11 €1Wiz €1€2W13 ¢1
= €1W21 W22 €2W23 e | . (13)
€1€2W31  €2W32 w33 €1€203

3pecb KOHTPaKLMOHHbIE MapaMeTpbl He3aBUCMMO CTpeMaTcs
KHynt €, — 0, k = 1, 2. TleHepartopsl anrebpbl 1u so(3; €)
UMeLoT BUE,

1 0 0 0 —€1€9
T1 = €1 0 0 s T2 = 0 0 0
0 0 0 €1€2 0 0
0 O 0
=0 0 —e (14)
0 €9 0

M yO0BNEeTBOPAT KOMMYTAUMWOHHbBIM COOTHOLWEHNAM
[Tla TZ] == €§T3a [T27 T3] == 63T17 [T37T1} == T2’ (15)

KanubpoBouHble nons MNPUHMMAOT 3HauyeHus B anrebpe
s0(3;¢€)
Au(z) = gT" A (z) =

0 —€1A}L —€1€2A
=g €14, 0 —€e AY . (16)
6162143 62142 0

TeH30p HaNPSYKEHHOCTH
F(z) =0,A,(x) — 0,A,(x) + [Au(z), Au(2)] =
=gTF;, () (17)

B KOMMOHEHTax UMeeT BU
F,, =0,A,—0,A, +eg(AL A} — AJA?%),
Fl, = 0,A] — 0,4 + g(AJ A, — AL AD),
Fl, = 0,40 — 0,4 + €1g(A, A — A2A)).  (18)

NpoM3BOLHAsA 3afaeTcs  COOTHOWEHWEM
[0, + 9T (A,)]¢p(€) unu B MaTpUUHOM BULE

Du‘bl
ElDu¢2 =
€1€2Du¢3

QL _ElgAL —6162914%
= e1gAL Ou  —€gA;
6162914“ Engi 8#

KoBapwuaHTHas

Du¢(€) =

€1¢2
€1€203
(19)
W LeCTBYET Ha KOMMOHEHTbI Mons gb(e) no opmynam

Dp,¢1 = augbl - ge?(A:Ld)Q + €§AZ¢3>7
D;L¢2 - a/l.¢2 + g(A}LQSl - 63A2¢3)a
D,¢s = 0,03 + Q(AZ% + Ai¢2)~ (20)

MonHbiit narpanxua mopenn L£(e€) = La(€) + Ly(e€)
onpefensieTcs Kak CyMMa narpamxuaHa KanubpoBouHbIX no-
neit

La(e) = 5 T(Fu(e)’ =

- —Z[ef(Fi )2+ e 62(F2 )2+ 62(F3 2l (@)
M narpaHxuaHa rnonen MaTtepum
Lo(0) = 5(Dud(0) (D) = V(:0),  (@)
rge noteHuuan BblﬁMPBETCﬂ B BUAOE
W¢Q=A<Wwddﬁ>? 2
4 A

B siBHOM Buae ¢ yuetoMm (18) KannBpoBOUHbIN NarpaHXmaH 3a-
nuwercs

La(e) == [61(F)* +ee(Fr, ) + e(Fi,)?] —
ey [L<3>< )+ Lff)(e)}. (24)

Cnaraembie TpeTbero 1 YeTBepToro NOPAAKOB MO MojigM paBHbI

LY (e) =29 [FL,(AZA3 — A3 A2)+
+FL(ASAL — ALAR) + FB(ALAL — A2 AD)],

LY (e) = g? [(A2A3 — A3 A2)%+
F(ATAL — AL AD)? + (AL AL — A% A3)?] . (29)
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afy, = 6,,,A‘;—8VAZ eCTb TEH30p HaNPsXXeHHOCTH B NNOC-
KOM NpoCTpaHcTBe.

OcHoBHble cocTosiHua narpamxuaHa L(e) = La(e) +
L 4(e) npepctasnsitor coboit KoHMrypaLmio nonew, 06Hyns-
loLMX KanuBpoBouHbli narpaHxuaH L 4 (€) = 0 v pocTaens-
HLWMX MUHUMYM noTeHumuany (23). OcHOBHble COCTOAHMS pea-

JIM3YKTCA Ha nonax

Ay €) “Hae), w(a

:&+%%+ééﬁ=ﬁav=é%ww

kotopble npu A, (x; €) = 0 nexar Ha annunconpe («cthepe»
paguyca v) (puc. 6) B NpocTpaHCTBe Nonen MaTepuu, 3aaBa-
€MOM ypaBHeHWeM (26), u MOryT 6biTb NOMYyUeHbI KanuBpoBoU-
HbIMW Npeo6pa3oBaHMaMu

Pz €) = w(z; €)9"*,
Al (z5€) = w(w;e) Ay (z; e)w™ (5 €)+
_1(1}; €) (27)

=w(z;€)0,w €) € SO(3;¢),

¢ (e)g(e)

+w(z; €)0,w

M3 0HOro OCHOBHOIO COCTOAHMUS, BblﬁMDGEMOFO n3 c006pa>Ke—
HUWA NpPoCTOTbl B BUAE

Au(z;e) =

(Touka A Ha puc. 6).

= (1,0,0)" (28)

07 ((bfuac)t

PucyHoK 6. Innuncoung, 0CHOBHbIX COCTOSHMA narpatxuaqa L(e).
Figure 6. The ellipsoid of the ground states of the Lagrangian L(e).

Ilanee B MexaH13aMe Xurrca paccMaTpuBaloTcs Manbie (-
HelHble) BO36YXKAEHUS Nons ¢; B OKPECTHOCTH BaKyyMa

(;51(1') =0+ X(Q?), ¢2($)? ¢3($) (29)

[Lina HoBoro nons ¢ () NONHbIA NarpaHXuaH Mofeny NpuHu-
MaeT BUf,

L(e) =L (e) + LD (e)

KBaJJ,paTMLIHin;I Mo nongM narpaH>xXuaH

+ LD (e). (30)

1
5(%02 — 1+
v

|+ g+

5(2)(6) =

1
+e2 {—4(3;)2 +

1 2y?
+%£[—4&ﬁ»2+92(3bﬂ, (31
roe BBefeHbl HoBble Nosd

1 1
1 2 2
= AL+ Oudn Bi= AL+ 0.0 (32

OMMCbIBaeT MacCMBHOE CKamspHOe none MaTepun x, m, =
/21 — XMITCOBCKMIA 6030H, [1Ba MaCCUBHbIX BEKTOPHbIX NOMS
(k = 1,2) c opuHakoBbiMK Maccamu B, mp = gv = %
u 6eamaccoBoe none Ai. BsaMMop,eMCTqu nomnen onucbIBa-

torcs cnaraembimu Tpetbero £(3) () u uetseproro £ (¢)
NOPAAKOB N0 NoNsM

£(e) = —wox® + & { -xox (3 + God)+

+9[ A, (X2 — $20,x) +
+e3 A% (XOuts — d30,uX) +
+e3 A% ($20,¢3 — ¢30u02) |+

+g7v[ A, (Ax — S Aj6s) +

+EAZ (A2x + Algn)] |-

—éfﬁ%ﬁ@—ﬁﬁﬂ

+F, (A3AL — ALAD) +

+F;

5 (ALAL — AZAL)], (33)

A 1

A
*6%5 (¢§

£9() = ¥ (63 + &3) -
+e303)" +
92| (02 + A205)" +
+(Alx — S AL0s)" +
+6 (A + Alen)’| -

-y {63 (4243 — A3 42)° 4

+(ABAL - ALAR) 4

-+§(AiAg_.A3Aw2}}. (34)

MonesHo 0TMETUTb, UTO TEOPUM C KanuBPOBOUHOI rpynmnoi
Kanu-Kneitna SO(3; €) MoryT GbiTb nonyyenbl u3 SO(3) Ka-
nu6poBouHoi Teopuu (thopmynbl (30)-(34) npu e; = e = 1)
3aMeHon

UV—=0, X =X, ¢2 — €1¢27 ¢3 — 6162¢37
A;lt — 611411“ AZ — €1€2Ai, Ai — €2A?’«’ (35)
unu
B, —eaB), B. —eaaB. F., —aF, (36

L7151 HOBbIX MOMew.
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2.2. Kanu6bposouHas Mogenb pns rpynnsl EBknupa Es

AD1
X

'_A(vq,‘0,0)

-

I
PucyHok 7. MNocKocTi 0CHOBHBIX COCTOSIHMIA narparxuaHa L(e1).
Figure 7. Ground state planes of the Lagrangian £(e1).

Mpn € — 0,e2 = 1 rpynna SO(3) KoHTpaKTUpyeT-
cq B HenonynpocTyto rpynny Esknupa E3. MeTpuka B npo-
CTpaHcTBe noned Matepuu Bbipoxpaetca ¢'(ei)p(er) =
3 4 €3(P3 + ¢3), m P3(€1) CTAHOBUTCS PACCNOEHHDIM MPO-
CTPaHCTBOM C OfjHOMepHoW 6a3oit {¢1} U ABYMepHbIM cno-
eM {2, 3} (puc. 7). Narpanxuan (30)-(34) npeobpasyetcs
K BURY

L(er) = Lo(er) + €1Ls(e1) + €1 Line (1),

roe
1 A 332
Eb(El):i(auX) — 12X = Mpox® — S x —*(f 25

4
Li(er) =

1 22 1
= (Bl + T (B = (BL + LB+

+LP (e1) + £ (e),

A
Lint(€1) — 3 (¢§ + ¢§)2

2 [(A,t@ + A265)° — (ALA2 - AiA;)Z} . @)

3pecb 6;3)(61) paetcq BbipaxkeHueM (33) npu e, = 1 Bes
cnaraemoro —A\gp x>, a 5;4)(61) MeeT BUz

£ (er) =
2 (63 +03) + 97| (A x — Algs) "+
( X+A ¢2) }*

g7 (4243 - A3.42)" 4 (43 4L - ALA)’|

(38)
NarpanxuaH B 6ase Ly (e1) onucbIBaeT XUrrCOBCKMA 6030H
X CO CTaHp{apTHON Maccoit m, = +/2j1, ero camofeincTeme
u 6e3MaccoBoe BEKTOpPHOE none Ai. NarpanxwuaH B cnoe
L f(€1) onucbiBaeT ABa MaCCHBHbIX BeKTOPHbIX Nonst B, B,

(32) c omMHaKOBbLIMM MaccaMM mp = gU U PasNnUHbie
B3auMopeicTBna noneit. MoMUMO 3TOro, KOHTPAKTUPOBAHHbIA

narpamxuad L£(e;) copepkuUT cnaraemble, NPonopLuoHanb-
Hble €7, KOTOpble 0TBEYAKT B3aMMOLENCTBMI0 Nonel yeTeepT-
HOro NOpSAKa.

Kak u B cnyyae kanu6poBouHoit rpynnbl SO(2;¢), 3a
CYeT KanubpoBoYHbIX NPeobpa3oBaHuit, CBA3bIBAOLLMX BaKy-
yM B Touke A(v,0,0) c nonamu ¢, ¢, MoXHO npeobpaso-
BaTb narpaHxuaH E(el) K BUAY, COLEpXalLeMy TONbKO Ka-

nMBpoBOYHbIE MONSs B}L, Bﬁ, Ai, nomne XurrcoBckoro 603oHa
X Y B3aMMOLLENACTBUS MeXAY HUMU.

Mpencrasnenus (37), (38) onucbiBaloT NopaaoK cTpeMne-
HWS K HYNI0 CraraeMbix B narpaHXuaHe npu nepexope K npe-
peny e, — 0. BHauane cuutaem ManbiM 1 npeHebperaem
narpawxuaHom L;,;(€1), Aanee ManbiM ByneT narpaHxua
L (€1), 0KoHUaTeNbHO nonyyaeM narpaxxuaH B 6ase Ly, (€1 ).
MoxHo paccMaTpuBaTh M 06paTHbIi NPoLLecC BOCCTaHOBNEHMS
nonel M B3aMMOLEACTBUN NpU U3MEHEHUM MapaMeTpa KOH-
TPaKLMU €7 OT HyNS 10 eAVHULLbI.

Teopuss ¢ KanuBpoBouHoit rpynnoit EBknupa Fo MoxeT
BbiTb nonyyeHa u3 SO(3) kanubpoBouHoil Teopuu (hopMynbl
(30)-(34) paspena 2.1 npn €; = €5 = 1) 3aMeHoit

V—=U, X =X, P2 = €12, P3 — €193,
B, = eA), B2 = e A2, A — A3 (39)

C mocnenyoLWnM NepexoaoM K npegeny e; — 0.

Ecnu BbIBpaTh OCHOBHOE COCTOSIHWE, OTBEYalOLWEee TOUKE
B(0, i,O) Ha puc. 6, roe ¢ = 0, T0 B npegene e; — 0
ero rpynnoit MHBapUaHTHOCTU okaxetcs noarpynna SO(2),
paccMoTpeHHad B pasgene 1.

2.3. KanubposouHas mogenb ang rpynnel HototoHa N3

b1

X

| A(v,0,0)

PucyHok 8. LIMnMHAP 0CHOBHbIX COCTOSIHMIA Narpanxuana L(ez).
Figure 8. Cylinder of ground states of the Lagrangian £(e2).

Mpm ¢ = 1l,es — O rpynna Bpawenun SO(3)
KOHTpaKTUpyeTcs B HemonynpocTyt rpynny HbtoToHa Nj.
MeTpuka B nNpocTpaHCTBe NoMneil MaTepuu BbIPOX[AETCS

t 2 2 2 12
P'(e2)p(e2) = &7 + @3 + €303, n P3(ez) cTaHoBUTCS
paccnoeHHbIM MPOCTPAHCTBOM C ABYMepHoi 6a3oit {¢1, Po }
W ofHoMepHbIM croeM {3 }. Jlarparxuan mogenu

L(e2) = Lo(€2) + €3L4(e2) (40)
COCTOWUT M3 NnarpaHXuaHa B pase
1 g2v2
Ly(e2) = 5(0ux)* — 1°x* — *(Bl )? 7(B,i)2+
2 4 2
+L57 (e2) + L3 (e2), (41)

KOTOPbIi OMUCBIBAET XUITCOBCKMIA 6030H 'y, MacCUBHbIN 6030H
B, v B3auMopeiicTBus BUAa

L (e)) = —Aox® — Avxd? + gA,, (X002 — $20,x) »
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34

2

A
L (e) = =Sy + LAy -

A 9
4 D) X 93t

2

2 A
+ 5 63(4})” - S04 (62)

M narpaHxuaHa B cnoe

1 . 1 g2v2
Li(e2) = —1(7:31,)2 - E(Biu)Q + T(Bi)2+
+L7 () + L (e2), (43)
roe
£(3) — —\ 2
f (€2) vX Q3+
+9 [A7 (X0uds — G30,X) + AL, (020,65 — d30,6)] +

+g G0 A}, (ALx + Aj¢2) —

9
— P (4247 — A3AZ) + 72, (A3AL — ALAT) +

+F;

nv

(apa2 - azan)]

1
£ = 3{ AR (2 + )+
? [(AiX + Az%)z + 24, A2 daps — 24, A7 X¢3} -

—g® |(A3AL - ALAD) + (ALA2 — A2AL)’|

(44)

TakuM 06pasoM, narpaHXuaH B Croe COpepXuT beamaccoBoe
none A?, MaccuBHoe none B} 1 B3auMOfe/cTBMS nonei.

OTMmeTuM, uTo narpanxuan Ly (e2) B 6ase (41), (42) onm-
CbIBaeT Te Xe nons, uto v narpanxuan L(e = 1) (7) mopenu
¢ kanu6posoyHoit rpynnoit SO (2). 0Tnnuns B cnaraembix, oT-
BEYaloWMUM B3aUMOAEMCTBUAM TPETLED U UETBEPTOro Nopsf-
KOB, MCYE3aI0T NPYU U3BABNEHUM OT o NyTEM NEPEXOAA K NOSIH0
31 aHanoruyHoro nepexofy ot B, K BM

Teopvm C KanubpoBouHoi rpynnoit EBknmpa No Moxer
BbiTb nonyueHa u3 SO(3) kanubposouHoit Teopuu (hopMynbl
(30)-(34) paspena 2.1) npn €; = €5 = 1) 3ameHon

’U—)’U, X_>X7 ¢2_>¢27 ¢3_>62¢37
A, = AL A = AL AD — oA (45)

C nocrnegytowum npegenom eo — 0.

AnanorunuHo pasgeny 1, B KanMBpoBOUHOM Teopum C rpyn-
nont SO(3;¢) npu e, # 0,k = 1,2 B KauecTBe BakyyMma
MOXHO BbI6paThb Nto60e OCHOBHOE COCTOSIHUE Ha 3nnuncouae
puc. 6. OpHaKo, ang Toro, UtoGbl NONYUUTL TEOPUIO C MOJTHOM
TpexnapaMeTpuueckon KOHTPaKTMpOBaHHOW rpynnoit EBKnu-
pa F5 vnu HototoHa N3 npu nepexofe K npegeny €; — 0,
€; = lunme; = 1, e — 0, HeobxonMMo, uTo6bl BbIGPaHHbIA
BaKyyM (CKaeM, Touka A Ha puc. 6) B COOTBETCTBYIOWEM Npe-
Lene npuHaanexan 6ase paccnoeHHoro npoctpaxcTea (puc. 7
unu 8). Ecnu »e BaKyyM Mofienu BbiBpaH, HanpuMep, B TOUKax

B vnu C' Ha puc. 6, nonapatowux B npegene B Cnou, To no-
fiyyaeM KanubpoBOUHbIE MOLENM, 0TBEYaKoLMe COOTBETCTBY-
IOWMM [BYXNapaMeTPUUYECKUM NOATPYNnaM UCXOLHON Kanub-
POBOYHOM Fpynbl.

3. KanubpoBouHbie Teopuu ¢ rpynnamu SU (2; €)

VHWTapHas KoHTpakTMpoBaHHas rpynna SU(2; ) onpe-
[ensetca Kak rpynna npeo6pasoBaHuit KOMMIEKCHOTo Mpo-
cTpaHcTBa Cs(€), 0cTaBnAoWan MHBapUaHTHON KBaLpaTuu-
Hyl0 hopmy

$(€)'d(e) = |1 () > + €[ (e) [, (46)
Mpeobpa3oBaHMa KOMMNEKCHBIX MONeN UMEHT BUL,
¢'(€) = u(e)g(e,)
Pr(e) \ _ [ ale) €Ble) 1(€)
( €dy(e) > B ( —eB(e)  ale) ) < e () )
detu(e) = |a(e)[? +62|B( )P =1,
) T

u'(e) = (47)

leHepatopbl rpynnbl SU(2; €) AaHbl MaTpuLLaMu

u(e

170 1 1 0 =
T1_62<1 0)’ T2_62<—z'0>’
1/1 o0

NOAYNHAKTCA KOMMYTALUWOHHbIM COOTHOLWEHNUAM
[T17T2] - 7;62T3, [T37T1] = Z'T27 [T27T3} = ZCZ—‘l (49)

v obpasytot anrebpy su(2; €).
B kanuGpoBouHoit Teopuu ¢ rpynnoit SU (2;
BOYHble Mons

€) Kanuépo-

3
Au(wse) =g Y TiAk(x) =
k=1
a1 A3 €(AL +iA42)
=93 ( (AL iazy T 0

MPUHWMALOT 3HaueHus B anrebpe Jin su(2; €). KoBapuaHTHble
NPOW3BOfHbIE PaBHbI

D,é(e) = 9

3
—ig (Z TkAﬁ> o), (51)
k=1

Fie KOHCTaHTa g ABNAeTCA 3apAA0M. TeH30pbl HaNPAXKEHHOCTH
KanuBpoBOUHbIX Noned onpeaensoTcs hopMynamu

A (z3€) = Ay (z3€) + g[A(T5€), A (5 €],
Al (z5€) = 0, A5 (x5 €) — 0, Al (w5€). (52)
Bmecto noneit (50) BBoASATCA HOBblE KanuBpoBOUHblE NoNs
Z#(:C) = Ai(l’),
1 )
Wi(z) = G (A (z) 74l (x)), (53)

KOTOpble B Cllyyae 3NeKTPoCcnaboi Mofenu MMeroT Henocpes -
CTBEHHbIN (IM3UYECKMI CMbICH.
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Narpawxuad Mopenn L(e) = L 4(€) + L (€) npeacras-
nqaet cobon cyMMy narpaHxuaHa KanubpoBoUHbIX Nonew

”{[ AL+ (A2))%] + (A42,)%) (54)

M narpaH>xuaHa nonen MaTepuu

Lo(e) = 5(Du0(0)' D) ~ V(6:6).  (65)

OcHoBHble cOCTOsIHUS narparxuana L(e) oBHynstoT Kanu6-
POBOYHbIN narpaxuad L 4(€) = 0 v BOCTaBNSOT MUHUMYM
noTeHLuany

A
V(gse) = 7 (¢'()o(e) = ?)° (56)
3TVI COCTOAHMA 3aa0TCA ypaBHEHMEM
o7 + 05 + (03 + ©5) = v, (57)

KOTOpOE OMMCbIBAET TPeXMepHbIXA 3anNnuncoug (chepy npu € =
1) B ueTbipexMepHoM npocTpaHcTBe P4(€) BeLECTBEHHbIX
nonet @, k=1,2,3,4,10e ¢1 = @1 +ip2, ¢ = @3+
1p4. LaHHbIA TPEXMepHbIiA 3NTIMNCOME MOXHO MbICTUTL cebe
KaK NoBepXHOCTb, U306paXKeHHY0 Ha puc. 6, ecnu nogpasy-
MeBaTb NMof, 3 ABYMEPHYI0 NOCKOCTb, HATAHYTYI0 Ha 3, (04,
W NONOXUTb 1 = V1, P = o

Mpu € = 0 Bce OCHOBHbIE COCTOSHUS MOTYT BbITb Monyye-
Hbl KanMBpoBOUHbIMK NpeobpasoBaHUAMU U3 OFHOTO U3 HUX.
Kak 1 B cnyuasax KanuBpoBoUHbIX MOZeneil ¢ OpTOroHanbHbI-
MM rpynnam1, paccMOTPeHHbIX B pasgenax 1w 2, anga nony-
UeHMs KanubpoBOUHO TEOPUM C TPEXMEPHOA KOHTPaKTUPO-
BaHHOW YHUTAPHOI rPYNMoii, HY)XHO BaKyyM MOAeny BbiBpath
B TOUKe, NonagatoLeit B npegene € — 0 B CNOW NpocTpaHCTBa
@4(6).

N3 cooBpaxeHuit NpoCTOTbI BaKyyMHbIA BEKTOP MOXHO
B3Tb B BUAE (¢"*)" = (v,0),T.e. 1 = v, 2 = @3 =
w4 = 0 (touka A(v,0,0,0) Ha annunconge (57), puc. 6).
Mocne 3Toro paccMaTpuBaloTCa Manble (NUHeiiHble) BO3BYX-
[EHUS NoNg 1 B OKPECTHOCTM BaKyyMa

@1(1'):”+X<$)7 @2(x)7 903('7:)7 904(37)' (58)

Lina HoBoro nons ¢ () NONHbIA NarpaHXuaH MoJEenu NpuHU-

MaerT Bu[,
L(e) = LO(¢) + Lim(e), (59)

roe, Kak 00blYHO, KBaApaTUUHbIe MO MONSM cnaraeMble
narparxmana £ (¢) onucbiBatoT cBOBOAHbIE YaCTULbI MO-
fenw, a cnaraemble Gonee BbicoKoro mnopagka L7(e)
paccMaTpuBaloTCa Kak MX B3auMopencTus. KBappaTuuHblif
narpaHxuaH

LO(e) = L (e) + LY (o),
£(2)( )
1 1 1 1
= 5 (a/LX)Q - §miX2 - EZILVZ v+ mZZ Zlm
L (e) = W;VWW +miWEWT (60)

BKMIOUaeT cKanspHoe none Xurrca x ¢ Maccoi m, = v/2)\v,
HeMTpanbHyl0 Z W 3apshkeHHble BEKTOPHble yacTuupl VW
C OO/HAKOBbIMM MaccaMn mz = my = %gv. NarpaHxu-
aH B3aMMOJenCTBUS MMEeT BUA

ﬁint(e) — Eant 4

2 pint 4 pint
LM 4 elpint

Lt = — —dx® + Z,)° +

4 20059 x(

92 2 2
_— Z
SCOSZQWX (Z0)”

Lt = ng+W + 2W+W_

—2ig (WIW, =W, W}) Z,, cos Oy —

—%gcos&w [

Z, WEW, =W, Wi -

uv

2

= ot { [0+ ()] (2.7~

2
int g — — 2
Lt = T (Wrw, —w, w5~ (61)

Kak 1 B ciiyuae optoroHanbHbIx rpynn Kanu-KneiiHa, Teo-
PUI0 C YHUTapHOW KanuBpoBouHoit rpynnoit SU (2; €) MoXHO
nonyuntb u3 SU (2) kanuGpoBouHoil Teopuu (hopMynbl 3TOrO
pasgena npu € = 1) saMeHoit

V=20, X 7 X, ¢1ﬁ>¢17 ¢2‘>6¢27

Zy = Zyy WE— W=, (62)

3ameuanme. B craHmapTtHoit anekTtpocnabon mogenu [8]
¢ KanubposouHoit rpynnoit SU(2) x U(1) B KauecTBe Ba-
KyyMa BbiBupatot none ¢!, = (0,v), T.€. 03 = v, =
wa = @4 = 0 (Touka C(0,0,v,0) Ha annuncouge (57),
puc. 6). Mpn € = 1 TaKoM BbIGOP NPUBORMT K TEM XE MaccaMm
KanuBpoBOUHbIX Nonei, uto 1 Bbibop nonsa (¢**“)" = (v, 0),
oTBeyvatowero Touke A(v, 0,0, 0). OnHaKo oH He cornacoBaH
C KoHTpakuuen ¢ — 0. NpaBunbHble NpeobpasoBaHus noneil
aneKTpocnaboi Mofieny Npu KOHTPaKLWK fatoTcs dhopMynamm
(62), kak 3to cuenaHo B pabore [12].
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4. 3aknoyeHune

KOHTPaKLMM OPTOTOHANbHBIX M YHUTAPHBIX rpynn Kanu-
KneiHa 1 paccnoeHust COOTBETCTBYIOWMX NPOCTPAHCTB (hyH-
LaMeHTanbHoro NpefcTaBeHUs TECHO CBSA3aHbl MeXny CO-
Boit. PaccnoeHHble npocTpaHCTBa MMEKOT BbIPOKAEHHYO MeT-
PUKY W Lenblit Habop MHBAapUAHTOB OTHOCUTENbHO KOHTPaK-
TMpoBaHHoit rpynnbl [11]. 3To o03Hauaer, uto B KanMBPOBOU-
HbIX TEOPUSX C KOHTPAKTUPOBaHHbIMU rpynnamMu Kanu-Knei-
Ha NpOCTpaHCTBa Moneid MaTepuu ABNAKOTCH PAcCOEHHbIMM
NPOCTPaHCTBaMMW. [INq NOMHOro onucaHus noBefeHNs (uamn-
UeCKMX CUCTeM B Mpolecce NnpefenbHoro nepexopna Heobxo-
AMMO paccMaTpuBaThb MONHOE BbipaXKeHWe AN NarpaHxua-
Ha, B TOM UMCNe M ero 3aBUCMMOCTb OT MapaMeTpa KOHTpaK-
LMW, @ He TONbKO NpefenbHble narpaHxuaHbl B 6ase 1 cnoe.
370 No3BoNgAeT NPOCNeAnTb NOPAROK 0BHYNEHUs crnaraeMbiX
B NlarpaHXwuaHax npu CTPeMNeHUu napaMeTpoB KOHTpaKLuu
K HYNIo, a TaKxke BOCCTAHOBMEHWe narpaHxuaHa npu o6par-
HOM npouece - fedopMaLmm.

BaxHoe 3HaueHue uMeeT BbiBOp BaKyyMa B MexaHu3Me
CMOHTAHHOrO HapylweHua cUMMeTpuu. YTo6bl nonyuutb Teo-
PUIO C MOMHOI KOHTPAKTUPOBAHHOM PYNMoi, UMetoLLeit Ty xe
PasMepHOCTb, UTO M UCXOHas KannbpoBouHaa rpynna, Heob-
XOAMMO, UT06bl BbIBPaHHbIA BaKyyM B COOTBETCTBYIOWEM Npe-
Aene NpuHagnexan 6ase paccrnoeHHOro NPoCTpaHCTBa nonen
MaTepuu. ToNbKO B TaKOM Cllyuyae B KOHTPAKTMPOBaHHOW Ka-
NMBPOBOYHOI TEOPUM MONTYYAETCA TOT XKe CaMblid Habop nonei
M YacTULL C TEMM XKe CaMbIMW MaccaMu, UT0 U B UCXOLLHOWM Teo-
puu. BbiGop BakyyMa, Nonapatoliero B npegene B CoW, Npu-
BOLMT K KaNMBpOoBOYHOM MOLLenM, 0TBeYaloLLei NOArpynne uc-
XOLHOM KanubpoBOUHOI rpynmbl.

MoCKONbKY MMEHHO CTPYKTYPHbIE KOHCTaHTbl OTBETCTBEH-
Hbl 33 B3aMMOLLEICTBME NOMEN U MOCKONbKY NPW KOHTPaKLMSX
rpynn JIu yacTb CTPYKTYPHbIX NMOCTOSIHHbIX MX anrebp obpa-
LLAeTCs B HOMb, KANMBPOBOUHbIE TEOPUM, OCHOBAHHbIE Ha KOH-
TPaKTUPOBaHHBIX HEMOMYNpPOCTbIX FPyMMax, onucbiBatoT Gonee
NpoCTble B3aUMOLEUCTBUSA NONEN, YeM UCXORHbIE TEOPUM, OT-
BEUaloLLME NPOCTHIM UM NONYNPOCTbIM KaNMBPOBOYHBIM Fpyn-
nam.
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Abstract

In the present paper, the system of 11 equations for massive
Stueckelberg particle is studied in presence of the external
uniform electric field. We apply covariant formalism accord-
ing to the general tetrad approach by Tetrode-Weyl-Fock-
Ivanenko specified for cylindrical coordinates. After sepa-
rating the variables, we derive the system of the first or-
der differential equations in partial derivatives with respect
to coordinates (r, z). To resolve this system, we apply the
Fedorov-Gronskiy method, thereby to this we consider the
1-dimensional spin operator and find on this base three pro-
jective operators, which permit us to expand the complete
wave function in the sum of three parts. Besides, according
to the general method, dependence of each projective con-
stituent on the variable 7 should be determined by only one
function. Also, in accordance with the general method we im-
pose the first-order constraints which permit us to transform
all differential equations in partial derivatives with respect
to coordinates (r, z) into the system of 11 first-order ordi-
nary differential equations in the variable z. The last sys-
tem is solved in terms of confluent hypergeometric functions.
In total, four independent types of solutions have been con-
structed, in contrast to the case of the ordinary spin 1 particle
described by Daffin-Kemmer equation when only three types
of solutions are possible.

Keywords:

Stueckelberg particle, tetrad formalism, cylindrical symme-
try, external electric field, separation of the variables, differ-
ential equations in partial derivatives, exact solutions
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AHHoTauua

B HacToswei pabote cuctema 11 ypaBHeHuit ans Maccue-
Hoi uactuubl LlTiokenb6epra uccnepyetca B NpUCyTCTBUM
BHelWHero OfHOPO/HOMO 3neKTpuyeckoro nons. Mpumensert-
cq TeTpaaHbli (hopManuaM, cornacHo Metogy Tetpopa-Beit-
na-®oka-MeaHeHko. Mcnonb3ayoTca LUAMHAPUYECKNE KOOP-
AWHaTbl M COOTBETCTBYIOWANA ANaroHanbHas Tetpaaa. Pasge-
NUB NepeMeHHble, NONYUUnKU cucTeMy AuddepeHLUanbHbIX
ypaBHeHuIA NepBoro NopsAAKa B YaCTHbIX MPOU3BOAHDIX MO KO-
opauHataM (7, z). N pewweHns 3Toll cUCTEMbI NPUMEHSIET-
ca metop, ®epopoBa-lPOHCKOro, COrNacHo KOTOPOMY Ha oC-
HoBe 11-MepHOro onepatopa CnMHa BBefeHbl TPU NPOEKTUB-
HbIX Oreparopa, No3BoOASIWME Pa3NOKUTb MONHYI0 BOHO-
BYI0 (byHKLMIO B CYMMY Tpex yacTeid. CornacHo obwemy Me-
TOy, 3aBUCMMOCTb KaXKA0# NPOEKTUBHOW COCTaBnAoWeN 0T
nepeMeHHoi T QOMKHa onpefenaTbcs TONbKO OfHOK (hyHK-
uuen. Takke ucnonb3yotca andibepeHunanbHble orpaH1ye-
HWSl MepBOro NopsiAKa, COBMECTUMbIE C CUCTEMOIA YPaBHEHMUI
W nossonsiowme npeobpasoBatb BCe YPaBHEHMS B YACTHbIX
NPOU3BOAHBIX MO KOOPAWHATaM (7, z) B 06bIKHOBEHHbIE BUt-
(hepeHuManbHble ypaBHeHUs N0 nepeMeHHon z. MocnepHss
CUCTEMaA pelleHa B TePMUHAX BbIPOXAEHHbIX runepreoMer-
puueckux dyHKumit. MocTpoeHbl ueTbipe HesaBUCUMbIe pe-
WeH!s, B OTAMYME OT cnyyas 06blUHOM uacTMubl CO Chu-
HoM 1, onucbiBaemMoit ypaBHeHueM [adduHa-Kemepa, korpa
BO3MOXHbI TONbKO TPU pelleHus.

KnioueBble cnosa:

yactuua lTiokenbbepra, TeTpagHbliA hopManuaM, LUITUMHAPK-
yecKasl CUMMETpUs, BHelHee 3NIeKTpUUecKoe none, pasgene-
HWe NepeMeHHbIX, YPaBHEHUS B YaCTHbIX MPOU3BOAHbIX, TOU-
Hble peleHus
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1. The basic equation

The initial Stueckelberg system [1-5] of equations for a
massive particle in presence of external electromagnetic
fields is

—D*U, — pu¥ =0,
D,V + D0, — pu¥, =0,
Da\lfb - Db\I]a - /J,\I/ab = 0,

where D, = 0, + ieA,. As the wave function, we will use
the 11-dimensional column

(I)(x) = (‘llv \1107 \Ijla \1127 \1137
Wor, Woo, W3, Waz, U3y, Vo) = (H, Hy, Hy)',

where ? denotes transposition. The above system can be pre-
sented in the block form

D,G"H, + pH =0,
A“D,H + K*DyHy — puH, = 0, (1)
DaLaHl — /JHQ = O,

or differently
(=D, — 1)@ =0,
0 -G* 0 H
r“=14A* 0 K*|, &=[|H,|. (2

0 Le 0 Hy

All blocks were defined in [3-5]. This matrix equation for

Stueckelberg particle can be extended to the Riemannian

space-time in accordance with the known tetrad procedure
U(x)=0.

[To‘(m) (6?“ + Z(x) - ieAa> — i
) ®

Local matrices I'* () are determined through the tetrads

[(z) = efy) (x)I'* =

0 —Gae‘("a) 0
— (A%, 0 Ko . (4)
0 L“e?‘a) 0

The connection X, () is defined by the formulas

0 0 0
j =10 ji* 0],
0 0 s
1.,
V(@) = 55"y (@)ewsa(), (5

1.,
Yi(x) = 5.7(11))@5@)6(17)!3;04@)7

1.,
Ya(z) = 5](2b)65($)6(b)6;a($)>

where jgll’) and j&l’) designate generators for vector W, (z)

and antisymmetric tensor W[, (), respectively. Equa-
tion (3) may be presented with the use of the Ricci rotation
coefficients

c @ 8 1 -q -
{P <e(c)8a:a + 37 O abe — zeAc> — u] U(z) =0.
(6)
In more detailed form, Eq. (6) reads
M s b 1 )
—-G° <€(C)aa +](1b) §’Yabc — Z@AC> H1 — /.LH = 0,

A° (ef)0a —ieA.) H+

, ab 1 .
+ K¢ (6(@6)aa + ]f”zb)i%bc — zeAc> Hy — /j,Hl = 07
(7)
b L .
L* <6?c)8a + J(1b)§%bc - ZeAc> Hy — pHy =0.
Let us consider the Stueckelberg equation in presence of the

uniform electric field. In cylindrical coordinates and corre-
sponding diagonal tetrad

xa = (t7 r, d)a Z)a
dS? = dt* — dr® — r?d¢* — d2*, Ay = —FEz,

the above equation takes the form (let e £ = E):

0 0
0 . 1
[F <at +zEz> +T —ar+
Dy + ' 0

+I‘3u]‘l/:0. (8)
T 0z

+1?
In block form, it reads

0 0
_ O — ) —_— 17_
[ G <at+zEz> G o

1/0 ) 0
—G2; < +]112> — G362:| H1 — ,LLH = 0,

A° g+iE2’ +A12+A216¢+A33 H+
or r 0z

ot
0 0
K = +iE K= 9
+[ (8t+2 z>+ o )
<12
_,_K?m +K3a] H, = pHy,
r 0z
B d Oy + ji2 0
02 P = 22T 137V = uH,.
[ TR R R

In the following, it will be convenient to apply the cyclic ba-
sis, in which the third projection of the spin is diagonal (see
details in [3-5]).
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2. Separation of the variables

We apply the following substitution for the wave function
in cyclic basis

_ [ H(r2) _
U =e e [ Hi(r,z) |, H=h(rz),
HQ('I",Z)

ho(r, z)
= | hi(r,2) = (Ei(r,z2)
Hy = ho(r,z) | H2_<Bi(7’,z) (10)

hs(r, z)

Then Egs. (9) read
d
o o_ a4
|:‘|'Z(€ E2)G° -G o

1, ) d
—Gz; (zm+j112) — dZG?):| Hl = N,H,
. 0 1 d m 5 d 4
—i(e — Ez)mA" + A" — + — A"+ —A°| H+
dr r dz

_ d
—i(e— E2)K°+ K'—
+{ i(e 2)K” + dr+
. .12 d
zm+b+zppquh

K
* d

d
—i(e — B2)L° + L' —
{z(e z)L” + dr+

. +.12 d
+ym2]1+wgﬂmzum_

After simple calculation, we obtain the system of 11 equations.
With the use of the shortening notations

d n m d m—+1
Gy, = — Gm = 7 )
dr r T ar r ()
_ 4 m , _d m-1
m dT r ) m—1 — d?“ r 9

it reads

i(e — Ez)ho + d

7h2 - bm,—lhl + a7n+1h3 = /’Lha
dz

d
—Z(E — EZ)h — deQ + bm—lEl — Clm_;,_lEg = /,Lho,
4

d
—amh + am+1B2 — 7B3 + ’L(G — EZ)El = ,uhl,

dz
d .
d7h + Z<6 - EZ)EZ - am+1B1 - bm,—lBS = Nh27
z
d .
bmh + b.mBg + IBl + Z(E — EZ)Eg = Mh,g,
z
amho — Z(G — EZ)hl = [J,El,
d )
_@ho —i(e — Ez)hy = pEs,

_b7nh0 — Z(E — EZ)h3 = ,LLE3,

d

—bphe + —hs = ubB;,
dz

_4

bm—1hi + ami1hs = pBs, d
z

hl - amh2 = /J,B3

3. The Fedorov-Gronskiy method

To resolve the last system, we will implement the
Fedorov-Gronskiy method [6]. To this end, let us consider the
T1-dimensional spin operator Y = —i.J'2. We readily verify
that it satisfies the minimal equation Y (Y —1)(Y +1) = 0.
This permits us to introduce three projective operators

1 1
P==-Y(Y -1 P,==-Y(Y+1
1 2 ( )a 2 2 ( + )7 (12)

Py=1-Y? Py+P,+P=1.

Therefore, the complete wave function may be decomposed
into the sum of three parts
U=Uy+W,; +¥_,,

(13)
U, =PV, o=0+1,—1.

We can readily find an explicit formula of them. Besides, ac-
cording to the Fedorov-Gronskiy method, dependence of each
projective constituent on the variable r should be determined
by only one function

Wy (r,z) =(0,0,h1(2),0,0, By (2),
0,0,0,0, Bs(2))" f1(r),
Wy (r,z) =(0,0,0,0, h3(2),0,0, E5(2),

Bi(2),0,0)" fa(r),
U3(r, 2) :(h1 (2),ho(2),0, ha(2),
0,0, Es(2),0,0, By(2),0)" fa(r).

Acting by projective operators on the above system of 11
equations P;(A11x11¥) = 0, we get three subsystems. Be-
sides, in accordance with the general method, we should im-
pose the first-order constraints which permit us to transform
all differential equations in partial derivatives with respect
to coordinates (r, z) into the system of ordinary differential
equations of the variable z

(14)

P
~an fy(P)R(:) + anfy(r)Ba(2) — () 5 Bs(e)+

+i(e — E2) f1(r)Ei(2) = pfi(r)hi(z) =
am f3(r) = C1fa(r),
am f3(r)ho(z) — i(e — Ez) fi(r)hi(z) =
= pf1(r)Ev(z) = an f3(r) = Cifi(r),

i) A () = an fo()haz) =

= Mfl(T)Bg(Z) = ame(r) = lel(r);
Py
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b Fo(PVR(E) b o) Bal2) + olr) S Ba(2)+
+i(e — Ez) fo(r)Es(2) = pfa(r)hs(z) =
b f3(r) = Cafa(r),
—bm f3(r)ho(2) —i(e — Ez) fa(r)hs(2) =
= pufa(r)Es(2) = by f3(r) = Cafa(r),
b o ha2) + Falr) o hs(z) =
= pfo(r)Bi(2) = by f3(r) = Cafa(r);
Py
“ile ~ Ef(r)ho(2) — Fo(r) b
+bm—1 f1(r)h1(2) = b1 f1(r)h3(2) =
= pufs(r)h(z) = bp—1f1(r) = Csf5(r),
~ile ~ B2) fs(r)h(z) — () 3 By
b1 f1(r)E1(2) — amy1 fo(r)E3(z) = pfs(r)ho(2)
= bn-1f1(r) = C3f3(r),  ami1fa(r) = Cafs(r),
fg,(?“)dizh(z) +i(e — Ez) f3(r)Ea(z)—
—0m11f2(7)B1(2) — b1 f1(r) Bs(2) = pf3(r)ha(2)
= b1 f1(r) = C3f3(r),  ami1fa(r) = Cafs(r),
—f3(7’)d%ho(z) —ief3(r)ha(2) = pfs(r)Ea(z),
brn—1f1(1)h1(2) + @1 fo(r)hs(2) = pfs(r)Ba(2)
= b1 f1(r) = C3f3(r),  amirfo(r) = Cafs(r).

Thus, we get the following system

@ ha(e)+

(2)+

iBg +i(e — Ez)E;

—C1h+ C1By —
dz

= ,uhh

A,

Clho—i(E—EZ)hl dz

= puky, Cihy = puBs,

d
Cgh + CQBQ + %Bl + ’L(G — EZ)Eg = ,uhg,
—Cgh() — ’L(G — Ez)hd = /.LE3,

d
—CQhQ + dfhg /J,Bl,

d
—i(e — Ez)hy — £h2 + Cshi — C3hs = ph,

—CyE; =

d
—i(G — Ez)h - deQ + CgEl ,uho,
z

d .
@h +i(e — Ez)Ey — CyBy

—diho — ’L(G — EZ)hQ

— U3Bs = pho,

,LLEQ, Cghl + C4h,3 = /J/BQ,

and the constraints

b7n—1f1(r> = C3f3(7’)> amf3(7") = C1f1(7’)a
amy1fo(r) = Cafs(r), bmfs(r) = Cafa(r).

Egs. (15) transform into equations for separate functions

(19)

bm—lame(’r) - 0103f3(r)7
ambm*lfl(r) = CIC?)fl(T)? (16)
Um+10m f3(1r) = C2Cyf3(r),
bTVLa77L+1f2(T) = 0204f2(r>~

Evidently, within each pair we canassume C3 = C1,Cy =
Therefore, the above differential conditions and the second-
order equations take on the form

bn—1f1(r) = C1f3(r),  amf3(r) = Cifi(r), (1
am+1fa(r) = Cofs(r),  bufs(r) = Cafa(r);
(b1 — }fs( ) =0,
[am m—1— Cif1(r) =0,
f3(r) = [brmami1 — C31f2(r) = (18)

Explicitly, Egs. (18) is red as
2 1d m? )
<dr2+rdr 7«2_Cl)f3(T):O’

(£ 2ty

ﬁ_'—rdr r2

e d_w
dr2 ' rdr 2

- ) fir) =

@)ﬁ(%—&

? 1d (m+1)>
2 -2t o2 =
<d7"2 rdr r? 2 | J2(r)
So we get the following constraint C3 = C3 = C} = C?,
and only three different equations
? 1d (m-—1)2
1 (—5+-———2-C? =
(er rdr 72 ¢ > hir) =0,

> 1d (m+1)? )
Qﬁ Tw‘ra‘c)ﬁm—u 9)
2 1d m? )
? @w+mﬁ‘ﬂ‘0)ﬁm—

They are solved in Bessel functions. More details on the pa-
rameter C? are given later. The meaning of parameter C
may be understood if we turn to the Klein-Fock-Gordon equa-
tion in cylindrical coordinates in presence of the uniform elec-
tric field

d? d? 1d m?
[d 2 (e EZ) ar? ' rdz r2
xe'emP R(r)Z(z) = 0.

The variables are separated as follows

{ddz t(e—E2)? -2+ A} Z(z) =0,
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d? 1d m?

PR

rdz 12 R(r) =0,

so C? = )\ is the separation constant associated with the
cylindrical coordinate system (see (19)).

4. Solving the equations in the variable =

Below we will take into account the identities C; = Cy =
C3 = C. We should solve the system of equations in the vari-
able z:

d
—Ch + CBQ — %Bg + Z(E - EZ)El = Mh,l,

d
—*hl — Chg = /J/Bg,

ho —ile — E2)hy = uFE
Cho —i(e z2)hy = pEy, dz

d
Ch + CBQ + IBI + Z(G — EZ)Eg = /Lh,g,
¥4

d
—Ch() — 2(6 — EZ)hg = NE& —Chg + dfhg = ,uBl,
z

d
z

d
—i<€ — Ez)h - £E2 + CE1 — CEg = /J,ho,

d
%h + 2(6 - EZ)EQ - CBl - CBg = /J,hg,

d
dz
First, we resolve the subsystem of 6 equations

h() — ’L(E — EZ)hQ = MEQ, Chl -+ Ch3 = /,LBQ

d
*’L(G — EZ)h — deQ + CEl — CEg = /Lh,(),
z

d
—h + ’L(E — EZ)EQ — CBl — CBg = /Lhz,

dz
Cho - ’L(E - EZ)hl = ,LI,El,
—Cho - Z(E - EZ)h3 - ,LLE3, (21)
d d
—Chg‘i‘*hg:/,LBl, _7}?/1_0}12 :/LBg,
dz dz

as algebraic one with respect to the variables
d
ho, ho, B, E3, By, Bs. This results in (let d, = d—)
z
e d,Eop —i(Chy — Chs + hu)(Ez — €)
0 — 202 — /1/2 9
2 — 262 — //LQ ’
1 .
E, = m (CdzEzﬂ + i(h (C = p)(C + p)+
+C(Chs — hp))(Ez — 6)), (22)
Es = ! Cd,E i (C*hy + Ch
3= m Lol — 1 1+ Chpu+

+ha(C = ) (C +p)) (B2 =€) ).
_ 1
o opt =207

+h3(C — u)(C + u)) +iCEypu(Ez — 6)),

1
o opP =20

+C(Chy — hp)) + iCEop(Ez — e)).

B (—dz (02h1 + Chu+

By (d: (0 (C = w)(C + )+

Now substitute these expressions into remaining 5 equations
d

—ie = B2)ho — —
z

hg + Chl — Chg = ,uh,

d .
—£h0 — ’L<€ — EZ)hQ = /J,EQ,

Chl + Chg = ,LLBQ, (23)
d
—Ch + CBQ - %Bg + Z(C — EZ)El = Mhl,
d
Ch + CB2 + %Bl + 2(6 — EZ)Eg = /j,h,3
As a result, we obtain
d*hp Cd?h, Cd?hs
1 z z _ z
202 — 112 + 202 — 2 202 — M2+
(e — Ez)? Cle — Ez)?
+M<2C2—u2 1)h+ 207 — 12 +C ) h+
(e — Ez)?
—1) =o0:
+Chs <u2 —en 0;
9 C2d§h3 df«hl ([L2 — 02) +
207 — p? pd —2C%p
Cd?h C?hs(e — Ez)?
e SN > Mg B A S
+M2—202+ 2C w3 — 202
(n* — C?)(e — E2)?
+<— 2C2M—/L3 — K hi+
(e — Ez)?
; Cdhy | dhs(p* — C?) |
202 — pi pd —2C%p
Cd2h C2hy (e — Ez)?
—=* 4+ B _——
tomm 2 + ByC + 202
(12— C?)(c — Ez)?
+h3 ( 22 — 1 W+
C(e— Ez)?
d2
4 [d2+(eEz)2,u2202] B, =0;
z
) —MB2+Ch1+Ch3:O
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With the use of equation 5, from equations 2 and 3 we can
eliminate the variable Bs. In this way we obtain the system
of 3 equations for variables h, hy, hs

1 p2(d* — 20% + p® + (e — E2)*)h+
+Cu(d? 4+ 2C% — 1 + (e — E2)*)hy—
—Cp(d? +2C°% — p* + (e — E2)*)hs =0,  (24)
2 Cu(d? +2C? — i + (e — Ez)?)h+
+(u? — C?)(d? +2C? — 1> + (e — E2)*)hy —
—C*(d?> +2C* — p* + (e — E2)*)hs =0,  (25)
3 Cu(d2 +2C% — 1 + (e — E2)*)h+
+C*(d? +2C* — pi* + (e — E2)*)hy—
—(p? = C?)(d2 +2C? — 1> + (e — E2)*)hg = 0. (26)

The structure of these equations may be presented shortly as
follows

1 A1h"+Blh+Clh/1/+
+D1hy + Mihi 4+ Nihy =0,
2 Ash” + Byh + Czhlll-l-
+Dshy + Myhiy + Nohs =0,
3 Ash” + Bsh + Csh{+

Dshy + Mghg 4+ N3hz = 0. (27)

We will combine these equations in three different ways.
The first variant is

(aA; +bAy + cA3) " 'h" + (aBy + bBy + ¢B3)h+
+(aCy +bCy + cC3) "+
+(aD1 4+ bDs 4 cD3)hi+
+(aM; + bMy + cM3) " hi+
+(aNy + bN3 + ¢N3)hs = 0.
This results in
R" + (aBy + bBy + ¢B3)h + (aDy + bDy + ¢D3)hi+
+(aNy + bNy + ¢N3)hs = 0,
where a, b, c obey the linear system
aAi +bAs + cA3 =1,
aCy +bC5 4+ cC5 =0, (28)
aMi 4+ bMy 4+ cM3 = 0;
its solution is
1 C C
a:m, T 202 — ¥ C:2C’2u—,u3’
The second variant is
(aA; +bAy + cA3) "R + (aBy + bBs + cBs)h+
+(aCy +bCy + cC3) ' hy+
+(aDy + bDy + ¢D3)hy+

+(aM; + bMy + eM3)~°hy+
+(aNy 4+ bN3 + cN3)hs = 0.
This results in
hY + (aBy + bBg + ¢B3)h + (aDy + bDy + ¢D3)h,+
+(aNy + bNy + ¢N3)hs =0,
where a, b, c obey the linear system
aA; +bAy + cAs; =0,
aCy +bCy + cC5 =1, (29)
aMy + bMs + cMs = 0;
its solution is
. C _ 1
202 — p3’ u? — 202’
The third variant is
(aA; +bAy + cA3)"°h" + (aBy + bBy + cB3)h+
+(aCy +bCy + cC3) " hy+
+(aDy + bDy + ¢D3)hy+
+(aMy +bM; + cMs) ' hi+
+(aNy + bNy + ¢N3)hs = 0.
This results in
h% + (aBy 4+ bBy + ¢B3)h + (aDy + bDy + ¢D3)h,+
+(aNy + bN3 + ¢N3)hs = 0,

where a, b, c obey the linear system
aA; +bAy 4+ cA3 =0,
aCi 4+ bCs + c¢C3 = 0, (30)
aMy +bMs 4 cM;z =1,

its solution is
C 1
== 0=0, c=—F——.
u—2C?%u 202 — p?
So after this transformation we get three second-order sep-
arate equations

a

2

d 2 2 2
d2
Tt (202 — 12 + (e — E2)?)hy — 2Chpu = 0,
d2
—hat (202 — pi® + (e — E2)*)h3 + 2Chu = 0. (31)

Let us introduce new variables

Then instead of (31) we can obtain one separate equation
d2 2 2 2
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and one subsystem

a2
|:M+202+M++(6—E2’)2] hZO,

2
(£ e -5 o

—24*G — 4uCh = 0.

The last subsystem can be presented in the matrix form

h 0 0\ /[h
2(&) = 1) (&)
DU = 2, AV, (34)

Let us find transformation which diagonalizes the mixing ma-
trix A

U= SU, DU =2u(SAS- )T, = (g) .

For transformation matrix S we derive the following equa-

tions
SA= A5, A= (Al 0)7

S11 S12 0 0y _ (M O S11 S12
So1 S22 ) \2C 0 Ay) \s21 822/
whence it follows
5122C = A\1811,  Si2ft = A1S12,
)\1 —20 S11 —0
0 ()\1 - M) s12) 7
5902C = /\2821, Soo b = >\2522,
)\2 -2C Sa1\ 0
0 (A2—p)) \s22)

The first row is specified by relations \; = 0,s12 =
0,s11 = 1; the second row is specified as Ay = , S90 =
1, 891 = 2C/ . Thus, the needed transformation matrix S

IS
1 0 1 0
S:(zc 1), 5‘1:<_20 1). (35)
Iz M

Therefore, we derive three separate equations:

2
[d +2C? 4 p? + (e — Ez)z} h=0, (36)

dz?
d? _

[d2 +20% — 1 + (e — Ez)Q] G=0, (37
z
d? _

{dz +2C% — p? + (e — Ez)z} H=0, (39
z

where - -
h=h, H=H=hy+hs,

_ 2
Gty —hs G=Shin —h
I

Besides we should remember the existence of the fourth in-
dependent equation for the variable Es:
@ 20% — 12 Ez)?|Ey=0. (39)
@ - - ,LL + (6 - Z) 2 — .

So, in total, 4 independent types of solutions exist for
Stueckelberg particle in the external uniform electric field, in
contrast to the ordinary spin 1 particle described by the Daf-
fin-Kemmer equation when only 3 independent solutions are
possible. All four equations (36)-(39) have the same mathe-
matical structure. In the papers [7, 8], solutions for equation
of the form (39) were constructed in terms of the confluent
hypergeometric functions.

The authors declare no conflict of interest.
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AHHOTaLMA

Llenb pabotbl — uccnepoBaHue HepensiTUBUCTCKOrO npubnu-
eHUs B 39-KOMNOHEHTHOW TeOpUKM YacTULbl co cnuHoM 2. Uc-
nonb3yercs ABHbIA BUA MaTpuw, I'* pasmepHocTu 39 X 39 oc-
HOBHOIO ypaBHEHMs, 3aNNUCAHHOI0 B [EKapPTOBbIX KOOPAWHa-
TaX M C YUeTOM BHEWHMX 3NeKTPOMarHuTHbIX nonei. lns Bbi-
AeneHus B BOJIHOBOW (YHKLUKM GONbWMX U ManbiX NepeMeH-
HbIX C TOUKW 3pPEHNS HepensTUBUCTCKOrO NPUBAMKEHUs Uc-
nonb3yHTCs NPOEKTUBHbIE ONEPATOPbI, CTPOSALLUECS HA OCHO-
Be MUHMManbHOro NofuHoMa 7-i ctenenn ans Matpuubl 10,
PasbueHne Ha GonblKe M Manble nepeMeHHble NPOBEAEHO
B IBHOM BUJi€, B KQXXA0# rpynne HailfeHbl HesaBUCHMbIe Ne-
peMeHHble, oCTanbHble BbipaeHbl Yepes HUX. B uacTHoctk,
cpenm 6onblKUx NnepeMeHHbIX HE3aBUCMMbIMU ABASIOTCS TONb-
Ko 5. BbiBefileHo HepensTUBUCTCKOE ypaBHeHMe Ansg 5-Kom-
MOHEHTHOW BONHOBOM (BYHKLUK; B HEM BbiieNeH uneH, onu-
CbiBaIOWNIA B3aMMOAEACTBME MAarHUTHOr0 MOMEHTA YacTuLibl
C BHEWHMM MarHWTHbIM MofeM. 3TOT JONONHUTENbHBIA UneH
B3aWMOLEACTBUA CTPOUTCA W3 MPOEKUWA onepatopa CMMHa
¥ KOMMOHEHT BHELHEro MarHUTHOTO Mons.

KnioueBble cnosa:

CNUH 2, BHEWWHEe 3NeKTPOMarHUTHOe Nofe, HepensiTUBUCTCKOE
npubnuxeHue, NpoeKTUBHbIE onepatopsl, ypaBHeHue MMaynu
ANS YacTULbl CO CMIMHOM 2, MarHUTHbIA MOMEHT

BeepeHue

WsBectHaa Teopus Maymu-Oupua [1, 2] gna vactuupl
CO CMMHOM 2 OCHOBaHa Ha ypaBHEHMAX BTOPOro Mopagka.
®. N. GepopoBbIM Bbina pa3BuTa IKBMBASIEHTHAs TeOpuUsl Ha
0CHOBE YpaBHeHWi NepBoro nopsiaka. Mpu aToM cnonb3osa-
nacb 39-koMnoHeHTHasa nonesas dyHKuua [3], cM. [4]. MNosa-
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Abstract

The goal of the present paper is investigation of the nonrela-
tivistic approximation in the 39-component theory for a spin 2
particle. We apply explicit expressions for four main matrices
I'® with dimension 39 x 39 in the relevant first order system
of equations, written in Cartesian coordinates and in pres-
ence of external electromagnetic fields. For distinguishing
the large and small constituents in the complete wave func-
tion, we apply three projective operators constructed on the
base of the minimal polynomial of the 7-th order for the ma-
trix I'Y,. 5o- The relevant large and small components are
found in explicit form. In each group, we have found inde-
pendent variables; in particular, among the large components
there exist only five independent ones. We have derived the
nonrelativistic equation for 5-component wave function; in
which the term describing interaction of the magnetic mo-
ment of the spin 2 particle with the external magnetic field
is separated. This additional term is constructed in terms of
the projections of spin operator .S; and the components of the
magnetic field B;.

Keywords:

spin 2, external electromagnetic field, nonrelativistic approx-
imation, projective operators, Pauli like equation for the spin
2 particle, magnetic moment

Hee UM c coaBTopamu Bbina npepnoxeHa bonee cnoxHas
50-KOMNOHEeHTHas Teopus, KOTOpasi OMMCbIBAeT MaCCMBHYH
4acTuLy CO CNUHOM 2, 06napatoLLyo NOMUMO 3NIEKTPUYECKOTO
3apaga aHoMarbHbIM MarHUTHbIM MoMeHToM [5-14]. Llenb Ha-
cTosiwei pabotbl — aHanu3 HepensaTMBUCTCKOrO Mpubnuxke-
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HKUQ B 39-KOMMOHEHTHOM TEOpMUM YacTuLbl CO cnuHoM 2. Cne-
[yeT OTMETUTb, UTO paHee 3TOT Borpoc yxe uccnegosancs [11).
Bbino BbIBEAEHO HEPENSTUBUCTCKOE YpaBHEHME ANs 6-KoMno-
HEHTHOW BOMTHOBOM (hYHKLMW 1 NOKA3aHO, UTO CBA3AHHbIE MEX-
oy coboi WecTb ypaBHEHWUI COREPXKaT TONbKO NATb He3aBU-
cumbix. B pa6ore [11] npumensnca MeTof 0606LieHHbIX CUMBO-
noe KpoHekepa v (opManuaM 31eMeHTOB NMOSHOM MaTpUUHOM
anre6pbl, KpOMe TOro, UCMOMb30Banach ¢ct-MeTpuka MuHKoB-
ckoro. B HacToswelt paboTe 3TOT BONpOC UCCNeoBaH 3aHOBO.
Mpy 3TOM Mbl UCTIONb3YeM ABHbIA BUA MaTpuu, ' pasmepHo-
ct1 39 X 39 0CHOBHOrO ypaBHeHUs, 3aNUCaHHOM0 B peKap-
TOBbIX KOOPAMHaTax. [Ind BblAeneHus B BOHOBOW (hyHKLUMU
BONbLWMX U ManbIX NEPEMEHHBIX UCMOMb3YIOTCA NPOEKTUBHbIE
onepaTtopsbl, CTPOSLMECH HA OCHOBE MUHMMANbHOMO MOMWHO-
Ma AJfig MaTpuLbl I'°. Pas6uenue Ha Gonblume 1 Manble nepe-
MeHHble NPOBEeAeHO B SBHOM BUE, B KaX0W rpynne Haiae-
Hbl He3aBUCKUMble NEepPeMEHHbIe, @ 0CTaNbHble BbIPaXeHbl Ye-
pe3 HUX. B yacTHoCTH, cpeau 6onbluMx NepeMeHHbIX He3aBu-
CUMbIMU SIBNSIOTCS TONBKO NsATh. Mlocne BbINONHEHUS Heobxo-
AMMbIX NPUBNMXKEHWN NONYUYEHO HepenaTUBUCTCKOE ypaBHe-
HWe AN 5-KOMMNOHEHTHOW BONTHOBOW (DYHKLMW; B HEM BbiAeNeH
UsieH, OMUCbIBaWMIA B3aMMOAENCTBME MarHUTHOTO MOMEHTa
YacTWLbl C BHEWHWUM MarHWUTHbIM NONeM. 3TOT JOMONHUTENb-
Hbli4 UNeH B3aMMOLECTBUS CTPOUTCS U3 NPOEKLMIA onepaTopa
CMMHA YaCTHULLbl CO CMIUHOM 2 ¥ KOMMOHEHT BHELHEro MarHuT-
Horo nons.

1. MpeacTaBneHne BONHOBOM (hyHKLUMU

VpasHenne Gepoposa [3] uMeer B MaTpruHOM thopMe crne-
oytowui Bug (ucnonbayem o6osHauenns us [12])

(X P

ABHble BbIpaxeHus ans scex matpu, cM. B [13]. KoMnoHeHTsl
MOSTHOW BONMHOBOW (YHKLMM (CKansap; BEKTOP; CUMMETPUUHBIN
TEH30p; TeH30p 3-T0 paHra, aHTUCUMMETPUYUHBIA MO ABYM WH-
AeKcaM), NepeyncnsaeM TaK:

U= {(b;q)l;fvc?CL fO;QpOa(Pl,SD%(PS} =
={H; H; Hy; H3}

Hs = q)[mn]l =
= (@[01]l7 @021, Proayrs Pr2ay, Pz, (I)[12]l)t =
(Elka E2k7 E3k7 Blk7 BQk7 B3k)t = Pk, k= 07 17 27 37

roe ! o6o3Hauaet TpaHcnoHuposaHue. Matpuua I' = 'Y ypo-
BNETBOPSIET MUHUManbHoMy ypaBHenunio I'7 — I'® = (. 370
No3BONSIET BBECTM TPU NPOEKTUBHbBIX Oneparopa ¢ Heobxopm-
MbIMW CBOMCTBaMMU:

1 1.
P, = 5F5(r+1) =P, P_= 5FO(F—J) =P,

Py=I-T%=P,.

HaxomuM sIBHbIV BUA, 3TUX Tpex onepaTopoB. Beupy rpomosg-
KOCTM 3TW BbIpa)XeHUs omycKaeM. [le/iCTBYs NMPOEKTUBHbIMM
0OnepaTopaMm Ha BOJTHOBYH hyHKLMIO, MONTyYaeM

v, =
= (0,0,0,0,0, (2E11 — Fzz — Eag + 21 — f2— f3)/6,
(—Ev1 +2E — Es3 — f1 +2f> — f3)/6,
(—E11 — Eoy +2E33 — fi1 — f2 +2f3)/6,

(2c1 + Eos + E32)/4, (22 + Evs + E31) /4,

(2¢3 4+ E12 + E91)/4,0,0,0,0,0,0,0,0,0,0,
(2E11 — By — E33 +2f1 — f2 — f3)/6,

(2¢3 + E12 + E21) /4, (2¢0 + Ei3 + E31) /4,
0,0,0,(2c3 + E12 + Eo1)/4,

(=En1 +2E2 — E33 — fi +2f2 — f3)/6,

t
(2¢1 + Ea3 + Ev2)/4, 0) =

= (07 07 07 07 07 L17 LQ? L37 L47 L57 L67 07 07 07 07 07

¢
Ovovovoa07L77L87L97070707L107L117L1270) )
W_ pu—
= (0,0,0,0,0,(~2B11 + Bz + Eag + 21— fo— f3)/6,
(E1n — 2E9 + Es3 — fi + 2f> — f3)/6,
(Evi + Eg —2E33 — f1 — fo +2f3)/6,
(2¢1 — Ea3 — E33) /4, (2¢c0 — Erz — E31) /4,
(203 - E12 - EZI)/47 07 07 07 07 07 07 07 07 07 07
(2E11 — E3s — Es3 — 2f1 + fo + f3)/6,
(=2c3 4+ E12 + Eo1) /4, (—2co + Er3 + Es1) /4,
0,0,0,(=2¢c3 + E1a + Ea1)/4,
(=B + 2B — Ess + f1 — 2f> + f3)/6,
t
(—261 + E23 + E32)/4, O) =
= (Oa 0)0)0707Sl)SQ;5373475575650707070707

t
0,0,0,0,0, Sr, Ss, So,0,0,0, 510,511,512,0) :
U, =
= (@, @0, @1, 2, @5, (/1 + o + f3)/3,

(fi+ fa+ f3)/3,(fr + fo + £3)/3,0,0,0,
dy,dz, d3, fo, E10, E2o, E30, B1o, B2o, Bao,
(Ev1 + Bz + Es3)/3, (B — Ei2)/2,
(Es1 — Er3)/2, Biy, Bay, Bay,

(Er2 — E21)/2, (Ev + Ega + Es3)/3,

t
(B2 — Fzs)/2, Ba) =
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= (Sla S2, 83, 54, 55, S6, S7, S8, O; 07 07 59,510, 511, S12;

513, 514, S15, S16, S17, $18, 519, 520, S21,

t
522, 523, S24, S25, 526, 527, 528) .

Nuwem He3aBUCHUMbIe KOMMOHEHTbI B Ka)KD,OFI u3 Tpexrpynnne-
PEMEHHDbIX:

V., Ly, Li1, Li3, L4, L5,

Ly =—Ly; — Lys, Ly = Lyy, L3 = Ly,
Ly= L4, Ls = L13, L¢ = L1o, Ly = —L11 — L5,
Lg = Ly, Lo = L13, L1a = Lyg;

v_, S, S, Si3, Sia, Sis,

Se = —S10, S7 = =511 — S15, Ss = Sho,

Sg = Si3, S12 = S4;

Wy, 81, S2, 83, S4, S5, S6, S9, 510, S11, 512, 513,
S14, S15, S16, 517,518, 519, S20, S21,
S22, 823, S24, S27, S28, 529, S30, 534, S35, 536,
S7 = Se, S8 = Sg, S25 = —S20, S26 = S19,

8§31 = —S821, S32 = —Sa7, $33 = S19.

2. MonyueHune cucteMbl U3 39 ypaBHEHUN

MopcTaBnsieM BOMHOBYIO (YHKLMIO, BbIPaXkeHHYH uepes
HesaBuUCMMble GonbluMe M Manble NepeMeHHble, B UCXOQHOe
ypaBHeHuWe

(I°Dy +T'Dy + %Dy +T°D3 — M) ¥ =0,
D, = (9, + ieA,). (1)

B pesynbTate nonyuaem cuctemy us 39 ypaBHEeHUN B ABHOM
Bupe. Cpasy xe yuntbiBaeM Heo6X0oMMOCTb AN MONyYeHus
HepenaTMBUCTCKUX YpaBHEHWI BbILENATb IHEPruIo NoKos. 310
AocTuraetca hopManbHoit 3aMeHou (3nech M BewecTBeHHbIM
W MONOXMUTENbHbIA MacCoBbIi NapameTp)

Dy = (Do —iM), M*=M, M >0.

BakHo, UTO NMpMW OCYLLECTBNEHUN 3TOM (hopManbHOM 3aMeHbl
npegnonaraeTcs BeWeCTBEHHOCTb U NONOXMUTENbHOCTb Napa-
MeTpa Maccbl. Huke Mbl y6eguMcs, uto hakTUUECKM BXOAALLUNA
B ypaeHeHue (1) napameTp M cBA3aH C U3UUECKON Maccoil
> 0 cootHowenneM M = —ip. CnepoBaTenbHo, B KOHLE
Hy)XHO BypeT coenarb 3aMeHy

w > 0. (2)

KpoMe Toro, npu nonyyeHun HepensTMBUCTCKOro npnuénu-
XEHUA CredyeT npeanonararb, UTo NOPSAOK ManoCTy BEMIMUNH
CReLyHoWMi:

—iM = —i(~ip) = —p,

1 Dy
L:1 : : —D; : —
) S z, s T, M 7 z, M

970 NO3BOMMUT B KaXK,0M YPaBHeHUU pa3nunyaTb Bonbwwe u Ma-
Jble BEJTUUUHDI.

D;: 2. (3

B aBHoM Bupe HaxopuM 39 ypaBHeHMit. 3aMeHsaeM napa-
MeTp M B KpaWHWX uneHax B KaX[oM ypaBHeHWW Ha dilM.
Kak cTaHOBWUTCS ICHBIM HUXe M3 TpeboBaHus, utobbl He BO3-
HUKanW yCnoBus CBSA3W Ha NATb HE3aBMCUMbIX 6onblKMX nepe-
MeHHbIX (CM., HanpuMep, aHanus cnyJaes 6-8), cnedyer nona-
ratb 6 = —1. [peHebperaeM ManbiM1 KOMNOHEHTaMK S;, S;
Ha doHe Bomblmx L; v yuuTbiBaeM cooTHoweHus (3). 3atem
cobupaeM B oTAenbHble rpynnbl 6onbwmue BEAUYMHBI OQHOMO
nopsigKa:

1. (Do—iM)Sg—D183—D284—D385—6iM81 = 0,
zt: i(s1 —82) =0, 6 = —1, 59— 51 =0;
D sg Dys19 D3s1y

2.
?)M+3M+3M+

+<§\)4°—z'> (%—%2)—62'52:0,

1
zt: —61(6552 + 351 —2512) =0, 6 = —1,

1 1 0
=81 — 82 — =512 = 0;
9517 82 73S ;

1
3. D1 <3(—L11 — L15 + S6 + Sll + 515) + 821> +

1 1
+§D2(L10 — Si0) + §D3(L13 — S13)—

1
—g(DO — iM)Sg - (5Z'MS3 = 07

D3Lys
3SM

1 Dy Ly
T

D:(L1 + L15)+
3M

3SM

1.
+§z(351 + s9) = 0;

1
4. D <3(L11 + 86 — S11) + S;) +

1 1
+§D1(L10 — Sho) + §D3(L14 — S14)—

1
—g(DQ - iM)SlO - (SZMS4 = 0,

DiLis  DsLi DsL
1. 1410 24/11 34414
T3 T Tsar T Taar

1.
+§Z(3S4 + 810) = 0;
1 S1
5. D3| =(Lis+ 56— S15)+—= |+
3 2
1 1
+§D1 (L13 — Si3) + §D2(L14 — S14)—

1
—g(DU — iM)Sll — 5iMS5 = 0,

1 . D1L13 +

DLy
3M *

D3 L5
3M +

3M

1
+§l(385 + 811) = 07
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D . 1
6. <Z\40 - Z) (4(L11 — Lis — 2519 — S11 — S15)+

3 S
+Z(_L11 — L15 + S19 — Sll - SIS) + 22) +

Dy Sy S14 | 3824 834
+ <—2 + A + 1 + 1 +

Dy [ 3s3 S13 530 S35
+<z+4+4 T

—6i(=L11 — Lys + 86 + S11 + Si5) = 0,

22 0=0,
1 L.
T —11 (289 — 456 + s19 — 8(S11 + S15)) = 0,
D D
z” _MO(LH +L15)—ﬁ(285—515+3523+528)+

+D2(2 + 814 + 3524 + S34)+
M S4 T S14 524 T 534

D,
“rm(GSg + S13 + S30 — 535) =0;

D . 1
7. <]\40 — Z> (4(L11 — 2519+ S11)+

3 S
+Z(L11 + 519+ S11) + ;) +

—8i(L11 + 56 — S11) =0,
1
22: 0=0, 2': _Zi (259 — 456 + 519 + 8511) = 0,

DyL D
2, (1)\411 + ﬁ(—%s 515+ 523 + 3528)+

D
+ﬁ(684 + 514 — So4 + 834)—

D
—ﬁ(%g — 813 + 3830 + S35) = 0;

D N (1
8. (]\JO — Z> <4(L15 — 2519 + S15)+
3 S2
+Z(L15 + 519 + S15) + D) +

.D3 385 S15 S23 S28
+<2+4+4 )7

—0i(L1s + s¢ — S15) =0,

1
22:0=0, a': —12‘(232 —4s6 + 519 +8515) = 0,

DyL D
LL‘2 : (;\4,15 + ﬁ(&% + S15 + S23 — 823)—

D
—ﬁ(l‘m — 514+ So4 + 3834)+

D
—l—ﬁ(—%g + S13 + S30 + 3835) = 0;
D , 1
9. <]MO - Z) (2(L14 — 87 + S1a)+
1
+§(L14 + So7 + 514)> +

D, Sog D 834
tor (=) + 37 e+ )+

Dy /s S .
Ml (% - %) = 0i(L1g = S14) =0,
22 0=0, 2': —2iS;, =0,
DoL D
IEQ : 3\4,14 — ﬁ(SQg — 235)+

D D
+ﬁ(254 + S34) + ﬁ(szg — 836) = 0;

D . 1
10. <]\4(,) — Z) <2(L13 — S21 + 513)+

1
+§(L13 + s21 + S13)> +

D, So3 Dg 835
tor (s )+ 37 (=) +

Dy s S .
22 (2 22) -t - ) =0,
22: 0=0, z': —2iS3=0,
DyL D
2% 3\413 + ﬁ(z% + S23)—
D D
—ﬁ(s% - 283) + ﬁ(sss - 822) =0;

D . 1
11. <]\40 — Z) <2(L10 — 820 + SlO)+

1
+§(L1o + 820 + S10)> +

D, S94 Ds /599 829)
+M(84_2)+M(2_2 +

D S .
+ﬁ2 (83 + %) = 0i(L1o = S10) = 0,
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2 0=0, 2': —2iS;, =0,

DyL D
.’E2 . 3\4,10 — ﬁ(S%L — 284)+

Ds D,
+m(522 S29) + 2M(253+330) 0;

D 5
12. ]\42 ( (L1o + 820 + S10) + ;8> +
D3 S17
= L _ o
+M( (L13 + s21 + S13) 2>+

D,

D . S .
—i—(]\;—Z) (Sg—k#)—éZSg:O,

DsL DsL Dy (L L
.y 210+ slaz 1(L11 + 15)7

2M 2M 2M

1
—51(283 — 289 + 813) 0

D
13. ]\41 ( (Llo — 820 + Slo 9 > +
D
+MQ ( (L11 + 19+ S11) + 82)
D s
—I—]\;( (L14+827+514)+;6>+

D . S .
+ (]\40 —z) <S4+ #) — dis19 = 0,

DiLi DsLi DsL
1. 1410 24711 314_
T o Toar T om

1.
—51(234 — 2810+ 514) = 0;

D
14. Ml ( (L1z — 821 + S13) + 27> +
+

D s
+M2 ( (L1g — s27 + S14) — ;)

D
M ( (L1s + s19 + S15) + 52) +

(=) (s %) —disn =0,

1. Dilas " DLy " DsLys
C2M 2M 2M

1.
—§Z<285 — 2811 + 815) = 0;

D . 1
15. <J\4O — Z) <4(L11 + S19 + S11)+

1
+Z(_LH — Li5 + 819 — S11 — S15)+

+]\4 (2( Ly — Lis + 819 — S11 515)+52> +

1 3s
+Z(L15 + 519+ S15) + 22> +

D3 (55 3515 S23  So
+M(2+ : 4 )"

Dy (s4 3514  Sos Sz
i (2 Tt )"
Dy (s3 3513 S30 S35 )
— =+ ==+ 2] - =0
+ M ( 9 + 4 4 + 4 1512 y
0

1
2 0=0, 2': _Zi (65 — 4512 + 3s10+) = 0,

z? 4M(235 + 3515 — 523 + S28)+

D,
+7(284 + 3514 + S24 — S34)+

4M
+D7(283 + 3513 — 530 + S35) = 0;
4M
16. = < (—=Liy — Lis + s6 + S11 + S15) — 512> +
M \3
SDM (L1o — S1o) + ?)DM (L13 — S13) +

D 2s
+<J\40 2)3962513—0

ol Dy Ly n D3Lys  DiLyy + (L15)_
' 3M 3M 3M

2
—giSQ + Z.Slg = 0;
Dy (1
17. T\j <3(L11 + S — 511) - 812) +

Dy D
+3W (L1 — S10) + 37\34 (L1a — S1a) +

D 2s
+ <]\40 - z) 311 0is14 = 0,

DLy Dol DsL
1. 1410 2411 314_
T T T 3w

—gislo + i814 = 0,

D 1
18. ]\; <3(L15 + Sg — 515) - 812> +
D
+73J\14 (L3 — S13) + 30 (L14 —Su)+
D 2s
+ <J\40 — z) —311 — disy; =0,

DiLis Dolis DsL
1. 1413 2414 315_
R R V)i

2
——1811 + 1815 = 0;
351 15

19. — D3$10 + D2811 - (57:M816 = O,
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2l e — 0. 22 Dssi1 Dssio
. 16 — Y . -
M M

20. — Dssqg— Dis;y —0iMs17 =0, z': isyr =0;
21. — Dysg+ Dis19—0iMs1s =0, z': isyg=0;

= 0;

D . s
22. (0 — Z) (—Lu — Ly5 + 56 — ? + S+ 515) -

ny 2D Ly B D3Lyy n Dy(2L4, + 3L15)_
’ 3M 3M 3M

1,
—52(810 — 3824) = O;

D ) Ds
28. <J\4O — Z) (LlO — SlO) — 311\410_

M
~5i(Lro — 820 + Sho) = 0,
2D, 59 Doy D351y Z( 10750 10)
TT3M T 3M T 3M 2’ 0=0, a': —i(syn—2510) =0,
—0i(—Lyy — L15 + s19 — S11 — S15) =0, 22 DyLyg B Dis10 —0
2 0=0, D M M
. S12
1. 29. (20— (L _h2 g )
at —3! (386 — 512 — 3819 + 6(S11 + 515)) = 0, (M Z) 1 S 1)+
N _Do(Ln n L15)_2D159 Dysio Dssiy . +D189 _ 2Dss19 n Dssii
' M 3M  3M ' 3M Mo 3M M
Dy . Dy sg —0iLa 4 810+ 511) = 0,
23. (570 (Llo_Slo)_W_ 2 0=0,
. B 1
—0%(L1o + s20 + S10) =0, 2l 7§i(73(819+2511)+356 — 519) =0,
22 0=0, a': i(s9 +2S10) =0,
( 20 10) 22 DoLq, n D sg _ 2D5s19 Dss1y -0
22 DyLqg B Dysg — 0 ' M 3M 3M 3M ’
. M M b
30. (203 (L1 — 8 — oo
24, (20 5) (L — Si) - 2250 - \ar ) B =S = =
. i 13 13 i ’ .
Si(L g —§Z(L14+827+Sl4) = 0, T 0:0,
~9ilas + sz + 513) = 0, 1. 951} — o Doliys Dszsio
2" 0=0, a': i(sy +2513) =0, z i(sar +2514) =0, M M 0;
DyL D D-
22 3\413 _ ;;9 — 0 31. 3—]\}(—3&1 — Ly5 — 456 + 3511 + Si5)+
D D . D 2D
25. ﬁS(Llo — Si0) + MQ(LH} — S13) — disgz = 0, +3T\14(513 — Li3) + 3]\; (L14 — S1a)+
DsL DyL Do — 1M
S=—1, z': — ;\410 3413—1—1'522:0; +%_5i328:07
D3 (1 DiLys  2DyLyy  Ds(3L11 + Lis)
26. <f L —815) = Ly — L L - -
i 3( 15 1 Se 15) 11 15+ T 30 + 3N 30
2
+86 + S11 + 515) - le(Lm — Si3)+ —gi(sn — 3s25) = 0;
1 1 . . D D .
+37MD2(L14 —S14) — 3W(Do —iM)s1y —diss3 =0,  32. M?’(Lm — Sw0) + Ml(sm — Ly4) — dis99 =0,
2D L DsyL D (3L + 2L ) DsLqg DLy .
1 1l13 2Ly 3(3L11 15 1
o= — 0=-1 : — =0;
T Wi + YW i + , X M 30 + 1529 ;
1. Dy /1
+§z(511 + 3s23) = 0; 33. i (g(—Lu — L5 + s¢ + S11 + Sis)+
D 2D D-
27. ?QM(QLH +3L15 — 456 — 2511 — 3515)+ +L11 +86—511> —37]\42(.[/10—510)4-37]\2(1113—5'13)—
2D Do —1iM)s .
+37]\41_(L10 — SIO) + 37]\34(514 — L14)+ _((]Z;TM — (5’6830 = 07
(Do —iM)syo | . B 1 2DsLyy | Dslis  Di(Lis —2L1)
+ Y 41894 =0, d=-—1, T Wi + 30 3N
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1.
+§Z(89 + 3830) = 0;

D D

M M
—6Z(L13 — 891 + 513) = 0, I’O : 0= O,
. DyLi3s D;s
' —i(s91—2513) =0, % %—% =0;
D . Dys
35. (MO - z) (L1s — Sia) — ]2\411 _
—6i(Lyy — 897+ S14) =0, 2°: 0=0,
) DyL Dsys
SCl : —2(827—2514) = 0, .’II2 : 3\414—% — O7
D . s D;s
36. <]\40 - ’L) (L15 + S¢g — % — 515) + 3}\49_’_
D 2D
32;;1,0 — 3?\311 — (57,(L15 + S19 + 515) = O,

2 0=0, 2':

22 DyLqs Disg
' M 3M

m.%ﬂ

2D3s11 0:
3M 7

Dss10
3M

1
g(Ln + s8¢ — S11) + L1s + s¢ — Sl5>+

D 2D
+3T\14(L10 — So) — 37]\43([/14 — S14)—

Dy —1i1M)s .
_Liaﬁlﬂ_&mzm

2D3Lyy  Dy(L11 +3L1s)
3M + 3M +

x1. DILIO
- 3M

1.
+§’L(810 + 3834) = 0;

D
38. Ml(Lll - 2L15 - 486 - 511 + 2515)+

D 2D
+3T\Z(L10 — Si0) + 37]\/[3(L13 — Si3)+

(DO — iM)Sg
3M

2D3L43 n Dy (Lyy —2Ly5) B
3M 3M

+ - (S'L'835 = 0,

Dy L
1. 2410
x 3N +

1
—gi(89 —3s35) = 0;

D D .
39. MZ(SB — Li3) + 37]\2([/14 — S14) — disze = 0,

Ll _D2L13 DLy
’ M M

+ i836 =0.

1
*gi(73(319+2515)+336*812) = 07

3. UcknioueHne ManbIX KOMNOHEHT

3T ypaBHEHWS MOXHO pacrnpefenuTb B TpWU Tpynnbl:
B rpynny I coBupaeM NuHenHble CBA3M MEXAY ManbiMu ne-
peMeHHbIMU, B rpynny /1 — ypaBHeHus:, N03BONSAIOLLME Bblpa-
3UTb Marnble NepeMeHHble Yepe3s 6orbluine C UCMONb30BaHUEM
onepartopoB Dy, D5, D3, B rpynny I 1] —ypaBHeHus, cogep-
aluue onepatop Dg. [Ing nonyuyeHns ypaBHeHuit ¢ Hepens-
TUBMCTCKOW CTPYKTYPOM [OCTATOUHO BOCMNONb30BaTbCS TOMbKO
ypaBHeHuaMu ua rpynn 1 v [11. PewaeM cucTeMy ypaBHeHMI
u3 rpynnbl I 1 0THOCUTENBHO ManbIX NEPEMEHHbIX, B pesynbTa-
T€ Nnonyyaem

83:0, 84:0, 8520,
1
Sg = M(D2L10 + DsLys — D1(Lyy + Lis)) = s13,

i

S10 = M(D1L10 + DyL11 + D3Lis) = 514,

7
S11 = M<D1L13 + DyLyy + D3Lys) = s15,
)
S22 = M

{
s23 = =77 (D1Lus + Da(Luy + Lis)).

(D2L13 - D3L10)7

i

S = or (D1L1o + Da(L11 + Lis)),

1
S28 = M(DZLM - D3L11);

i

S29 = M(D3L10 - D1L14),

7
830 = M(D1L11 — Dy L),

)
S34 = M(D2Ll5 - D3L14),

7
835 = M(D3L13 — D1 Ly5),

i

536 = M

lMopcTaBnsieM 3TU BbIpaXeHUS NS ManblX MepeMeHHbIX

B ypaBHeHus u3 rpynnbl 171, B nonyvatowmxcs ypaBHeHUsAX

rpynnupyem cnaraembie no 6onbwum nepeMeHHbIM. B pesynb-

Tate nonyyaem 15 ypaBHeHuit ¢ He0BXORMMOI HepenaTMBUCT-

CKOM CTPYKTYpou. [Ing panbHeiiwero ux yao6Ho NpoHymepo-
BaTb, TaK)xe BBOAWM Bonee KopoTkue 0603HaueHns

Lyg= Ly, L1y = Lo, Ly3= L3, Liy = Ly, L15 = Ls

(D1L14 - D2L13)-

Y BbiieNsieM B yPaBHEHWSX UneHbl C Npou3BofHoN Dy:

1. ¢DyD1Ly +iDsDyLo +iD3DsLo +tDsDq Ls+
+tDyDyLs + iD3D3sLs — DoLoM — DoLs M = 0,
2. iD1DyLy —t¢D1DyLy —iD3D3 Lo+
+iD3 Dy Ly + DoLy M = 0,
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8. iDyDsLs +iDyDsLy —iDy Dy Ls— — XDiD, + D, D;) + ieFy; = Dy; + ieF;.
2
—iDyDyLs + DoLsM = 0,

4 %iD1D3L4+%iDngLg+%iD1D2L3—iD1D1L4— Toraa BOSHUKHYT YPaBHEHWS, COCTABNEHHbBIE U3 BEMMUMH
1 1 1 .
—§iD2D2L4—§iD3D3L4+§iD3D2L5+DoL4M =0, 2iM DoLy, D1y = DiLy, D22 = D3 L,

1 1 1
5. §iD2D3L1 - iiDng,Lg - iiDlDng —iDy Dy L3—

1 1 1 D33y = D3Ly, D@syLy, DesayLi, Di2)Ly,
—iiD3D3L3 + 5iD2D1L4 + 5iD3D1L5—

1.
_§ZD1D3L5 + DoL M =0, Fo3) Ly, FiayLy, Faoyls.

1. 1. . 1.
6. 7§ZD1D1L17§ZD2D2L172D3D3L1+52D2D1L27 ByneM KOMBUHMPOBATbL 3T YpaBHEHWS, KaK YKa3aHO HKe.

1. 1. 1 CHauana nonyyaem nartb ypaBHEHMljl c Hy)KHOljl CprKTypOijl
—§ZD1D2L2 + §ZD3D2L3 + §’LD3D1L4—

1 10, 2¢DgL1 M +2D11Lq + 2D19Lo + 2D3y Ly+
—§iD1D2L5+DOL1M:O, ol 11l 1242 3144

1. 2. 2. 1.
7. gZDQDlLl—gZD1D2L1+§ZD1D1L2+§ZD2D2L2+ +2i€F12L2 . 2i€F31L4 _ 07

1 2 1 1
—i—giDngLg—giD1D3L3+§iD3D2L4+ §iD2D3L4+

2 1 .
+§iD1D1L5 + gi.Dg.Dng; — _D()LQM - DOL5M = O, 2+ 107 2ZDOL2M_ 3 3 3

8 —iDyDyLy 4+ 1Dy DLy — 1Dy DsLs+
DDy Ls + Dol M = 0,
e Uihs + Dola DaaLy — 2D51 L3 2Dy3L4 n Dy Ls  DssLs
9. —iD3DyLy +iD3Di Ly —tD3D3Ls+ 332 3 3 3 3
+7,D3D1L5 + DoLdM - 0,
10. —i¢D1DL1—tD1DsLo—1D1D3Ls+DoyL M = 0,

*2Z'€F12L1 + 2i€F23L4 = 0,
2 1 1
11. — giDQDlLl + giDngLl — giDlDng—

—%iD2D2L2+%iD3D1L3+%iD1D3L3+éiD3D2L4— 13, 2iDoL3M + 2Dy1 L3 + 2D12L4 + 2D31 L+

2 1 1
—giD2D3L4—giD1D1L5+§iD3D3L5+DOL2M =0,

12. —iD3D L1 —tD3DsLo—iD3D3Ls+DoyLsM = 0,
13. —iD1D{L3—tD1DsLy—iD1D3Ls+DyLsM = 0,
14. —iDngLg—iD2D2L4—iD2D3L5+DOL4M = 0, 147 21D0L4M + 2D12L3 + 2-D22L4 + 2D23L5_

+2i€F12L4 - 2i6F31L5 = 0,

1 1 1
15. JiDy DLy + 5iDiDaLy — 5iDi Dy Lot
—2i€F12L3 + 2i€F23L5 = 0,

1 2 1 2
—|—§iD2D2L2—giD3D1L3+§iD1D3L3—giD3D2L4+

1. 1. 2.
+§ZD2D3L4—§2D1D1L5—§ZD3D3L5+D0L5M =0. 37 2’LDOL5M _ 2D31L3 _ 2D23L4 + 2D11L5+

[lanee npeo6pa3yeM Bce ypaBHEHUS C YUETOM TOXOECTB

1 1
Di‘Dj = §(D1D]+DJ‘DZ)+§(D1DJ_D]‘DZ) = +2D22L5+2i6F31L3—2i€F23L4:O. (4)
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4. YpaBHeHus cBasm

MoToM nonyyaeM ypaBHeHUS CBA3K (OKOMO KaKBO0 Ypas-
HeHus ykasaH croco6 ero nonyyenus) (1 + 7)+ (2 + 11)+
2-(3)

8D12L2 4D11L2 4D22L2 20D23L4 i
3 3 3 3

10Dy, Ls 10D33Ls
+——§L—+2DmLy———§Lf

:07

1-7
8D19Ly  4Dq1Ly  4DgsLs
3 3 3
4Dy3Ly 4Dy L3
T3 3
6 —10

—D11Ly + DagLy + 2D33L1 — 2D19Ly — DazLz—
—Ds1Ly+ Do Ls+ieFosLy+ieFs Ly+ieFi1oLs =0,
8—-10
—D11Ly +2D2 Ly —4D12Ly + 2Do3 L3 — 2D31 Ly —

9Dy Ls + 2ieFys Ly + 2ieFs Ly + 2ieFisLs = 0,

8D31 L3

—2D33Lo— +

4D33 L5
72D22L5* 3345

3=0,

211
- - 2Ds3 L -
3 3 g Pl

8DysL, 2Dy L
_ 23 4_ 11 5+2D33L5:07
3 3
513

—DasLy + D31 Ly — D11Ls + 2Dgs Ly + D33 Ly —
—3D15L4—2D31 Ls—ieFo3 L1 —ieF3 Lo—ieFi2 Ly = 0,
9-13
2Dg3 Ly — 2D31Ly — 2D11 Ly + 2D33L3 — 2D 12 Ly —

—4D31 Ly — 2ieFo3Ly — 2teF31 Ly — 21eF5 Ly = 0,
4—-14
—D31Ly — DazLy —3D12L3 + 2D11 Ly — Do Ly+
+D33Ly — 3Da3Ls + ieF31 L1 —
—ieFo3 Lo +ieF 5Ly —ieFy3 Ly = 0,
12 -14
2D Ly +2Dg3Ly — 2D 9L3 — 2Dgy Ly + 2D33L4—
—2Do3 L5 + 2ieF31 L1 — 2ieFy3 Lo+
+2iel 5Ly — 2ieFy3L5 =0,

15-3
_4D12L1 2D11L2 . 2D22L2 8D31L3+
3 3 3 3
8Do3 L 4D L 4D33L
+ ?))3 1 - 131 5 - 2D22L5 + 7?))3 5 = 0,

3anuweM nocnepH0 cuctemy u3 10 ypaBHeHUI B MaTpUy-
HOW thopme
Aqoxs) (D1aLy, DigLy, DigLg, DigLy, Do Ls,
D31Ly, D3y Lo, D31 L3, D31 Ly, D31 L, Doz Ly,
Dy3Ly, Da3L3, Da3Ly, D23L5>t =Yaqox1).- ()
Cron6ew Y(10x 1) UMEET Cepytolime CTPOKM
4D Ly | 4DsL, 10Dy Ls

3 3 3
10D33L5

3 )

le

—2D9o L5 +

4D L 4Dy L 4Dq1 L5
_ 1142 22 2+2D33L2— 11 n
3 3 3
4D33 L5
3 )
Y3 = DLy — DyyLy — 2D33Ly — teFo3L3—
*i€F31L4 — i€F12L5,
Yy =2Dy Ly — 2Dy Ly —
—2i€F23L3 — 2i€F31L4 — 2i€F12L5,

Y, =

+2Dgs L5 +

4D L 4Dy L
y, = _APnls 2le op 1oy
3 3
+2D11L5 _ 2Dg3Ls
3 3

Ys = D11L3s — 2DgsLg — D3gLg + ieFas L1+
+ieF31 Lo + el oLy,
Y; =2Dy1L3 — 2D33L3 + 2ieFa3 L1+
+2teF31 Lo 4 2ie 5Ly,
Ys = —2D1 1 Ly+DoysLy— D3z Ly—ieFs Li+ielh3 Lo—
—iel9Lg + ieFa3Ls,
Yo =2DyyLy — 2D33L4 — 2ieF51 Ly + 2ieFo3Lo—
—2ieF 19 L3 + 2ieFb3 L5,

2D11L, 2Dy Ly 4Dy, Ls
Yy = —
10 3 3 + 3
4Dss L
+ﬂ%ﬂ@—4{?j. (6)

Matpuua A(19x15) B NeBoit yacTu ypaBHerus (5) umeet cne-
LyloW1e HeHYNeBbIe 3NEMEHTbI

All = A21 = A51 = AZS = A5714 = _A1078 =
8

= —Aj1a = 3
Asg = Agg = Agy = Ays = Agg = Apr = Ay =
= Ag10=Ag15 = —Ags = —Ar11 = —Ag 12 =

=—Ay13=-2, Ag3= Ass = A3g = Ag15 = -3,

Agp = A710=—4, Ags = Aps11 = Ag12 = A3 13 =

B

Ass = Az 1a = —Aron = 3,

w
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Ag=A1u= 3

= —Azs = —Ag7 = —1,
OcTanbHble 3neMeHTbl MaTPULLbl PaBHbI HYIHO.

Y6expaemcs, uto paHr matpuubl A(10x15) paseH 9, no-
CKOMbKY Npu 0T6pacbiBaHUy NepBOM CTPOKM PaHr He MeHseT-
cq. CnepoBaTenbHo, NepBas CTPOKa BOMKHA pacKnapblBaTh-
CS N0 OEBATU OCTaNbHbIM 1 = boxg + b3xs + ... +
b1o10. Jlerko HaxoauM HeobxopmMble KOIHULMEHTBI: by =
1, b3:0, b4:O, b5:1, bGZO, b7:
0, bg =0, bg = 0, byg = —2. Y6exgaemcs, 4To TaKoe xe
PasNoXeHWe BEpHO M ANA CTPOK B MPaBOi YacTu ypaBHEHMS
Y1 = boyo +b3ys + . .. + b1oy10. CnepoBaTenbHo, B cucte-
Me 10 ypaBHeHMi1 NepBoe MOXXHO 0TBPOCHUTD, MOCKONbKY OHO —
3T0 CneacTBMe OCTanbHbIX. TakuM 06pa3oM, nonydyaeM Gonee
MPOCTYH0 HEOAHOPOLHYI0 CUCTEMY U3 AEBATU YPaBHEHMN

Aox1s)(D12L1, D12Ly, D1y Ly, Dys Ly, Dy Ls,
D31 Ly, D31 Ly, D31 L3, D3y Ly, D3y Ls, Doz Ly,
DosLy, D3 Ls, Doz Ly, D23L5)t = 5A/(9x1)~

Ctpoku ctonbua Y(gxl) COBMAapalT co CTpoKamu cronbua
Y(10x1) (6) HauuHas co BTOpO#t YV, = Yir1, k =
1,2,...,9.

B matpuue 9 x 15 muwem nogmatpuuy 9 X 9 ¢ HeHyneBbIM
onpepenutenem. Yoexxpaemcs, UT0 MOXHO OCTaBUTb CTONG-
ubl 1,2,...,8,14. B pesynbtate nonyyaem 3kBUBaNeHTHoe
HeofHOpoAHOe ypaBHeHue. Ero peweHne HaxonuM cTtaHpapT-
HbIM METOZ,0M

1
DyyLy = §(D11L2 — Dyo Ly — Doy Ls),

1
DioLy = 5(—D11L1 + DooLy + D3sLy — 2D31 Ly+
+i€F23L3 + i6F31L4 + i6F12L5),
1
DyyLg = §(D11L4 — Doy Ly + D33Ly — 2Do3 L+

+7;€F31L1 — 7;6F23L2 + 7;6F12L3 — 7;6F23L5),

1

D12L4 = 5(
—7:6F23L1 — 7;6F31L2 — ?;6F12L4),

DyyLs = —D33Ly + Daz L3 + D3y Ly,

—D11L3 + DogLs + DssLs — 2D3q Ls—

D31 Ly = %(—2D23L2 + D11Ly + Dog Ly — D3z Ly—
—ieFy Ly + ieFagLs — ieFisLs + ieFosLs),
D31 Ly = %(2D23L2 — Dy1Ls — Do L3 + D3z Ls—
2D31 L5 —ieFs3Ly —ieF31 Ly —ieFiaLy),

1
D3 Ly = 5(—D33L2 + D11Ls — D3sLs),

1
DysLy = §(D33L2 + Doy Ls).

5. CucTeMa HepensaTMBUCTCKUX YpaBHEHUN

YuTteM 3TW paBeHCTBa B ypaBHeHuax (4). B pesynbTate no-
nyyaem

2iMDoLy = —(Dyy + Doy + D33) L1+
+ie{—FysL3 + F31Ly + F12(—2L3 — Ls)},
2iM DoLy = —(Dyy + Day + D33) Lo+
+ie{—2Fy Ly + 2F15 L4},
2iM DoLs = — (D11 4 Das + D33)Ls+
+ie{Fo3 Ly + F31(La + 2L5) — FioL4},
2iMDoLy = —(D11 + D2y + Ds3)Ly+
+ie{Fy3(Ly — L) — Fy1 Ly + Fio L3},
2iM DoLs = —(Dyy + Doy + D33) L5+

+i€{2F23L4 - 2F31L3}.

C yueToM 3aMeHbl (2), 3anuweM 3Ty CUCTEMY B BUAE UCKOMOTO
HEepensTUBMUCTCKOrO MaTPUUHOIO ypaBHEHUS AN YacTuLbl CO
CNuHOM 2

1
iDyV = 72—(Df + D3 + D3)¥—
m
ie
_E(F%Sl + F3155 + F1255) W, (7)

roe
¥ = (Lla L27 L37 L4a L5)t7

00 -1 0 0
00 0 -2 0
Ssi= 10 0 o o |,
01 0 0 -1
00 0 2 0
0 0 0 10
0 0 0 00
Ss= 0 1 0 0 2|,
10 0 00
0 0 -2 00
0 -2 0 0 -1
2 0 0 0 0
Ss=10 0 0 -1 0
00 1 0 0
00 0 0 0

Hepr,D,HO yﬁeﬂMTbCﬂ, YTO UMEKT MEeCTO NpaBUiibHble KOMMY-
TalWOHHbIe COOTHOWEHNA ANg KOMNOHEHT onepartopa CnuHa

[31752] = 53, [SQaSB] =51, [537S1] = 5.
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6. 3aknoueHue

B 3akntoueHne otmetum cnepyrwowee. Beupy Toro, uto
CUCTEMa MATU HEPENSTUBUCTCKUX YPaBHEHUI 3HAUMTENbHO
npoue 39 pPensiTUBUCTCKMX, BbIBELEHHOE HEPENATUBUCTCKOE
ypaBHeHMe N03B0NSET PELWNTb KBAHTOBOMEXaHUYECKME 3afa-
UM C yyaCTMeM YacTuL, CO CMWUHOM 2. 3T0 CTAHOBMTCS aKTy-
anbHoM 3afiaueil B CBETE TOTO, UTO IKCMEPUMEHTANbHO 06Ha-
PY>KEHbI KOPOTKOXMBYLLME MACCMBHbIE YACTULbI CO CMIUHOM 2.
B uacTHoCTH, 3T0 3agaum 0 YacTULLe B MarHUTHOM U KyNOHOB-
cKkoM nonsx. Takxke BO3HWKaeT 3apayva 06 0606weHnmn paseu-
TOro Nogxofa Ha 06LEKOBapUaHTHbIN cnyyait ons Toro, uTo-
6bl UMETb BO3MOXHOCTb Y4MUTbIBATb BAMSHNE FPaBUTALMOHHbIX
3(pcheKToB Ha MaCCUBHbIE YACTMULLbl CO CIIMHOM 2.

Kpome TOro, monydyeHHblit pesynbTaT crepyet 0606WwuTh
Ha TEOPMI0 YacCTUUbl CO CMMHOM 2, MMEloWel HeHyneBow
aHOManbHbI MarHUTHbI MoMeHT. CoOTBETCTBYIOWAs PensiTu-
BUCTCKasi TeOpUs pasBUTa Ha OCHOBE UCMOMb30BaHNA 5-KOM-
MOHEHTHOW CUCTEMbl YPaBHEHUiA nepBoro nopsaaka. MoHaTHO,
YTO aHanu3 HepensaTMBMCTCKOrO npegena 3fechb byaeT npep-
CTaBNATb CyLECTBEHHO 6onee COXHYH0 3apauy.

ABTOpr 3aaBnAT 06 OTCYTCTBUM KOH(NMKTA MHTEpEeCOoB.
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Abstract
Lobachevsky geometry simulates a medium with special con-
stitutive relations D' = eoc*E¥F, B = pou'tHP,

where two matrices coincide: ¢*(z) = p'*(x). The sit-
uation is specified in quasi-Cartesian coordinates (z,y, 2)
in Lobachevsky space, they are appropriate for modeling a
medium nonuniform along the axis z. Exact solutions of
the Maxwell equations in complex form of Majorana-Op-
penheimer have been constructed. The problem reduces to
a second-order differential equation for a certain primary
function which can be associated with the one-dimensional
Schradinger problem for a particle in external potential field
U(z) = Uye?*. In the frames of the quantum mechan-
ics, Lobachevsky geometry acts as an effective potential bar-
rier with reflection coefficient ® = 1; in electrodynamic
context, this geometry simulates a medium that effectively
acts as an ideal mirror distributed in space. Penetration
of the electromagnetic field into the effective medium along
the axis z depends on the parameters of an electromagnetic
waves w, k7 + k2 and the curvature radius p of the used
Lobachevsky model. The generalized quasi-plane wave so-
lutions f(¢,z,y,z) = E + iB and the relevant system of
equations are transformed into the real form, which permit us
to relate geometry characteristics with expressions for effec-
tive tensors of electric and magnetic permittivities.

Keywords:

Maxwell equations, Majorana-Oppenheimer formalism,
Lobachevsky geometry, exact solutions, effective constitu-
tive relations
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AHHoTauus

leometpusa Jlo6aueBckoro Mopenupyet cpepy C Matepuans-
HbIMU YPaBHEHMsIMM cheumanbHoro Bupa: D' = ¢pe'* EF,
B' = pou'*H*, rpe psa Tensopa cosnagawr: €'F(z) =
p* (). B npoctpauctee JlobaueBCKoro MCnonbayloTcs KBa-
3MpeKapToBble KOOPAUHATHI (I, Y, 2 ), OHU MOJENUPYHT cpe-
Ay, HEOLHOPORHY 0 BROMb OCH 2. B 3TMX KoopamMHaTax nocTpo-
eHbl TOUHblE pelueHns ypaBHeH MakcBenna B KOMNEKCHO
thopMe MaitopaHbl-OnneHreitMepa. 3agava cBopuTCS K Ouch-
thepeHLManbHOMY YPaBHEHUH BTOPOro NOpsAKa ANS HeKoTo-
Poil OCHOBHOIA thyHKLMM, 3TO YpaBHEHME MOXKET GbiTb CBA3aHO
C offHoMepHoiA 3apaueit lipepuHrepa Ang yacTuubl Bo BHel-
HeM noteHuumanbHoM none U (2) = Uye? . B kBaHTOBO# Me-
XaHuKe reomeTpusa Jlo6aueBCcKoro aeMcTByeT Kak atdeKTus-
Hblii NoTeHUWanbHbli 6apbep ¢ Ko3dthULMEHTOM OTpaXeHHs
R = 1; B 3neKTpoaMHaMUYECKOM KOHTEKCTE 3Ta reoMeTpus
AeNCTBYET KaK pacnpefeneHHoe B NPOCTPaHCTBE UaeanbHoe
3epkano. [[poHMKHOBEHME 3NEKTPOMArHUTHOro nons B atdek-
TMBHY0 Cpefy BAOMb OCH z 3aBUCUT OT XapaKTePUCTUK 3NeK-
TPOMarHuTHOM BonHbl w,k? + k3 ¥ papnyca KpUBM3HBI p Npo-
cTpaHcTBa Jlobauesckoro. [locTpoeHHble 06061,eHHbIE BONHO-
Bble pewenus f(t,z,y,2) = E + iB u cooTBeTcTBYHOWas
cUcTeMa ypaBHeHuit npeobpasyioTcs B [eiCTBUTENbHYIO hop-
My, UTO N03BONSAET CBA3aTb reOMETPUUECKUE XapaKTEPUCTHKH
C BbIp@XeHUAMM ANs 3 (heKTUBHbIX TEH30POB 3/IeKTPUUECKOiA
1 MarHUTHOM NPOHMLLAEMOCTEA.

KnioueBble cnosa:

ypaBHeHus MakcBenna, topmanusm MaitiopaHbl-OnneH-
reiiMepa, reoMetpus Jlo6aueBcKoro, TOUHble pelleHus, Mo-
AenupoBaHue MaTepUanbHbIX Cpen,
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Introduction

To treat Maxwell equations we make use of complex rep-
resentation of them according to the known approach by Ma-
jorana-Oppenheimer [1-11], also see [12, 13] and references
therein for extending this approach to curved space-time
models.

The situation is specified in quasi-Cartesian coordinates
in Lobachevsky space, they are appropriate for modeling a
medium nonuniform along the axis z. Exact solutions of the
covariant Maxwell equations in complex £ + ¢ B form of Ma-
jorana-Oppenheimer have been constructed. The problem re-
duces to a second order differential equation for a certain pri-
mary function which can be associated with the one-dimen-
sional Schradinger problem for a particle in external potential
field U(z) = Upe??. In quantum mechanics, curved geome-
try acts as an effective potential barrier with reflection coef-
ficient R = 1; in electrodynamic context results are similar:
Lobachevsky geometry simulates a medium that effectively
acts as an ideal mirror. Penetration of the electromagnetic
field into the effective medium along the axis z depends on
the parameters of the electromagnetic waves w, k7 + k2 and
the curvature radius p of the used Lobachevsky space. These
generalized quasi-plane solutions f(¢,x,y,2) = E + iB
and the relevant system of equations are transformed into the
real form, which permit us to relate geometry characteristics
with expressions for effective tensors of electric and mag-
netic permittivities.

1. Cartesian coordinates in Lobachevsky space
We will apply the coordinate system in Lobachevsky space
dS? = dt* — e " (da* + dy?) — d2?,
dV = e **dxdydz. (1)

It is helpful to have at hand some details of the parametriza-
tion of the model H5 by coordinates (z, y, 2). Itis known that
this model can be identified with a branch of hyperboloid in
4-dimension flat space

p? + u?.

2 2 2 2 _ 2 _
Uy — U] — Uy — Uz = p°, U=+

Coordinates (x, y, z) are referred to u, by relations

1
Uy = 3 [(ez +e %)+ (172 + y2)6_2} LU = ze 7,

1
Uy = ye 7, uz = 3 [(ez —e?) + (:v2 + yz)efz] .

We will employ the Poincare realization for Lobachevsky
space as the inside part of the 3-sphere

4 = Z i

uw Pl
Quasi-Cartesian coordinates (z,y, z) are referred to ¢; as
follows

q:q; < 1.

_ 2x
Q1_x2+y2+€22+1’
2y
g2 =

x2+y2+e2z+1’

? +y* e -1
I2+y2+€2z+1'

q3 =

Inverses to (2) relations are

. q Q2 2V 1—¢?

T = , Y= ,ef=2Y—"" (3
1—gs 1—gs 1—gs3

In particular, note that on the axis ¢y = 0, ¢ = 0, q €
(=1, +1) relations (3) assume the following parametrization
of the axis z

1o
=0, y=0, e =4/ +q5,
1—gs

gs = +1, e = +oo, z — 400;

so that

g — -1, ¢ =40, z = —c.

Solutions of the Maxwell equations, constructed in the fol-
lowing way, can be of interest for description of electromag-
netic waves in special media because Lobachevsky geome-
try simulates effectively a special medium [12, 13], inhomoge-
neous along the axis z. Effective electric permittivity tensor
€'*(z) is given by

1 0
e*(z) = —/—g9"(x)g*(x)= 0 1 0 ,
0 0

whereas the effective magnetic permittivity tensor is

. 922933 0 0
(wH*@)=v=g| 0 ¢¥¢" 0 =
0 0 911922
1 0 O
=101 0
0 0 e**

The constitutive relations read
D' = e By, B = pop™HY;
two tensors coincide €% (z) = (u=1)%*(2).
2. Maxwell equations in complex form, separa-
tion of the variables

In the coordinates (1), we will use the tetrad

1 0 0 0
g0 e 00

(@) 0 0 e 0 |-
00 0 1

1 0 0

0 —e* 0 0

C@B=1 0 0 —e* 0

0 0 0 -1
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In this tetrad, the matrix equation (see notations in [12, 13])
has the form

(—i@t +ale*d, + ae*d, + a0, —

—atss —|—a281> < E—f(—)iB ) =0. (4)

Let us apply the substitution

0 _ —iwt ikix ikay 0
(E+iB>_e e fe) )

ei(krl Ttkoy—wt) _ eitp .

Eq. (4) gives
d
(—w + atefik, + a?eFiky + o® ——

dz
—alsy +a?51)(0, f1(2), f2(2), f3(2))" = 0.

Here ()* stands for transposition. After calculation with
the use of explicit expressions for all involved matrices
(see [12, 13]), we derive the first-order system for functions

f1(2), f2(2), f5(2)

d
ik1€® f1 + ikoe® fo + <dz - 2) f3=0,

d
—wfi — < - 1) fo +ikoe® f3 =0,
dz

d o
—wfz + <dZ - ].) fl - zkle f3 = 0,
*UJfg - ikgezfl + iklezfg =0.

Allowing for three last equations in the first one, we get
the identity 0 = 0. So, there exist only three independent
equations (we will simplify notations: k1 = a, ke = b)

wf3 = —ibe® f1 + iae® fs,

wfi=— <;; - 1> fa +1ibe* f3,

wfs = (jz - 1) P )

With substitutions f; = e*Fi(z), fo = e*F»(z) from Egs.
(5) we get

d
ng = *Z.b€2zF1 + iae2ZF2, WFl = 7d7F2 + ibfg,
z

UJFQ = i.Fl — iafg. (6)
dz

There exists a particular case readily treatable, when
a=0,b=0, f3 =0:
d d
P =——F F=—F
win dz’ 2 Wiz dz b
that is

Fl(Z) _ e:l:iwz7 FQ(Z) —_ ii@iiwz,

which leads to the following plane wave solutions

@i = ( E_EZB ) _ 6—iwtez (O,Giiwz,ﬂ:ieiiwz,())t7

whence we get
Ef +iB{ = cos(wt — wz) —isin(wt — wz),
Ef +iBS = sin(wt — wz) + i cos(wt — wz),
and
E; 4+ 1By = cos(wt + wz) — isin(wt + wz),
E; +iB; = —sin(wt 4+ wz) — i cos(wt + wz).
Let us present this solution in the real form

Ef = cos(wt — wz), Ef =sin(wt —w2), Ef =0,

B = —sin(wt — wz), By = cos(wt —wz), Bf =0
and

E; =cos(wt +wz), By = —sin(wt +wz), By =0,
B[ = —sin(wt+wz), By = —cos(wt+wz), By =0.

In turn, from complex-valued identities (in this case, we have
= —wt)

E+iB=¢e"f(z) =€ (F(2) +iG(2)) =
= (cosp + isinp)(F(z) +iG(2)),
F*=F, G'=G, ¢=kux+ky—uwt
we derive expressions for real vectors E and B:
E = cos pF(2) — sin pG(z),
B =sinpF(z) + cos pG(z), ¢ = —wt.

Let us turn back to the general system (6); with the help of
the first equation we eliminate the variable f3, so producing
the system of linked equations for £} and F,

d abe?? b2e?* — w?
(4 ey vy

dz ' w

w
d  abe* w? — a?e?*
<d — ) Fr=——F,. (7)
P w w

In the new variable Z, e* = \/wZ two last equations are
written as

d
Z <dZ + CLbZ) F2 = <b222 — W)Fl,

Z (jZ - abZ) Fy = —(a*Z% — w)F,. (8)

This system can be solved straightforwardly in terms of
the Heun confluent functions. Indeed, from (8) it follows a
second order differential equation for F}

d2F1 a2Z2 +w dF1
dz? Z(a?Z? —w) dZ

N w2+ 2abw
7?2 a2Z? —w

—(a® + bQ)w) F; =0,
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where we note the presence of an additional singular point
Z = £y/wa™'. Inthe new variable y = a?Z%w~!, we
arrive at the equation

PR (11 )R,

dy? y y—1) dy
w?  2abw + (a® +b%)w? bw o
492 4a?y 2a(y — 1) te

With the use of the substitution Fy = y°¢1(y), ¢ =
+iw/2, further we derive

d2gl+ 2¢+1 1 @_’_
dy? y y—1/ dy
2c —w?/2 — b — b*w?/(2a®
+( c—w?/ w/a w/(a)+
2y
—2c+bw/a
2(y - 1) >gl_0’

which can be identified with the confluent Heun equation. Be-
low we will develop a method that makes possible to con-
struct solutions of the system (7) in terms of more simple
Bessel functions.

3. Solutions in terms of the Bessel functions

Let us perform a linear transformation over the system

(7):
Fi = oG + BGy,
Gy =nky — 5F2>

suppose the constraint an — Sm = 1. Combining equations
from (7), we get

d d

= —n(a*Z? - w)F, — B(B*Z* — w) I,

FQ = mG1 + TLGQ,
Gy = —mFy +aFy; (9

dz dz
=m(a*Z? —w)Fy + a(b?Z% — w)Fy,

—mZ (d — abZ> F+aZ <d + abZ) Fy, =

whence it follows
d
Z@G1 — Z%ab(nF) + BFy) =
= —Z2(na*Fy + BV Fy) + w(nFy + BFy),
d
ZEGQ + ZQab(mFl + OéFg) =

= Z*(ma’*Fy + ab®Fy) — w(mFy + aF}). (10)

Taking into account (9), we reduce Egs. (10) to other form

{deZ — Z%ab(na +mpB) + Z*(a*mn + b*aB)—

_w(nm+aﬁ)] G, = [—ZQ(an—bﬂ)Q_’_w(nQ—kﬁQ} Go,

{deZ + Z%ab(na +mp) — Z%(a*mn + b*aB)+
+w(nm+aﬂ)] Gy = [Zz(am—ba)Q—w(m2+a2)}G1.

Let us impose additional restrictions:
the first one is

an — bs =0,

S|

that is

{ij — Z%ab(na + mpB) + Z*(a®*mn + b*aB)—

—w(nm + aﬁ)} Gi = w(n® + B*)Gs,

d
{ZdZ + Z%ab(na +mp) — Z*(a*mn + b*aB)+

+w(nm+a6)] Gy = [ZQ(am—ba)Q—w(m2+a2)}G1;
m

the second one is

am —ba =0, thatis

gv

3le

{deZ — Z%ab(na+mpB) + Z*(a*mn + b*aB)—

—w(nm+aﬁ)] G, = [—ZQ(an—bﬁ)2+w(n2+52)} G,

d
{ZdZ + Z%ab(na +mp) — Z%(a*mn + b*aB)+

+w(nm + aﬁ)] Gy = —w(m? + a?)G,.
These two possibilities are equivalent to each other, for

definiteness we will use the variant (11). It can be presented
in more symmetrical form

b a
1 1 B 2 \/m 1 \/m 2
a b
F, = mGy +nGy = — Gy + Ga;
SR Y- ey - Y
(12)
at this Egs. (6) lead to
ZdiZGlzo.JGQ,
d
727G = [Z%(a® + b*) — w] G1. (13)

From (13) we derive a second order equation for G;:

d? d
(ZQdZ2 + Zd? +w2 —(.U(Cl2 -+ bZ)Z2> G1 = 0.
(14)

It is convenient to transform this equation into the initial vari-
able z, then it reads
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d2
<Z2dZ2 + w2 - (a2 + 62)62Z> Gl =0. (15)

It can be associated with the Schrodinger equation

d2

with the potential function U(z) = (a? + b?)e?*, the cor-
responding effective force acts on the left £, = —2(a® +
b%)e?*. The situation described by Eq. (15) can be illustrated
in Fig. 1.

Y

Figure 1. Effective potential curve.
PucyHok 1. 3ththekTMBHAA noTeHLManbHas Kpueas.

Therefore, we should expect the properties of the electro-
magnetic solutions similar to those existing in the relevant
quantum-mechanical problem. Note that whena = k; =
0,b = kg = 0, this force vanishes. In accordance with
(16), an equation below w? = U(2) = (a® + b*)e?* de-
termines a critical point z in which behavior of the func-
tion G1(x) must change dramatically. To such a point z,
To = iva? + b2e®® = jw. Expression for the turning point
2z is given by the formula

Z0 = IHL.
0o=2p p Tf 12
The last relation is written in the usual units. The p is a cur-
vature radius of Lobachevsky space, it is a free parameter of
the model description.
The primary variable G1(z) determine all remaining
ones. Let us turn back to Eq. (14). In the variable x =

ivw(a? +b?)Z = iva? + b2e” it takes the Bessel form
> 1d 2
<2++1+°J2>G1:0. (17)
T Trx €T

The first-order system (13), being transformed to the variable
x, reads

d w? + 22

d
-G =wGy, -Gy = Gi.
T T w
The second function is determined by relation
1 d 1d
G2 = — 7G == 1-

wide tT wdz
In turn, taking into account the transformation (12), we get
(see (6)

e?* va? + b2

f3 = 7(—ZbF1 + iClFQ) = 622G1(Z).
w w

Let us write down the final expressions for obtained solu-
tions

E(z) +1B(z) = (cosp + isinp) f(z),
¢ = ax + by — iwt,

where

fi(z) =€e*Fi(z) =

o (ba +@G)
o \Veerr N Verr )
fo(z) = e’ F(2) =

< ¢ G+ G)
= e — y
Va2 + b2 ' Va2 + b? 2

f3(z) = _i#

where (G4 (z) is the solution to equation (17),

Ga(z) = liGl(z), x =1iva? + b%e”.

e2ZG1(z),

wdz

Conclusion

In the frames of the quantum mechanics, Lobachevsky
geometry acts as an effective potential barrier with reflec-
tion coefficient R = 1. In electrodynamic context, results
are similar: this geometry simulates a medium that effec-
tively acts as an ideal mirror distributed in space. Penetration
of the electromagnetic field into the effective medium along
the axis z depends on the parameters of an electromagnetic
waves w, k¥ + k3 and the curvature radius p of the used
Lobachevsky model. The generalized quasi-plane wave so-
lutions f(¢,z,y,2) = E + iB and the relevant system of
equations are transformed into the real form, which permit us
to relate geometry characteristics with expressions for effec-
tive tensors of electric and magnetic permittivities.
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AHHOTaLMA

TeopeTnueckn paccMoTpeHa peHTreHoBcKas Jlaya pudpak-
LS B KpUCTanne KPeMHUs C TepMOMUIPaLLMOHHBIMW KaHana-
Mu Si(Al). Ha ocHoBe Mopenu ynpyrux noneif aToMHbIX CMe-
LWeHHUA B KaHane noslyueHbl BbIpa)KeHUs pacnpegenexus ge-
(hopMaLuit png onucanusa audpakuuu B reoMetpuu Naya. Boi-
MOJTHEH YMCINEHHbIA pacyeT pacnpepeneHnUs UHTEHCUBHOCTH
PEHTrEHOBCKOrO paccesiHus B6AM3M yana 06paTHON peLleTKy.
MokasaHo oTnuumue pudpakuum B coBeplieHHOM U pediopMu-
POBaHHOM KpUCTane.

KnioueBble cnosa:

peHTreHoBCKas Audpakuus B reometpuu Jlays, TepMoMurpa-
UMOHHBIA KaHan, ABYMepHble PEKYpPPEeHTHbIe COOTHOLWEHMS,
ypaBHeHus Takaru-ToneHa, none ynpyrux aecopMauui

BeepeHue

Bbicokopaspelatowas peHTreHoBCKasi AMGpaKuMs Wu-
POKO WCMONb3yeTcs AN LUarHOCTUKM PasnMuHbIX (yHKLM-
OHanbHbIX MaTepuanos [1]. TpexoceBass peHTreHoOBCKas Lu-
(hpakTomMeTpua [2] ABNSeTCa UyBCTBUTENbHBIM METOAOM, N03-
BONAOWMM U3MEPSATb PEHTTEHOBCKME KapTbl MHTEHCMBHOCTM
paccesHus B6NM3W y3na 06paTHON PELIETKM PasfuUHbIX Kpu-
CTaNNMYECKNX CUCTEM.

BMecTo nnockux anuTaKcuanbHbIX CNOEB NpY CO3AaHMM
CONHeuHbIX BaTapei, BUOCEHCOPOB, MUKPO3NEKTPOMEXaHHYe-
CKUX CUCTEM M NpUBOPOB CUNOBOIA 3NEKTPOHUKM, MOXKHO UC-
Monb30BaTb MONYNPOBOAHMKOBbIE KPUCTaNmbl C BEpPTUKaNb-
HbIMK TEPMOMUIPaLIMOHHBIMK KaHanamu [3]. Hepaspywatouwme
UCCNENO0BaHUs CTPYKTYPbl KPEMHUA C TEPMOMUIPaLIMOHHBIMM
kaHanamu Si(Al) BO3MOXHbI C NPUMEHEHWEM BbICOKOPa3pe-
WatolLei PeHTreHOBCKOW AMtpaKTOMeTpuu. MaMepeHus Kpu-
BbIX KauaHWs W COMYTCTBYIOLEE UUCIEHHOE MOLeNMpoBaHue
PEHTTeHOBCKOM AnUdpaKLum B reoMeTpuu Jlays nossonunu no-
NyunTb TONbKO KaueCTBEHHbIE OLEHKM fedopMaumit Ha rpa-
HWLE TePMOMUTPALMOHHOTO KaHana W KPeMHWEBOW MaTpuLibl
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Abstract

X-ray Laue diffraction in a silicon crystal with Si(Al) ther-
momigration channels has heen theoretically considered.
Based on the model of elastic fields of atomic displacements
in the channel, expressions for the distribution of strains have
been obtained to describe diffraction in the Laue geometry. A
numerical calculation of the X-ray scattering intensity distri-
bution near a reciprocal lattice point has heen performed. The
difference between diffraction in a perfect and strained crys-
tal has been shown.

Keywords:

X-ray diffraction in Laue geometry, thermomigration channel,
two-dimensional recurrence relations, Takagi-Taupin equa-
tions, elastic strain field

[3]. Bonee uHdopMaTUBHOM ABNAETCS TpEXocesas AUGPaKTo-
METPUS B PEXMME U3MepPeHUit pacnpeeneHns UHTEHCUBHOCTU
PEHTTEHOBCKOro paccesHus BBNuUan yana o6paTHON PeLieTKM.
[lnq 310/ Lieny B reoMeTpuu bparra 6bina npefnoxeHa Moaenb
pacnpefeneHns nedopMaLuit BHYTPYU KaHana 1 Ha ero rpaHu-
ue [4]. MopenvpoBaHue peHTreHoBCKOM AMtPaKLMM NpoBoax-
noch € noMolblo ypasHeHuit Takaru-Tonewa (T-T) [5, 6] B Ko-
COYroNbHOW CMCTEME KOOPAMHAT W anroputMa «rnomylarosom
npoussogHon» [7].

B Jlaya reoMeTpuu Takue BbIUNCNIEHUSI WHTEHCUBHOCTU
PEHTTEHOBCKOro paccesHus B6NWau yana 06paTHoON pelleTku
He NpoBOoAMNMCD. B 3TOM Cnyuae peHTreHOBCKMUA My4yoK npo-
XOLMUT 1 Autparupyet Ha BonbLIOM PACCTOAHUN BHYTPU KaHa-
na, No3TOMy CreayeT UCMonb3oBaTh 6onee XEecTKoe peHTre-
HOBCKOE M3/yueHne, 4ToBbl YMEHbLNTb NOMMOWEHNE PeHTre-
HOBCKMX Nyuyen. HepasHo Bbina nokasaHa aHanorvs fBymep-
HbIX PEKYPPEHTHbIX COOTHOLIEHWN W ypaBHeHWH Takaru-Tone-
Ha B Cnyuae AudpaKLuu B coBeplueHHoM Kpuctanne [8). Llenb
3101 paboTbl — pa3paboTKa BbIUMCIEHUIA MHTEHCUBHOCTY KO-
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FEePEeHTHOr0 PEeHTreHOBCKOro paccesHus B6nusu ysna obpat-
HOM PeLWweTKM B CTPYKTYPaXx CO CIOXHbIM pacnpeLeneHueM ae-
thopMaLmi B reoMeTpuu Jlaya.

1. IByMepHble  peKyppeHTHble  COOTHOLIEHMS
W ypasHeHus Takaru-ToneHa pns pedopmu-
POBaHHbIX KPUCTaNNoB

Ha puc.1 nokasaHa cxeMa peHTreHoBCKoM Jlays pudpak-
LMK B KpUCTanne ¢ TepMOMMUIpaLLMOHHbIMU KaHanamu.

M,
0 S
g s Si T
S | -
2 -~ g
S e si(A)— =2
o TS ® A
ey S~
S <=
< Si s
N,
! 300 pum T~

PucyHok 1. Cxema Jlays audpakumum B KpucTanne ¢ TepMOMMUIpPaLIMOHHBIMU Ka-
Hanamu. linpuHa napatowero B LLEHTP KaHana peHTreHoBCKOro nyyka 20 MkM.
PSD — nosnuMoHHO YyBCTBUTENbHbIN AETEKTOP.

Figure 1. Scheme of Laue diffraction in a crystal with thermomigration chan-
nels. The width of the incident X-ray beam at the center of the channel is
20 mkm. PSD stands for position-sensitive detector.

OD,HMM M3 METOL0B BbIUMCIIEHKUA YINIOBOro pacrnpeneneHnsa
JJ,VICbpaKLl,MOHHOﬁ MHTEHCUBHOCTU B CVIMMETpMLIHOi;I reoMeTpumn
Naya aBnseTca uMcneHHoe pelieHue ypaBHeHuit Takaru-Tone-
Ha [5, 6] B KOCOYroNbHOI CUCTEME KOOPAMHAT:

0o (n:80,8n) _; .
Beg = =ta_pEp(n; S0, 5n),

9En(n;50,5h) —i(n + a(hu(So,Sh)))Eh(n; S0, 5)+ (1

Osp, Osp,

+ianEo(n; S0, sn),

rne Eo n(n; S0, s,) — amnautyapl npoxopswen Ey u ou-
(paKkuMoHHo!  F,  PEHTreHOBCKMX BOMH, ag = Xo/A
ap = Cxp/A, A — DNMHA BONMHbI PEHTTEHOBCKOMO W3-
nyyeunsa B Bakyyme, C' — MONSIPU3ALMOHHBIA haKTop,
Xg = —ToN*F,/(7V,) — Oypbe-KOMNoHeHTbl PeHTreHoB-
ckoit nonsipusyeMoct, g = 0, h, h. 3pech V, — 06b-
eM aneMeHTapHoi aueitku, ro = e2/(mc?) — knaccuue-
CKMIA pagnyc aneKTpoHa, e, 1 — 3apsif M Macca 3neKkTpo-
Ha, F'g — cTpyKkTypHblit thakTop, h = 27w /d — BenuuuHa
BeKTOpa 06paTHOM peweTku, d — MEXMNOCKOCTHOe paccTo-
HWE OCHOBHOW KpUCTanMueckoit MaTpubl. B ypasHeHusax (1)
n = 2w sin(20p) w/\ — yrnoBon napameTp, w — OTKNOHe-
HWe PEHTreHOBCKOro nyuka ot yrna bparra O, u(sg, sp) —
nofie aTOMHbIX CMELieHUI, BbI3BAHHOE HanuuuMeM MpuMecH
B KPUCTaNMUECKOM peLueTKe.

VrnoBoit napaMmeTp 7 B Clyuae TpeXKpUCTanbHoOW audpak-
TOMETPUM MOXKET BbITb 3aMMUCaH Uepes NPOEKLMM g, ¢ BEKTO-
pa cmewenns q = Q —h kak n = g, cosfp — ¢, sin O,
roe Q = k;, — ko — BekTop audpakuuu, h — Bektop obpar-
HoM peweTku, k;, n kg — BONHOBblE BEKTOPbI AMGPAKLIMOHHON
W NafialoLiet PeHTreHOBCKOM BOMHbI COOTBETCTBEHHO.

BTopbiM MeTOLOM pacyeToB YrioBoro pacnpefeneHns uH-
TEHCMBHOCTM PEHTIeHOBCKOro paccesiHus B o6paTHOM mpo-
CTpaHCTBe ABNAETCH UCMOMb30BaHME 4BYMEPHbIX PEKYPPEHT-
Hbix cooTHoweHui ([IPC) [8]. B cnyuae audpakummn B gedop-
MuUpoBaHHOM Kpuctanne [IPC 3anuwyTcs Kak

T:fil = (aT)" + b, S") exp(igo), )
STl = (@ S™ + by T™) exp(in),
me 7 w S — avmnnuTympl NpoXomswed M Au-
dparvpoBanHoit  BonH, a = (1 —iqo), b = —iq

by = —iq, qo = —7xod/(Mo), ¢q=Crxnd/(Mo),
g = Crxpd/(A), d — nepuop oTpaxalowWwmx aroM-
HbIX  mnockocTeih.  ¢p = ¢ + Ko(Wpmt1n+1 — Winn),
¢h = ¢ + kh(}lm+1,n—1 - l}m,n)- kO,h - ?OHHOBbIE BEK-
TOPbI NafakLLeil U OTPaXXEHHOI PEHTTEHOBCKOM BOIH, Wy, ,, —
BEKTOP CMeLLeHMs Y308 B MOAENu AByMepHou pewetku [lap-
BuHa. Koadhduument ¢ = 27d/(Asinfp) B COOTHOWEHUAX
(2) yuntbiBaeT pasHoCTb (has, BO3HMKAIOLWLYIO NPpKU pacnpocTpa-
HEHWW PEHTreHOBCKOM BONHbI B COBEPLIEHHOM KpUCTanne ot
OQHOTO Y3na A0 APYroro Ha CeTKe AN UMCNEHHbIX PaCcyeToB.

2.TMone ynpyrux pedopMauuid B KpucTanne
C TePMOMUIPaLLMOHHBIMM KaHanamu

Linq peHTreHoBCKoM audpakumuu B reoMeTpuu Jlaya none
aTOMHbIX CMeLWeHnit u, (x, z) napannenbHo BekTopy obpar-
Hoit peweTku hys, BbipaXkeHWe 151 KOTOPOro NonyyeHo B cTa-
Tbe [4]. Ucnonb3aysa 3To BbipakeHue, ana cnyuas Nlays pacnpe-
[eneHve ynpyrux aetopMaLmi c,, = W B KpucTanne
C TEPMOMUIPALMOHHBIMUA KaHaNnaMm 3anuweTcs B BULE:

on(2,2) = K, (R, 2) + U5 - EH0) )
me Qz,z)=7m+2v—1)(s —a2) npu |z| <a
mQx,z) = (2v —1)(ay — ag), ec |x| > a. B pewe-
Hmm (3) K, = di’—z, e? — cobcTBeHHas fetopMaums, v —
Ko3tduumeHT MNyaccoHa, 2a — WHUPMHA TePMOMUTPaLIUOHHO-
ro kaWana, ri = (z — a)? + 2%, 13 = (z + a)* + 2%,
a2 = arctan(z/(x £ a)).

[lns BbIYMCTIEHMS YITIOBOTO PAaCcnpefeneHnsl MHTEHCUBHO-
CTM PEHTTeHOBCKOro paccesHus B6nuau yana obpaTHoit pe-
IWETKM HeoBXOANUMO UCMONb30BaTh 3HAUEHWS aTOMHbIX CMe-
weHui u, (z, z) [4] v pacnpepenexve ynpyrux gedopmaumii
Epz(T,2) (3).

LlechopMaLinm B KOCOYroNbHOM 1 NPSIMOYTONbHON CUCTEMAX
KoopauHat B ypaBHeHusix (1) cBS3aHbl MeX 1y COBOM COOTHO-
WeHUeM:

Auz(50,5h)

Doy o = €.0(x,2)coslp +e,,(x,2)sinfp. (4)

3. MogenupoBanue peHTreHoBcKo Jlaya au-
thpakuMm B TEpMOMMIpaLMOHHOM KaHane
KPEMHMS C NIerMpyowWwmMm aToMaMm antoM1HUS

UncneHHble pacyeTtbl pEHTFeHOBCKOi;I J'Iaya p,mbpaKme
B KpuUCTanne KpemMHua C TepMOMUrpauMOHHbIMK KaHanamu
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Si(Al) sbinonHewbl ana (220) otpaxenua MoK, vany-
ueHua ¢ ucnonb3oBaHueM ypasHenuit T-T u [IPC. Bce pacue-
Tbl MHTEHCWUBHOCTM PEHTrEHOBCKOr0 paccesiHus B6nu3u yana
06paTHOM pelweTKu NPeACcTaBeHbl B NOraputMUUecKoM Mac-
wrabe C HOPMUPOBKOM Ha eLuHULY.

Ha puc.2 u3obpakeHa pacueTHas KapTa AUGPaKLMUOH-
HOM MHTEHCMBHOCTM B 06paTHOM MPOCTPaHCTBE U €e ¢,-
W ¢.-CeUeHMs COBEPLIEHHOTO KpUCTaa KpeMHUSA TOMWMHO
L, = 300 MKkm.

qz, pm—

oo ess $337\ .
i ;
%:ao:ggg:gf T

Intensity
(@)
ot

O_
—-0.5 0 0.5
4z, Mmil
c) 100 Gz = Opm™1!
10t
iy
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§ 10—2
=
1073 [\ n
10—4 Aan Nnnal
o o 3
qz, pm=

PucyHok 2. a) PacueTHas kapTa pacnpefeneHus MHTeHCUBHOCTH Jlay3 ou-
(hpaKLMM OT COBEPLIEHHOTO KPUCTanna KPeMHus; b) 1 ¢) g, - U g, -CeyeHus
[.aHHOW KapTbl Ana KpucTtanna tonwmuHon 300 MKM.

Figure 2. a) Calculated reciprocal space map of the Laue diffraction from a
perfect silicon crystal with a thickness of 300 wm; b) and c) are correspon-
dent cross-sections of the reciprocal space map along g, and q.

Pe3ynbTaTbl BbIUMCIIEHWN PEHTTEHOBCKOW AUdpaKLmuv
B TEPMOMUrpaLMOHHOM KaHane MoKasaHbl Ha puc.3. Us-
3a ynpyrux pAetopMauuii B KaHane Ha KapTe MHTeH-
CMBHOCTW PEHTTEHOBCKOrO paccesHus B6nu3u yana o06-
PaTHOM peweTKU MOABNSAIOTCA [Ba CUIbHbIX AUGDPaKLU-

OHHbIX MaKCMMyMa, CABMHYTbIX B MONOXWTENbHOM Ha-
npaBneHun BOONb OCK q,. [ns coBCTBEHHOM pmedop-
Maumm €% =3.0-107°, 3TM MaKCUMyMbl pacronoxe-
Hbl B 06paTHOM NpOCTPaHCTBE OT Hauyana KOOpAMHaT
Ha 3HaueHns Ag, = 1.18MkM™!, Aag., = —0.08 MkM~!
nAag, = 1.09Mkm™ !, Ag. = —1.60 Mmkm~!. 370 cootBeT-
CTBYeT CpefiHeit MakcUManbHo! AedopMaLmn B natepanbHOM
efx — 3 51.1075 n BepTuKanbHoM £5%F = 2.63 - 105

220 220
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PucyHok 3. a) PacueTHas kapTa pacnpepeneHus UHTeHCUBHOCTH Jlaya ou-
(hpaKLym 0T TepMoMUrpaLMoHHoro kaHana Si(Al); b) u c) gz - 1 g -ceuenuns
AaHHo# KapTbl Ang kaHana Si( Al) TonwmHoi 300 Mkm. CoBeTBeHHas fedop-
maums e® = 3.0 - 1075,

Figure 3. a) Calculated reciprocal space map of the Laue diffraction from
a Si(Al) thermomigration channel with a thickness of 300 m; b) and c)
are correspondent cross-sections along g, and g,. The intrinsic strain is
e =3.0-10"°.

MakcuManbHag fethopMaLusa BO3HUKAET Y BXORHOM W Bbi-

XO[HON NMOBEPXHOCTW KaHana, CpeaHas petopMauua BROMb

KaHana paBHa 5%"5 =2.01-1075.
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AHHOTaLMA

TeopeTUyecku UccnepoBaHa acCUMMETpPUUHAsA JMHaMUUecKas
AUhPaKLUA OrpaHUYeHHbIX PEHTFEHOBCKUX NYUYKOB B KPU-
CTannax c npuMeHeHWeM ypaBHeHui Takaru-ToneHa, BKi0-
yasl YMCNEHHoe pelueHne C UCMONb30BaHWEM Y3N0BOW CETKM
W BbIUMCIIEHUS PEHTTEHOBCKUX noneil B Oypbe npocTpaHcTBe.
BbinonHeHo MopenupoBaHue KapT pacnpeaeneHus UHTeHCUB-
HOCTKU paccesiHUs OT KpucTanna KpeMmHus B6nusu yana o6-
PaTHOi peweTKN B 3aBUCMMOCTH OT Pa3MepoB PEHTFEHOBCKUX
MyYKOB.

KnioueBble cnosa:

acMMMeTpUUHas AMHaMuueckas OUdpaKuus, orpaHuueHHble
PEHTFeHOBCKMUE NYYKMW, KapTbl YINOBOr0 pacnpepeneHus uH-
TEHCUBHOCTM paccesiHus B 06paTHOM npocTpaHCTBe

BeepeHune

O6bIYHO MpM PAcCMOTPEHUM OUHAMMUECKOM TEOpUU Ou-
(hpakuMM B MLeanbHOM KpuCTanne npepnonaraercs, uto
Ha MoBepXHOCTb 06pasua NafaeT HeorpaHWUeHHas Nnockas
peHTreHoBcKas BonHa [1]. Takas Mogenb yao6Ha, MOCKOMb-
Ky B ypaBHeHusx Takaru-ToneHa [2, 3], 3anucaHHbIX B nps-
MOYTO/bHOI CUCTEMe KOOPLAMHAT, cpasy oTBpacbiBaeTcs npo-
W3BOfHas BLONb NaTepanbHOro HanpasieHus, Npyu 3TOM Ou-
(hpaKLMOHHas 3afaya CTaHOBUTCA OLHOMepHOM. C pa3BuUTHEM
METOfla BbICOKOpa3pellalolleit TpexoceBoi AndpaKToMeTpum
[4] aHanu3 yrnoBoro pacnpegeneHuns MHTEHCUBHOCTH pacces-
HWS NPEUMYLLECTBEHHO BbINONHAETCS C UCMONb30BaHWEM KapT
B 06paTHOM npocTpaHcTBe (reciprocal space maps, RSM). Og-
HaKo MpM YCnoBMM BECKOHEUHO WMPOKOro (hpoHTa Naparo-
Ieil PEHTTeHOBCKOI BOJHbI YrNOBOE pacnpefeneHue UHTEH-
CMBHOCTM KOTepEeHTHOI0 paccesiHus B 06paTHOM NPOCTPaHCTBe
BL,OMb FOPWU30HTaNbHOM OCK CBOAUTCA K O-(YHKLMM, UTO fAe-
NaeT HeBO3MOXXHbIM BU3yanu3aLmio AUPaKLMOHHON KapTUHbI
Ha KapTe RSM. C npyroit CTOpOHbI, B peanbHOM 3KCMepuMeHTe
KaK Napatolnid, Tak ¥ AUGPAKLMOHHO OTPaXXeHHbI peHTre-
HOBCKMIA NMYYOK NaTepasnbHO OrPaHUUeH HaMuMeM UMeroLnx-
€4 Wenei ¥ KONMMaTopOB.

PaHee 6bina paspaboTaHa AuMHaMMuecKas Teopus pu-
(hpaKLMM NPOCTPAHCTBEHHO OrpaHUUYEHHbIX PEHTTeHOBCKMX

Asymmetric X-ray diffraction
of confined beams in crystals
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Abstract

Asymmetric dynamic diffraction of confined X-ray heams in
crystals has been theoretically studied using Takagi-Taupin
equations, including numerical solution using nodal grid and
calculations of X-ray fields in Fourier space. We have fulfilled
simulation of scattering intensity distribution maps from sil-
icon crystal near reciprocal lattice site depending on size of
X-ray beams.

Keywords:

asymmetric dynamic diffraction, limited X-ray beams, angu-
lar distribution maps of reciprocal space scattering intensity

NMYUKOB B COBEPLIEHHbIX KpucTannax [5, 6]. [Ins npocToTsl pac-
CMOTPEHWE BbIMOMHEHO [/ CUMMETPUUHON BPIrrOBCKON -
(pakuun. OfHAKO HE MeHee BaXKHYI0 POMb WUrpaeT MayueHue
aCMMMETPUUHON PEHTreHOBCKOM mudpakumu [7]. Hanpuwmep,
L1191 NIONyYEHUA NOUTH NapannenbHoro CUHXPOTPOHHOIO MyyKa
OT OHAYNATOPHOIO UCTOUHMKA MPUMEHANAch AUdPaKLMOHHAs
CXeMa C nocinefi0BaTeNbHbIMU aCCUMETPUYUHBIMU OTPaXKEHMS-
Mu [8]. Kpome Toro, accuMeTpuuHas oudipakums WMPOKO UC-
nonbayeTcs N9 aHanusa NpoLeccos penaKkcaumu B anuTaK-
CManbHbIX CNIOSX NONYMNPOBOAHNKOBbIX MaTepuanos [9].

Llenb HacTosLe paBoTbl COCTOMT B aHaNn3e aCUMMETpUY-
HOM [MHAMUUECKON ON(PaKLUM OrpaHUUEHHbIX PEHTrEHOB-
CKMX MYYKOB B KPUCTaNe B 3aBMCMMOCTY OT pa3MepoB Lienei
B NajalolieM 1 OTPAKEHHOM HanpaBieHUaxX Ha 0CHOBE YpaB-
HeHui Takarn-Tonexa [2, 3].

1. PeweHne pns acuMMeTpUYHOM AUdpPaKLUK
B ®ypbe npocTpaHcTBe

Llng onucaHWa acMMMETPUUHOM OMHAMUUECKOM AudpaK-
Li1M PEHTTEHOBCKOTO MyuKa B KpUCTanne BBeAeM NpsaMoyrofb-
HYt0 cucTeMy KoopauHart (puc. 1), ocu = 1 i KoTopoi napan-
nefbHbl BXOAHOM MOBEPXHOCTH, @ OCb 2 HampasneHa Briy6b
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Kpuctanna, npu atoM x0z — NNOCKOCTb Aucpakumuu. Myctb
PEHTreHOBCKas BO/IHA NaAaeT Ha MOBEPXHOCTb KPUCTanna nog,
yrnoM 6;. lMonepeuHbiit pa3Mep w; PEHTFEHOBCKOW BOMHbI
OrpaHuyeH Wenbio S, KOTOpasl PacnonoXeHa Ha PacCTosHUM
Lg1 0o noBepxHOCTM KpucTanna. Hauano KoopauHaT Haxo-
AMTCS B LIEHTPe Nafalowiero PeHTreHoBCKOro nyyka.

PucyHok 1. CxeMa acMMMETPUYHOI AMdPaKLMW PEHTTEHOBCKOMO NyYKa, orpa-
HWYEHHOrO wenblo S WWPKMHOWA w1, NAKAIOWEro Ha KPUCTanM TONWMHOMK
l,. OndpakumoHHas BoNHa orpaHuueHa wWenbk So, WUPUHA KOTOPOH wo.
[IMthpakuMOHHas MHTEHCUBHOCTb PETUCTPUPYETCS MO3ULMOHHO YYBCTBUTEND-
HbIM fieTekTopoM (PSD) unu cuctemoi aHanusatop-getekTop. Wenb So Moxet

CABUraTbCs Ha paccTosiHue z;‘"“ (otpesok CC) Bmonb ocu .

Figure 1. Scheme of asymmetric X-ray beam diffraction, limited by a slit S;
of width w1, incident on the crystal thickness [ .. The diffraction wave is lim-
ited by the gap S2, whose width is wo. Diffraction intensity is recorded with
a position sensitive detector (PSD) or analyzer-detector system. The slit S

can shift by a distance I5°™ (segment CC) along the z axis.

LnpuHa ocBelieHUs NOBEPXHOCTM KpUCTanna naparwwmm
PEHTTEHOBCKWAM MYyYKOM OrpaHWYeHa LWenbo S; W paBHa
1 = wy / sin 6. MpoeKLMs NonepeyHOro pasmMepa BbIXo-
OAWLEro U3 KpUcTanna nonHore AMAPaKLLMOHHOMO U3NYYeHus!
paBHa LE 310 WU3nyyeHne NPOCTPAHCTBEHHO OrPaHNuMBa-
eTcs Wenbko So, MONepeyHblit pasMep KoTopoil wo. PaccTos-
HWEe OT 3T/ LWenu [0 MO3WULUOHHO UYBCTBUTENBHOMO OETeK-
TOpa MNU CUCTEMbI aHanu3aTop-geTekTop coctaBnser Lgo.
MpoeKuMs nonepeyHoro pasMepa, NPOXOOALLET0 Yepes Wenb
So PEHTreHOBCKOro nyyka 6e3 yuyeta gutpakuuu Ha Kpasix
wenu (npuBnuxeHue recMETPUUECKOI ONTUKM), paBHa 1)
wy/ sin O (puc. 1). AMNNUTYAbI PEHTTEHOBCKMX BOMH 3aBUCAT
0T KOOPAMHaAT (i, z), NPy 3TOM NPEeANoNaraeTcs, U4To Mo KOop-
[MHaTe Y, NepneHAMKYNSAPHON NIOCKOCTM Antpakumm (x, z),
PEHTTEHOBCKOE Nofle 0GHOPOLHO M NPOMHTErPUPOBAHO MO KO-
opauHate y. YpaBHenus Takaru-ToneHa [2, 3] B npaMoyronb-
HOI CUCTEMe KOOPLMHAT 3anuwyTCs Kak

0 0
(ctg91% + &>E0(77; T, z) =
= iag Eo(n; x, 2) + ia_p, En(n; 2, 2),

0 0
ctg 6 —f—>E 1x,z) =
( 8729z~ 82 n( )
= i(bao + 1) Ex(n; 2, 2) + iay, Eo(n; 2, 2),
roe 012 = O F  — yMbl MeXAY HOpPManblo K NoBepx-
HOCTM W MafaloWWM U OTPaXKEHHbIM MYYKOM COOTBETCTBEH-

HO, © — yron acummetpuu. B cucteme ypasHenui (1) npucyt-
CTBYIOT CrieflylouiMe napametpbl: ag = mxo/(Ayo), anf =

Crxpn/(AMno) Yo = sinbi 2, b = ~o/vn — haktop
acummetpuu. Yrnosasi nepemenHas np = (k/v,) sin(26p) w
06bIUHO UCTONb3YETCS B ABYXKPUCTaNbHOM LU(PaKTOMETPUN
B pexuMe 0 — 20 ckaHupoBaHus, w = 6 — O — oTKno-
HeHWe Nnafatoleit Nof yrnoM & peHTreHoBCKOW BOMHbI OT yrna
Bparra 0, k = 27/ )\ — BONHOBOE UMCNO, A — LNIUHA BOJHbI
PEHTIrEHOBCKOro M3nyyeHus B BakyyMe, C' — Nonsipu3aLnoH-
HbIit dhakTop, X, = —ToA2F,/(7V.) (9= 0,h,h)— Oy-
Pbe-KOMMOHEHTbI PEHTTeHOBCKOW nonsipuayeMocty, V, — 06b-
€M aneMeHTapHoM aueitkn, ro = e2/(mc?) — Knaccuueckmit
pajuyc NeKTPoHa, e, m — 3apsif U Macca anekTpoHa, £, —
CTPYKTYpPHbIA hakTop.

AMNAUTYAbI PEHTreHOBCKUX BONH Ky 1, (1; x, z) 3aBUCST
0T KOOpAMHaT (i, z), NPy 3TOM NpeAnonaraeTcs, 4To No Koop-
LMHaTe Y, NepneHauUKyNspHON NNOCKoCTU Andpakumm (z, 2),
PEHTreHOBCKOE Mofe OfHOPOAHO M MPOMHTErPUPOBAHO MO KO-
OpLMHaTe .

OTMeTWM, uTO B paccMaTpuBaeMoM cryyae B CUCTeMe
ypaBHeHu# (1) Henb3s npeHeBperaTb NPOM3BOJHONM NO KOOp-
[MHaTe T, NOCKOMbKY KaK Nafarolas, Tak 1 0TpaxeHHas Bof-
Hbl MPOCTPAHCTBEHHO OrPaHMUEHbl B 3TOM HaNpPaBneHnu.

Mocne BbinonHeHus Pypbe NpeobpasoBaHUd aMMAMTYA
PEHTreHOBCKMX Noneii B cucteMe ypaBHeHwuii (1)

Eon(n;@,z) =
I (2)

=5 N dk exp(ikz) EAO}h(k, n; z),

rne Oypbe 06pasbl MMEKT BUA
Eon(k,m;2) =

i~ ‘ (3)
—/ dx exp(—ikx) Eop(n; @, 2),

— 00

rnonyyaem ofHOMepHble ypaBHeHUs audpakumm B Pypbe npo-
cTpaHcTse [5]:

OFo(k,m;z)

0z o
=i(ag — kctg0y)Ey(k,n; 2) + iaz By (k. 7; 2), "
N 8Eh(a]€;n; 2 _ ian ol ) +

+i(bag + 1 — kctg ) Ey (k,m; 2).

Wcnonbayda rpaHnuHbie ycnosua [5] ana aMnauTyabl Audpak-
LLMOHHO/ PEHTreHOBCKO BOMHbI, MOMyYaeM

Eh(Qman) =
Can [ exp(i€l) ~ 1 ©)
= % . dkTK (k)Y;:'x(k - qfﬂ)’

roe [, — TonwmHa Kpuctanna, £ = /Y? — dapay, v =

(14b)ag+n—k(ctg b +ctg ), Q = & exp(i&l,) —&o,

120 =(—0+&)/2,n = q.ctglp — .. [paHNUHbIE KO-

sin(1{#)

athduumenTol umetot Bug Y, (k) = W Ye.(k —
_ sin(U{F [k—g0]/2) :

0z) = 1D (e qal/2

(hpaKLmK OT y3na 06paTHON PELETKM g, U ., CBA3AHbI C YITIOM

. npOEKLl,VIVI OTKJIOHEeHMSa BEKTopa au-
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nosopoTa 06pa3ua w 1 aHanusaTopa & CnefyoLuMm1 COOTHO-
wensMu: g, = (2m/A)[(sin 6y + sinfz)w — sinbs - €],
g. = —(2m/A) [ cosbs - € + (cos b — cosbs)w].

2. YncneHHoe peweHue ypaBHeHun Takaru-To-
neHa

Tenepb NPUMEHUM YUCTIEHHbIE METOfLbI 191 PELIEHNS ,aH-
HOW 3a/1aun, a UIMEHHO UCMONb3ayeM MeTof, PyHre-KyTTbl ueT-
BEPTOro NopsifKa TOUHOCTH. [11s 3TOro NepenuiemM ypaBHeHus
Takaru-ToneHa (1) B 3kBUBaNeHTHoM, Ho Bonee yno6HoM Buge
LNS YACNEHHOTO MHTErPUPOBaHMS M0 OCH T

0 0
<8x + tg9182> Ey(z,2) =
s U
A cos /\0056’ Noosa, X9 En(@:2);

T T
Ncosd (xo — @) Ep(z, 2) + N cos 0 ~——Xg Eo(z, 2),
(6)
rp,e@l :93—(,0, QQZQB‘I‘()O, a:—281n293A6.

paHuuHble ycnoBus ONs AaHHoM 3apauv: Fo(z,z =
0) = 1npm 0 < = < [, uHaue Ey(z,z = 0) = 0,
En(z,z = L,) = 0,rpe L, — TonwuHa kpuctanna, [ — wu-
pUHa 3aCBETKW NafatolLero nyyka Ha NoBEPXHOCTW KpucTan-
na.

[lnq uucneHHoro MHTErpUpoBaHUsS BBEAEM Pa3HOCTHYH
CETKY BLONb OCH Z2:

n=0...N,
Az=L,/N,,

W annpoKCUMUpYeM NPOM3BOLHbIE MO 2 B KAXKAO0M Y3rne CETKM
Zp, CNELyIWMUMU BbIPaXEHUMM

(GEO(ac, 2) ) . -

Zn =n- Az, zo =0,

ZN, = Lza

E0($7Zn+1) - E()(xvznfl)
0z 2Az ’
<8E}L(£L',Z)> ~ Eh(xvzn+1) - E}L(CE,Z”_l)

Y

0z 2Az

3TM annpoKcUMauMM MMeloT BTOPOM MOPAZOK TouHOCTH. Ha
rpanvuax z = O u z = L, annpoKCcMMaLuu Takoro xe no-
PAAKa TOYHOCTH ByLyT UMeTb BUS,

(*527).
~ 4Ey (x, z1)

~

-0
— 3Ey (2, 20) — En(, 22)
20z ’

~
~

()

_ Eo(z,2n.-2)

~

- 4E0(l', ZNz—l) + 3E0(JJ, ZNz)
2Az '
(8)
XoTsl pa3HOCTHble NPOM3BOAHbIE HA CETKE z,, BbInu B3SATHI BTO-
poro nopsifKa TOYHOCTH, Tak YTO MONHAs YUUCTIEHHAs CXeMa He
LAacT UeTBepTbIi NOPAAOK TOYHOCTH, HO cxeMa PyHre-KyTTbl
IV no3sonuT BbIGUpaTh 6onee KpynHble Warn UHTerpupoBaHus

BOOMb OCYM x B Npefenax UHTepBana yCToMunBOCTM, KOTOPbIN
LS Halewn CXeMbl BbIFMALMUT TaK:

< CtgHB.

Mopcrasus BbipaxeHus (7) u (8) B cucteMy ypaBHeHuit Ta-
Karu (6), nonyumm cuctemy 2N, 06bIKHOBEHHbIX AuddepeH-
LLManbHbIX YpaBHEHMI NepBoro MopsiaKa Mo nepeMeHHon
KOTOPYHO pelaeM YucneHHo MeTofoM PyHre-KyTTbl ueTBepTo-
ro nopsifKa TOUHOCTW. 3TOT anropuTM UYUCNEHHOMO peLleHns
ABNISIETCA CTAHAAPTHLIM U onucaH B no6oM nocobuu no unc-
NIEHHbIM METOf,aM, @ NOTOMY 3[eChb He U3naraercs.

PaccunTtaB 3HaueH1s aMNAUTyabl AUdparMpoBaHHoi Bon-
Hbl Ha BEPXHEi NOBEPXHOCTU KPUCTaNNa, HangeM CyMMapHyio
aMNIUTYRy OTPaXXEHHO BOMHbI

l
5(¢s,42) = / Ep(z,2 = 0;¢, ctgp — g-)e ™" da
0
M COOTBETCTBYHLLYH MHTEHCUBHOCTb, UOYLLYI0 B OLETEKTOP
2

3. MopenupoBaHue KapT acUMMETPUUHON [u-
thpaKumm B 06paTHOM NpoCTPaHCTBE

UucneHHble pacueTbl pacrnpefneneHnsl WHTEHCUBHOCTM
pacceaHus B6nu3u yana 06paTHON PeLeTK BbIMONHEHbI C UC-
nonb3oBaHWeM ABYX NMOLXOAO0B MHTErpUPOBaHWS YPaBHEHWN
Takaru-ToneHa. [lnsi pacyeToB MpUMEHSIIUCL JaHHble acuM-
MeTpuuHoro Si(224) oTpaxeHusl o -nonspu3oBaHHOrO peHTre-
HoBckoro CuK,,, -u3nyyenus. [InMHa nepBUYHOM IKCTUHKLUM
cocrasnana l.,; = 5,1 pm. Yron bparra gns sbi6paHHoro
OTPa@XeHWs paBeH 44 yrn. rpaf,, MeXMNOCKOCTHOe paccTos-
Hue dooy = 1,1A. B pacuetax TonwwmHa Kpuctanna [, =
100 pm. Yron acummetpun ¢ = 35,3°, yron nafileHusi peHT-
reHoBCKoro nyuka 6; = 8,8°, yron oTpaxenus — 0y = 79,3°.

Ha puc. 2 noka3saHbl pacueTHble KapTbl RSM acuMmetpuu-
HOM pudpakumm Si(224) ons pasHbiX pasMepoB PEHTIeHOB-
CKMX My4KoB. [p1 NafeHun PeHTreHOBCKOro NyyKa nonepey-
Horo pasmepa wi = 16 pum nog yrnom f; = 8,8° wupuHa
3aCBETKM MOBEPXHOCTU KpuUCTanna pasHa lff”) = 105 pm.
Mpoekuus nonepeuHoro pasmepa 103 um, npoxopsawiero yepes
wenb So, PEHTFEHOBCKOr0 Nyyka Ha naTepanbHoe Hanpasne-
Hue, Tawke pasHa [ = 105 pm. KoHTypbl paBHOR UH-
TEHCWUBHOCTU AMU(PAKLMOHHOIO paccesiHus B 06paTHOM npo-
CTPaHCTBe s 3TOr0 Chyyas BeMOHCTPUPYeT puc. 2a. [1Baxabl
yBeNuuuBas pasmep napatluero nyyka (w; = 32 pm), wu-
DUHa 3aCBETKM TaKke yBenWuMBaeTcs B ABa pasa, [ =
210 pm. YBeNnMUMBag Takxe LBaXKfbl pa3Mep BbIXOLHO Le-
nm Sy, nonyuaem [z(°*) = 210 pm. Kapra RSM pnq ato-
ro cnyyas nokasaHa Ha puc. 2b, KoTopas no KOHTYpy Moxoxa
Ha KapTy Ha puc. 1a, Ho ¢ 6onee CKOHLEHTPUPOBAHHBIM Yrio-
BbIM pacnpefeneHeM MHTEHCUBHOCTM PEHTIEHOBCKOrO pac-
ceqHud. Marnble pasmepsbl Wwenen NpuMBoLSAT K Gonee WMPOKO-
My YINOBOMY pacnpefeneHnio outparupoBaHHON MHTEHCHB-
HocTu BBnuam ysna oBpatHoit peweTku (puc. 2c). C apyrou
CTOPOHbI, WWPOKas BbIXOJHas Wenb So CKMMaeT Audpakuy-
OHHYH KapTUHY K UHTEHCUBHOCTM MMaBHOM0 AU paKLMOHHOMO
MaKcumyMa (puc. 2d).
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3aknouyeHue

Ha ocHoBe gByMepHbix ypaBHeHuit Takaru-Tonewa [2, 3]

paspaboTaHbl fBa anropuTMa YMCNEHHbIX pacyeToB YrnoBo-
ro pacnpeneneHus MHTEHCUBHOCTU KOF@PEHTHOMO pacCesHus
B 06paTHOM NPOCTPaHCTBE B aCUMMETPUUHON BP3rroBCKOA
reomeTpuu. MokasaHo BNUsSiHME pasmepa Napfarowiero 1 oTpa-
)KEHHOT0 PEHTTEHOBCKOrO Myyka Ha YrnoBoe pacrnpepenexue
WHTEHCMBHOCTM paccesHus. [peanoxeHHble MeTogbl pacye-
T0B KapT RSM BypyT BecbMa nonesHbl A4S aHanuW3a 3kcne-
PUMEHTANbHbIX [aHHbIX aCUMMETPUUHOM PEHTIEHOBCKOW AM-
(hpaKLWW 0T MOHOKPUCTANNOB W 3NUTAKCHUaNbHbIX MNEHOK.

ABTOpr 3aABNAKT 06 OTCYTCTBUMU KOH(NMKTA MHTEpPECOB.
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AHHoTauua

Pa6ota nocBfilleHa UCCNefOBaHNI0 CBA3U YMCNEHHOW [UC-
nepcuu, BosHuKalowei npu FDTD-mopenupoBaHuu pacnpo-
CTpaHeHMs 3NeKTPOMarHUTHbIX CUrHaNoB B Hepucneprupy-
OWMUX OJHOPOAHbIX CPeAax, ONTUUECKN OTIMUHbLIX OT BaKy-
yMa, ¢ uucnom KypaHta B 2D-cnyuae. OcHoBHble pe3ynbTa-
Tbl ChopMyNMpOBaHbI B (hopMe UeTbpex yTBePKAEHNN, a TaK-
e pAAa CnefcTBUiA M 3aMeyaHuii, onpefensioWUX Xapak-
Tep UMCNEHHOW AMCTepcuM, ONTMManbHOE 3HaueHue yucna
KypaHTta ¥ rpaHuubl npumeHumocti Metopa. [lokasaHo, uto
ONTUManbHbIA BbIGOp uncna KypaHTa ycTpaHsieT uucneHHyHo
AMCNEpCHIO M pacluupsieT BOSMOXHOCTHM paspaboTaHHoro uuc-
NIEHHOT0 anropuTMa Ha Cpefbl, ONTUYECKN MEHee MNOTHbIE,
ueM BaKyyM, a TaK)Ke NieBble CPepbl.

KnioueBble cnosa:

aneKTpoAMHaMKUKa, MogenupoBaHue, Metog FDTD, uucneHHblit
3KCnepuUMeHT

BeepeHue

UncneHHble MeTofbl peleHns BOSIHOBbIX YpaBHEHWA ur-
paloT BaXKHYK POMb He TOMbKO B KOHKPETHbIX TEXHUUECKUX
MPUNOKEHUAX, HO U B (DyHOAMEHTaNbHOW HayKe B LienoM.
K takum metopam otHocutcst v FDTD (Finite-Difference Time-
Domain) [1], HekoTopble 0COBEHHOCTM KOTOPOro M ABAAKTCS
NPeaMeToM faHHOW paboTbl.

OcHoBHoe pocTonHcTBO Metoga FDTD — npoctota pea-
nnM3aummn pacuetHoro anroputMa. MMeHHo 3To obycnasnuBa-
et wupokoe npumeHeHne FDTD B cambix pasHoo6pasHbIX Npu-
noxeHusx: 6uonorun u MeamumHe [2-5], sKonoruu, recnorum
W MuHepanoruu [6, 7], onTuKe, DOTOHMKE, 3NEKTPOHUKE, CBSA3N
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Abstract

The paper is devoted to the study of the connection between
the numerical dispersion arising in FDTD modeling of electro-
magnetic signal propagation in nondispersive homogeneous
media optically different from vacuum and the Courant num-
ber in the 2D case. The main results are formulated in the
form of four statements, as well as a number of corollaries
and remarks that determine the nature of the numerical dis-
persion, the optimal value of the Courant number and the lim-
itations of the method. It is proved that the optimal choice of
the Courant number eliminates the numerical dispersion and
extends the capabilities of the developed numerical algorithm
to media, which refractive index lesser than refractive index
of vacuum, as well as media with negative refraction.
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W TenekoMMyHuKauuax [8-13]. Kpome MHOXecCTBa cTaTed, TaK
Unn MHaue cBs3aHHbIX ¢ MeTogoM FDTD, Ha aty TeMy uMeetcs
n 06wmnpHas yuebHas nutepatypa [14-17).

HecMoTpsi Ha [aBHIOK UCTOPUIO pa3BUTUS, BHUMaHUe UC-
cnepoBatenst Mo-npexHeMy NpUBREKAT tyHOaMeHTalNbHbIe
ocHoBbl MeToga FDTD. K uucny 3TMX OCHOB OTHOCWTCS M BO-
NPOC OLEHKN KOPPEKTHOCTU PelleHWi, MonyUYeHHbIX METOAOM
FDTD B pa3Hoo6pasHbix NOCTaHOBKaX 3afayu Ang cUrHanos
C pasnuuHoit thopmoit cnextpa [14,17,18].

Xopowo u3BecTHo (CM., HampuMep, yueBHylo nuTeparty-
py [14-17]), uTo OCHOBHbIM NapaMeTpoM, PernaMeHTUPYIoLLUM
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TOUHOCTb BbluncneHuit Metogom FDTD, aendetca uucno Ky-
paHTa, KoTopoe ansa 2D-cnyuas (1 npoctpaHcTBeHHoe + 1 Bpe-
MEHHOE U3MEepEeHHs) UMeeT BUS,
cA\;
Sc = A (1)
A,

W CBA3bIBAET BMECTE OCHOBHOM (M3MUECKMii napameTp ¢ —
CKOpOCTb CBETa B BaKyyMe C UMCNEHHbIMW MapaMeTpamm 3a-
paum A, v A, onpefensitowmMMI War AUCKpeTM3aLmm npo-
CTPaHCTBa-BPEMEHM.
3ameuanme 1. KauecTBo UMCNEHHOrO peLeHUs ONpeaenseTcs
He TONbKO BbIGOPOM 3HaueHus umucna KypaHta S, Ho 1 Tpebo-
BaHWEM K CMEKTPanbHOMY COCTaBy CMrHana, a TakKe ypoBHEM
HauasnbHOro TOKa ero UCTOUHMKa (cM. YTBepXaeHWe 2 B HaLweil
npepnbiaylei pabote [18]). IMeHHO BAMAHMIO NocnegHUX ABYX
(hakToOpOB ¥ Bbina noceaweHa cTaTbe [18], B KoTOpoi uucno
KypaHTa 6bino BbibpaHo onTuManbHbIM 06pa3oM Ans Mogenu-
POBaHMUs 3NEKTPOMArHUTHBIX MPOLECCOB B BaKyyMe, a UMeH-
HO — 6blnI0 nonoxeHo, uto S, = 1. [laHHoe uccnepoBaHue AB-
NIAIETCH NOrMUECKMM NPOROIXEHWeM pabotbi [18].

1. MotuBaums 1 uenb pabotbl

Boibop S. = 1 B obwem cnyyae He obecneumBaeT Ka-
YeCTBO MOMYYAEMOr0 YMCMEHHOTO PELEHWS B OJHOPOAHbIX
HeoMCNeprupytolLMX Cpeaax, ONTUYECKKU OTIMYHBIX OT BaKy-
yMa. 3T0 MOXHO erko yBUAETb, u3yuas puc. Tu 2.
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PucyHok 1. MopenupoBaHue pacnpocTpaHeHWsl UMMYNbCOB rayccoBa BuAa
B BaKyyMe 71 W M3NeKTpuKe P2 C OTHOCUTENbHOI AU3NEKTPUYECKON Npo-
HULaeMocTblo €, = 4.

Figure 1. Simulating of the propagation of Gaussian form pulses in vac-
uum Py and dielectric P2 with relative permittivity e, = 4.

PucyHkn 11 2 nocTpoeHbl B COOTBETCTBMM C anropuTMoM
W, noppobHo obcyxaaBWMUMCS HaMu B Npepbloylwen pabo-
Te [18] (cM. Tam dopmynbl (13), (19)-(21), c Toi pasHuuent, uto
Tenepb ypaBHeHus o6HoBneHus (19)-(20) B aBHOM BUaE yuu-
TbIBalOT MaTepuanbHble napaMeTpbl cpefbl (@ MMeHHo — ee
AM3NEKTPUUECKYIO £, M MarHUTHYIO L. MPOHMLLAEMOCTH), B KO-
TOPOM PacnpoCTPaHAOTCA CUTHaNbI

01 TR
HIT {m—I—J — HY? {m+2}+
(2)

Se qm, — Elm

EL[m] = E¢[m] - J*"*[m]+

Se) i 1 1 1 (3)
# T g - -5 )

a npocTelume Nornowarolne rpaHuyHble ycnosus (21) us [18]
3aMeHeHbl HaMu Ha 6onee 06Lme ypaBHEHUS, MOCTPOEHHbIE HA
0CHOBE AUt(epeHLManbHbIX YypaBHEHWI afiBEKLMM 3NIEKTPO-
MarHWTHOro Nons BTOPOro NopsigKa TouHocTH. Bee getanu pe-
anu3auuu 4aHHoM cxeMbl NOJPOBHO U3NoXeHbl B cTatbe [18]
v nocobuu [14].

3ameuaHne 2. MopenupoBaHue paboTbl HanpaBneHHOro uc-
TOUHMKa ToKa B hopmanuame TF/SF B paHHOW cTaTbe Tak-
e MpeTeprieNno HeKoTopble U3MEHeHNs No cpaBHeHuio ¢ [18]
W CBOGMTCS K BbIUMCTIEHMIO NOMEH Mo CXeMe

HiT® {s - 1] —Hy [5 - ;] Sl @

2 N

S 1 1
E®tlg] = EY S Dl [ 1.
28] = Blls] + ———E [ 2,q+2] )

3pech (kak u B pabore [18]) s = 50 — 370 (hHMKCUPOBaHHbIN
BO BCEX UMCMEHHbIX IKCMEPUMEHTax HOMep yana CeTKM, 3a-
LAloLWMA pacnonoXeHne B NMPOCTPAHCTBE TOUEUHOW aHTeH-
Hbl, hopMUpyloLei nagatowee none F17°. Boluucnewue anek-
Tpuueckoro E[s] u maruutHoro H, [s — ] nonei, cornac-
Ho (&), (5) no 3apaHHOMy Tvny nagawweit BonHbl Fn¢, nos-
BONSET MMUTMPOBaTb PaboTy MCTOUHWKA ToKa 79, opMupy-
IoLLero BOMHY, M3NyYaeMylo B NpaByto 06nacTb CETKM m > s.
B manbHeiwem Be3ge nog, pa6oToit MCTOUHMKA ToKa J ¢ Bynem
MMETb B BUAY UMEHHO 3Ty CXeMy.
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PucyHok 2. MogenupoBaHue pacnpocTpaHeHUs UMNyNbCOB B thopMe BeiBne-
Ta Pukepa B BakyyMe P3 1 LM3aNeKTpuKe P4 C OTHOCUTENbHON AU3NEKTPU-
UECKOi NPOHULLAEMOCTbI0 &, = 4.
Figure 2. Simulating of pulse propagation in the form of a Ricker wavelet in
vacuum P3 and dielectric P4 with relative permittivity e, = 4.
MapaMeTpbl UCTOUHMKOB TOKa 79, hOpMUPYHOLLMX CUrHa-
Jibl, NpencraBeHHble Ha puUc. u 2, TaKXxe I'IOD,pOﬁHO onuca-
Hbl Hamu B pabote [18] (cM. Tam thopmynbl (32)-(34) u coot-
BETCTBYHOLLWM TEKCT) M BbIGpaHbl TaKUMM, UTOBbI UMMYNbCbl Py
1 P3, pacnpocTpaHsiioluecs B BaKyyMe, MOXHO 6bino cuntatb
KOPPEKTHbIM YMCIIEHHbIM pelleHneM 3agaum B cMbicne Onpe-
nenenus 2, gaxHoro B [18]. Ucxoma u3 3toro, umnynbebl Py
n P3 MOXHO CUMTaTb «ONOPHbIMK», CpaBHUBAA C KOTOPbIMU
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uMnynbebl Py U P, COOTBETCTBEHHO, NETKO OLEHUTb BAUSIHUE
cpefibl Ha KOPPEKTHOCTb UMCNEHHOTO PelleHns 3afaum.

PucyHkn 11 2 nocTpoeHbl NpY 0GHOM M TOM Xe 3HAYEHUH
uucna KypanTa .S, = 1, anq Kotoporo B UcTouHuke [14] yTeep-
X[,AEeTCS, UTO OHO MUHUMU3WPYET YncneHHble ownbku FOTD-
pacueTa, a B nocobuu [17] 3aseneHo, uto TaKoi BbIGOp No3Bo-
N9eT NONYYnTb TOYHOE peLleHne 3afaum.

BMmecTe c TeM, coBeplieHHO oueBuaHo, uto FDTD-peweHus,
usobpaxeHHble uMnynbcamn P, Ha puc. 11 Py Ha puc. 2, He
SIBNSIOTCH KOPPEKTHbIMM B cMbicne Onpepenexust 2, gaHHo-
ro Hamu B pa6orte [18], uto HaxoauTCA B ABHOM MpoOTMBOpE-
UMM C OTMEUEHHbIM B NpepblaylleM ab3aue. 3Ta HEKOPPEeKT-
HOCTb €CTb pesynbTaT SIBNeHWs, NOBCEMECTHO BO3HUKAIOLWEro
Mpu YncneHHbix pacyetax MetogoM FDTD u ussectHoro B nu-
Tepatype [14,17] nog Ha3BaHMEM «UNCNEHHAA OUCMIEPCUN».

LeiticTBUTENbHO, CUrHanbl P, Ha puc. 1u P4 Ha puc. 2 He
NPeacTaBnaoT co60i HU UCXORHBINA FayCCOB UMMYNbC, HU BEM-
Bnet Pukepa cooTBeTCTBEHHO. [Ipy pacnpocTpaHeHUM AaHHbIX
BOJTHOBBIX MaKEeTOB B LM3NEKTpUKe C £, = 4 3a [OCTaTOUHO
anutenbHoe BpeMa (Ag = 230 1 250 COOTBETCTBEHHO) WX
thopMa CyLecTBeHHO UCKa3unachb (oTMeTuM, uTo 3TOT 3PPeKT
Mpy UCNONb30BaHHbIX NapaMeTpax fOCTaTouHO cnab u oTueT-
NIMBO HAUWMHaET NpOSIBNATLCA TOMbKO K KOHLY MOMEnupoBa-
HWg). 3T0 NPOTUBOPEUMT W3HAUaNbHOM MaTeMaTUUeCKOW Mo-
LLeny CUMYNUPYEMOTr0 HaMK SBNEHMS, TaK KaK cpefa nonara-
nacb HaMM HegMcneprupytoLei. 3To ABHOE NPOTUBOPEUME No-
POX[,aeT 3aKOHOMepHbIi Bonpoc: MoxeT nu MeTop, FDTD Boo6-
le UCNonb30BaTbCs NS NONYYEHUS KOPPEKTHbIX Pe3ynbTaToB
MO[,eNMPOBAHWA pacnpocTPaHeHWs CUTHANOB B HeJuMCnepru-
pyrowmx Matepuanax? M ecnu 3o BO3MOXHO, TO KaK Ha Kop-
PEKTHOCTb MONTyYaeMblX pPeleHuit BiugeT Bbibop umcna Ky-
paHTa S.?

HecmoTps Ha 0TMeueHHOe Bbille MPOTMBOPEYME, METOR,
FDTD 6bin ucrnonb3oBaH Hamu paHee B pape pabot, B KOTO-
pbix NMbo paccMmaTpuBanochb pacnpocTpaHeHue BOMH B CIy-
yaiHo-HeoQHOPoAHbIX cpedax [12, 13], nubo uccnemosanuch
0COBEHHOCTM pelieHns OfHOPOAHON W HEORHOPOLHOW 3aLay
Kowwn metogom FDTD [18]. M B nepBoM, 1 Bo BTOPOM criyyasix
BCe Npo6neMbl, CBA3aHHbIE C UUCIEHHOW AUCNepcuei, NonHo-
CTb0 MTHOPMPOBANMCb, UTO 0TYacTU 06YCNOBNEHO TEM, UTO BO
BCEX 3TUX paboTax CylWwecTBEHHYH YacTb TPacChl, BLOMb KO-
TOPOi PaccMaTpMBaNoOCh pacnpocTpaHeHWe 3NeKTPOMarHuT-
HbIX CMrHanoB, NpencTaBnano coboi BO3MyWHOE MPOCTPaH-
CTBO (MOAENMPYyeMoe HaMW HEOTSIMUMMbIM OT BaKyyMa). BMme-
cTe C TeM, NofoBHOe UrHOpPUPOBaHWE JAHHOM CTOPOHbI fena
He MoXeT 6biTb MOMHOCTbI OMpaBAaHHbIM, uTo TpebyeT, ecnu
He MONHOM KOPPEKTUPOBKM UMCIIEHHOM BMUCTIEPCHM, TO XOTS Bbl
YTOUHEHMs 3th(heKTOB, CBA3AHHbIX C HEMl.

Nanee oTmetuM, uTo B KHure [14] 6e3 kakux-nnbo poka-
3aTenbCTB NOCTYNMpPYeTCs, 4To 3HaueHne S. = 1 — MaKcu-
ManbHO BO3MOXHOE, 4T, BoobLue roBops, abconoTHO He cooT-
BETCTBYET CMbicy onpepenenua (1), koTopoe He HaknagbiBa-
€T HUKaKWX OrpaHWUYeHuit Ha Npon3BONbHO BbiBUpaeMble npo-
CTPaHCTBEHHO-BPEMEHHbIe Wwark ceTkn A, u A; 1 Ux coot-
HowWweHWe Mexay coboi. B uctounuke [17] Gonee ocTopoxHo
yTBEPXXAAETCS, UTo BbIBOp S. > 1 NPMBOAMT K SKCMOHEHLU-
anbHOMy HapaCTaHMI0 WyMa, BbI3BaHHOMY OlWMBKaMu oKpyrne-
HWsI, BCErpa UMeloWwmuMmu MecTo Npu YMCNeHHOM MOLENUpoBa-

HWUM, UTO B KOHEUHOM CYeTe MONTHOCTbI0 Pa3pyLaeT NonyyeH-
HOE peLieHue.

3ameuarme 3. Cnefyer TakxKe OTMeTWTb, uTo B pabotax [14]
u [17] umcnamm KypaHta HasblBalTCA pasHble BENNUMHbI, UTO
CO3[aeT [LOMONHUTENbHbIE TPYAHOCTM AN MOHWUMaHUa BCex
0TMeueHHbIX BONPocoB. 370 CBA3aHO C TeM, uTo B [14] B onpe-
penenuu (1) BenMumMHa ¢ — 3T0 CKOpOCTb CBETa B BakyyMe (KaK
NPUHATO M HaMK B laHHOM paboTe), B To BpeMs Kak B [17] cun-
TaeTCs, UTo ¢ — 3T0 CKOPOCTb PAacnpOCTPaHEHNs BOMHbI B faH-
HOM KOHKPETHOW cpefe.

KpoMe y)xe 0TMeueHHbIX NpobneM, Takxxe BO3HUKAET BO-
npoc 0 BO3MOXHOCTM npuMeHeHus Metoga FODTD pna mope-
NIMPOBAHNA 3NEKTPOAMHAMUKN B «HE CaMbIX 0BbIKHOBEHHBIX
cpemax» (NycTb U B NpeHeGpexxeHWU 9BneHneM aucnepcum).
3necb MetoTCs B BUAY CNepytolLme npuMepbl: pacnpocTpaHe-
HWe PafMoBoNH B noHoctepe 3emnu [19], anekTpoMarHuTHbIE
BOMHbI TEparepL,oBOro MM PeHTTEHOBCKOrO fAMana3oHa B Npo-
BOLHMKaX, MONYNPOBOAHMKAX UnK auanekTpukax [20,21], cpe-
Lbl C OTPULLATENbHBIMM 3HAUEHWUAMM OTHOCHUTENbHBIX MPOHM-
LaeMocTei (B uacTHOCTH, «neBble» cpefbl [22-25]). Bo Bcex
3TUX CNyyasax pellalowy ponb UrpaeT AUCNepCUs ANeKTPo-
MarHWTHbIX BOJH, aHOManbHbIiA XapaKTep KOTOPOW C MaTeMa-
TMUECKOW CTOPOHBI AieNa COCTOMT B TOM, UTO MPOHMLLAEMOCTH £,
W [y MOTYT NPUHUMATb 3HAUEHMS, MEHbLUWE EAUHULbI, U [aXe
Boree TOro, — OTpULATENbHbIE.

Mpu 3TOM 0BbIYHbIE ANrOPUTMBI, BCTpEYalolLMecs B nuTe-
patype no metogy FDTD [1,12-18], He nossonsoT Mogenmpo-
BaTb pacnpoCTpaHeHWe 3NeKTPOMarHUTHbIX BOJH B TaKWX Cpe-
[,ax, NpocTo 3apaBasi 3Hauenna 0 < e, i, < 1unep, p, < 0.

PeweHuno 0TMEUEHHbIX BOMPOCOB M MOCBSILEHA HacTos-
las cTaThd, Lenb KOTOPOM COCTOMT, TakuM 06pa3oM, B pac-
CMOTPUM uncneHHor aucnepcun metona FDTD 1 oueHke BNK-
aHW4 Bbibopa 3HaueHuit uucna KypaHTa Ha KauecTBO MOfeNH-
pOBaHMs pacnpocTpaHeHWs CUrHanoB B OfHOPORHbIX Heauc-
NeprupyoLLmMx Cpepax.

2. YucneHnas pucnepcus B Metope FDTD

[Lns nonyueHUs BbIpaXeHHsl, OMMCHIBAIOLETO UNCTIEHHYIO
nvcnepcuio B ceTke M, BepHEMCS K MCXOAHBIM AUCKPETHbIM
aHanoraM ypaBHenuit Amnepa (3) u ®apageq (2), koTopbie
B Gonee KOMNaKTHOW M yA06HOX thopMe MOXHO 3anucaThb C Nno-
MOLLbIO ONepaTopoB CABMIa B MPOCTPAHCTBEHHO-BPEMEHHO
cetke SX 1 S (3pechb x M 7 — napaMeTpbl CABMUTa, UMeloLLne
topmy x, 7 = p/2, Vp € 7). [leicTBUE 3TUX ONEpaTopoB Mo
onpefeneHuio UMeeT BUg,

SX: Sxypt[m] = 7 [m + ], (6)

87+ S{y[m] =y [m], (7)

roe ¢ 0603HayaeT NpoOW3BONbHYI KOMMOHEHTY 3MeKTpoMar-
HUTHOrO nong (B paccMarpusaeMoM Hamu 2D-cnyuae — F,
unu H,).

HecnoxHo npoBepuTb, UTo C NoMoLbio onepatopos (6) v (7)
ypaBHeHue Amnepa (3) B OTCYTCTBUM CTOPOHHUX UCTOUHUKOB
(J = 0) moxer BbiTb 3anucaHo B hopMe
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o (8287
:St2 (A) H:Z[m].

3pech yuteHo onpegeneHue uucna Kypawta (1), cBasb
CKOPOCTW CBeTa B BaKyyMe C €ro [LM3NeKTPUUecKoi &g
W MarHUTHOW /iy NpOHMLAeMocTaMu ¢ = 1/, /Eofig 1 Bbi-
pakeHWe [N XapaKTepUCTUYECKOro MMMefaHca BakyyMa
N = +/po/€o0 = 1207 (@na cnpasku cM., HanpuMep, yueb-
HuKku [20, 21]). Kpome Toro, npu 3anucy (8) ucnonbayercs obo-
3HaueHue Ans aBCoONOTHOM OM3NEKTPUUECKOA NPOHMLLAEMO-
CTU Cpepbl € = €,&g.

Onpegenum ang yno6eTBa TakKe KOHEUYHO-Pa3HOCTHble
onepatopbl J; COrnacHo

&—T, t)

roe 1 — 310 x unu t. C nomowbio (9) 3akoH AMnepa B cTaumo-
HapHoit cpefie 6e3 CTOPOHHMX TOKOB (8) OKOHUATENbHO MOXET
BbiTb 3anucaH B hopme Wn [14]

Nl=
[N

~1 ~

£820,E%[m] = 828, H[m). (10)

TakuM xe o6pasom, ¢ nomoubio (6), (7) 1 (9), nQCerTHbM
aHanor sakoHa ®apapes (2) npusogutca K hopMe Au

uSE 8 H2m) = 838, E2[m). m

Tenepb paccMOTPUM MNOCKYK MOHOXPOMaTMUECKYH BON-
HY 4acCTOoThbl w, PacnpocTpaHAWyCca B CeTKke n BMnpaBso
(m > s)

El[m] = By e'@1de=fma), 12)
Him] = Hye'“ate=rmbs), (13)

rae 3 — BOSIHOBOE YMCNO, T. €. MOCTOSIHHAS PAaCnPOCTPaHEHMS
MNNoCKoi MoHoxpoMaTtuueckoi BonHbl B FDTD-cetke (oTnuua-
IOLLasACS OT COOTBETCTBYHOLWEN KOHCTaHTbl 3 B HEMpepbiBHOM
npoctpaHcTee), a Fy u Hy — KOMMNeKCHble aMnanuTyabl Ha-
NPSKEHHOCTM 3NEKTPUYECKOTO U MarHUTHOIO Nonew.

Nemma 1. [lesicTaue onepartopos (9) Ha npon3BobHYHO KOMMO-
HEeHTY 1) nnocko MoHoxpomatndeckod sonubl (12), (13) ceo-

anTca K
Sup = iA% sin <°"2A*'> ®, (1)
Opt) = —lA—x sin < 5 ) . (15)

[lokasatenbcTso. [poBepsaeTcd HenocpencTBEHHOM noacTa-
HoBko# (12), (13) B (9) c yuetom (6), (7). BbinuwweM 3aech B IBHOM
BMOE TONbKO [encTeue Ha v onepatopos casura (6), (7) npu
napamerpax x, 7 = +1

S'\fi%w — eiiwAt/Z,(p’ S\j%w — eI?ﬁAz/2w7 (16)

C roMoLLblo KoTopbix paBeHcTBa (14) u (15) nonyuatotca ane-
MeHTapHo. O

VrBepxaeHue 1. [JucrnepcroHHoe CoOTHowWeHMe Ans ceTki Mn
MOXET BbITb NpencTasneHo B hopme

. (A.)At At . BAI (17)
11 = 11 .
i 2 VERA, i 2
[okasatenbctso. Wcnonbays pesynbtarhbl (14) u (15) Nemmbl 1,

a Takxe (16) B 3akoHe Amnepa (10) ansa nnockoit MoHoXpoMa-
TMUECKOW BOMHbI, 3anM1weM

2 A ,
isKt sin <w2 t) e wA2Em] =

2 (BA s
——zAwsm< 5 )e f/QH;’[m}.

(18)

MoacTaenas B NoCreqHee PaBEHCTBO SBHbIE BbiPaXKEeHMS
nonei (12), (13) g nnocKoit MOHOXPOMATUUECKO BOJHBI U CO-
Kpaluas obuie MHOXUTENM, Nosyyaem

eisin <wAt> Ey = —isin <ﬁﬁr> Hy. (19

Ay 2 A,

OTctopa NpUxoauM K BbIPaXKEHWIO LSl YUCNIEHHOTO UMMe-
[.aHca B ceTke Uu

_BA,

sin
B _ A __ 2 (20)
H, eA, . wA;

sin

BbinonHas aHanoruuHble fencTBus NPUMEHUTENBHO K 3a-
KoHy ®apagpeq (11), nocnepoBatenbHo nonyyaeM

2 A .
qu sin <w2 t> e‘lﬁA“/QHg[m] =

2 BN, \ .5
= fiA—w sin (62 L) e PR2 ),

n COOTBETCTByIOI.IJMi"I uMnepaHc B thopme

. why
@:_MA"”.&. (23)
Hy Ay . BA,

sin —

MpupaeH1Bas npasble yacTu (20) u (23) 1 BbINONHSS B No-
NyuMBLIEMCS PABEHCTBE NEPeKPecTHoe Mpou3BeaeHue Co-
MHOXMTENEH, NonyJyaeMm

o (WA A2, [ BA,
sin ( 5 >_€/’L£% sin ( 5 ) (24)

N3Bnekas KBafpaTHbIA KOpPeHb B MOCHEHEM PaBeHCTBE,
OKOHYaTenbHo npuxoaum K (17), uto 1 3aBeplIaeT [10KasaTelb-
CTBO. O
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3ameuarme 4. [lucnepcuonHoe cootHowenuwe (17) meToda
FDTD cywectBeHHO OTAMYaeTCs OT CBOEro HernpepbiBHOMO
aHanora, umetouero sug, [20, 21]

B = wy/ER. (25)

BMecTe ¢ TeM 0TMETMM, UTO 3T0 OTNIMUME CTAHOBMTCS UCUE3at0-
e ManbiM Npy [OCTAaTOUHO Manoi AMCKPEeTM3aLIMM NPOCTpaH-
CTBa-BpeMeHu. [ledCTBUTENbHO, COXpaHss B papax Tennopa
pasnoxeHus cuHyca npu A; u A, — 0 TonbKo Craraemble
nepBoro nopsigka Manocty, 13 (17) nerko nonyuntb

B = wy/zn. (26)

MopuepkHeM, 0fHaKo, uTo (26) cnpaBenMBo TONbKO B Npe-
nene 6eckoHeuHo Manoit auckpetusauun A, A, — 0.B 06-
leM Ke CNyyae KOHEUHOM AMCKpeTM3aLuu NpocTpaHCTBa-
BpeMeHn (hasoBble CKOpocTM BonHbl B FDTD-ceTke Mu Cp
W B HenpepbIBHOM NPOCTPAHCTBE ¢, BYAYT OTANUUHDI.
Vieepxpenue 2. OTKIOHeHMe as3oBos CKOPOCTM BOJIHbI
B ceTKe VW 0T COOTBETCTBYIOLIEr0 3HAYEHNS B HEMpepbiBHOM
Clly4ae MOXeT BbITb 0NMCaHO PaBEHCTBOM

S _ Ty Erk 27)
C VErHr . SC ’
P N, arcsin [ SCILL Sln<7§\f/\ )]

roe napametrp Ny — €CTb YUCIO Y3108 MPOCTPAHCTBEHHOM
CETKW Ha [/IMHY BOSIHbI B CBOGOAHOM NPOCTPAHCTBE

A= N,A,. (28)

[okasatenbctso. WcnonbayeM cBA3b  ha3oBoii  CKOPOCTH
C BONMHOBbIM UMCMOM B HerpepbiBHOM npocTpaHcTee [20, 21]

n FDTD-ceTke w w
Cp = By ép = Ea (29)

4YTO MO3BONSET NPUBECTM NEBYI0 YacCTb paBeHcTBa (27) K BULY

~ BAz
“_b0_ 3" (30)

Cp 5 Bém

Llanee npumMeHuM (25) K uMCNMTENIO NOCHELHEr0 PAaBEHCTBA

c 27
6 = Wy\EW = 27-‘-X\/ EoErho by = 7\/ Erflr, (31)

rAe LNVWHa BONHbI B BaKyyMe A\ AMCKpeTM3yetca cornacHo (28),
yTo faer
BA,

T\/Exlh

2 Ny (32

MpuMeHaa Tenepb K 3HaMeHaTeno npasoii uactv (30) auc-
nepcuoHHoe cooTHowweHue (17), B KOTopoM UCMoNb3yloTCa Npe-
o6pasoBaHua aHanornuHble (31), a Takxe onpeaenexue uMcna
Kypanra (1) coBMecTHo c (28), nonyuaem

Z§Zxa: _ . \/QE;ZZ; : 7ngc
—— = arcsin S, sin N )| (33)

MopcTaHoBKa 4Byx nocnegHux paseHcts B (30) npusogut
K pesynbrarty (27), uto 3aBeplaeT 4OKa3aTeNbCTBO. O

CooTHoweHwue (27) B paMKax orpaHUueHui, paccMaTpusa-
eMblIX B HacToAlen cTaTbe (CornacHo KOTOpbIM MCCreaytoTcs
HEeAMCNeprypyloLWne OLHOPOLHbIE CPELbl, B8 KOTOPbIX U &,
W [, — eCTb HEeKOTOpble LEeNCTBUTENbHbIE KOHCTaHTbI), NMe-
€T OUeBMAHbIM CMbICN Ha Crieaylowei o6nacTu onpegeneHus
napameTpos:

Ny eN\1, &, p,Sc € (0,400) CR,  (34)

FOe HM MHOXECTBO HaTypanbHblX uucen, 6ONMbMX emuHM-
ubl N\ 1, HU MHOXECTBO NONOXMTENbHbIX BELLECTBEHHbIX UM-
Cen CUMTATCA He COLEepXalMMU HenocpencTBEHHO 3ne-
MeHT +00. Bbixop, 3a paMku o6nacTu onpeaenexus (34) Tpe-
6yeT oTAenbHOro Noppo6HOro UccnefoBaHus, U Mbl BEPHEMCS
K HeMy B NOCNefHeM pasfene AaHHoM! CTaTby.

Mpexpe ueM neperTn K 06CyXLeHUI0 0coBEeHHOCTEN Bbl-
paxxeHusa (27) oTMETUM, UTO AUINEKTPUUECKas M MarHUTHas
MPOHWLLAEMOCTY Cpefbl BXOLST B HEr0 TONIbKO B KOMBMHaLWK

Ny = /Erfr, (35)

KoTopasi UMeeT (M3NUYECKMIA CMbICIT OTHOCMTENbHOIO MOKasa-
TeNs NPenoMneHns Cpegpbl.

Mpumep 1. PaccMoTpuM pacnpocTpaHeHne NN0CKOW MOHOXPO-
MaTuueckoit BonHbl ¢ NV, = 10 B CTekne C nokasaTenem npe-
nomnenus n, = 1.5 B cnyvae uucna Kypavta S. = 1. O71-
HoweHue (27) npu 3TOM paBHo ¢, /c, ~ 0.9777, uTo B npo-
LLeHTHOM OTHOLIEHWUW COCTABNSIET YACTEHHYHO OWMEBKY NpuMep-
Ho 2.23%. TakuM 06pasoM, B JaHHOW CUTYaLMM Ha KaXpyto
eOMHULY NYTK, paBHyto annHe BonHbl, FDTD-pacuet Hakannu-
BaeT CyLecTBeHHYH (a3oByto ownbky nopaaka 8.03°. 3ame-
TUM TaKXe, UTO yNyylleHWe AUCKPeTU3aLMu LAUHbI BOMHbI B
OBa pasa (V) = 20) cokpaluaer cooTBETCTBYIOlLME OWNBKY
00 3HaueHni 0.48% 1 1.89° (1. e. npuMepHO UeTbIpexKpaTHo),
KaK 3T0 U [OIMKHO NPOUCXOLMUTb A1 BbIYMCIIUTENBHOIO METO-
[,a BTOPOro NOpsifKa TOUHOCTM.

1.10

&p/cp

o

=

(=)
—
o ~
~

0.70
2 4 6 8 10 12 14 16 18 20

]\“YA

PucyHok 3. 3aBucKUMOCTb (ha30BOM CKOPOCTH, ONpPefensieMoil COrnacHo MeTo-
oy FDTD no oTHowWweHMio K ee TOUHOMY 3HaueHuto (27) ot napameTpa AucKpe-
TW3aLMKU ANUHbI BoHbl N\ ANSt HEKOTOPbIX CPef, C OTHOCUTENbHbIMM MOKa3a-
TENnAMW npenoMnenus n,. Yucno Kypauta S = 1.

Figure 3. Dependence the ratio of the phase velocity determined according to
the FDTD method with respect to its exact value (27) on the wavelength dis-
cretization parameter IV, for some media with relative refractive indices n,.
The Courant number S; = 1.
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OcoGeHHoCTH uncneHHol gucnepcuun Metopa FDTD, onpe-
AensdeMble BoipaxkeHueM (27), 1 [oNonHa0wWMe NpuBeneHHbIN
BbllLE NPUMep, NpeacTaBeHbl Ha puc. 3, roe NoKasaHo ceMen-
CTBO KPHBbIX, NS KOTOPbIX 71, > S, (@ UMeHHO, 1, = /2 ans
KpuBoit 1, n, = V/3 = ons nuHumM 2 1 n, = 2 — png 3 coot-
BETCTBEHHO). BupHo, uto yBenuueHue nokasartens npenomne-
HWS Cpenbl NPY NOXOM BUCKPETM3ALLMM BJIMHbI BOSTHbI NPUBO-
LMT K CYLLeCTBEHHOMY 3aMna3ablBaHuio BOMHbI, MOLENMpyeMoi
MeTopoM FDTD, uto BbipaXKaeTcs B 3HaUMTENbHOM OTKIOHEHWH
OTHOWEHMS C;,/Cp, OT €MUHULLbI.

KpoMe Toro, Ha puc. 3 usobpaxeHa Kpuas 4, oTBeua-
lowas cnydyaw n, < S, (B LaHHOM KOHKPETHOM Cryyae Bbl-
BpaHo 3HaueHue n, = +/1/2). 3T0T NnpuMep LeMoOHCTpUpYeT,
uTO B CpPefax ONTUYECKU MeHee NNOTHbIX, YeM BakyyM, FDTD-
pacueT NPUBOGMT K PacnpoCTpaHeHWo MOLENMPYeMbIX BOJH
C OMepeXXeHneM No CPaBHEHUIO C UCTUHHO CKOPOCTbHO.
Cnepcteue 1. /3 puc. 3 BugHo, uyto ToyHoctb FOTD-pacuerta
napaet ¢ yMeHblueHvem Ny, a KpoMe Toro — o Mepe OTKII0-
HEHWS MPOHULIAEMOCTY Cpefdbl OT eauHULIbI (UTO UMEET MeCTo
W B OU3NEKTPUKaX, M B MarHeTHKax, U B MarHUTHbIX OU3TIEK-
TPUKax).

Cnepnctsue 2. Jlerxo BoiuvcinTb npepen otHowenus (27), Ko-
TOPbIN HE3aBUCUMO OT BENMUMH N, U S, paBeH

— =1. (36)

310 03Hauaer, uto ToyHocTh FOTD-pacyera ynyudiwaercs ¢ po-
ctom Ny,

3ameuaHne 5. Yxypwenne TouHoctu FDTD-pacueta B cpene
cmn, > 1 cBA3aHO C TeM, UTO ANMHA BOMHbI B TaKOW cpepe
KOpoue, UeM B BaKyyMe, ¥ Manoi AUCKPeTU3aLMM OJIMHbI BOM-
Hbl N, OKa3blBaeTCs HE,0CTATOUYHO LS KOPPEKTHOrO pacuye-
Ta. OQHaKo NPOCTOit NepeHoC 3TOro YTBEPXKAEHUS Ha Cryyail
cpenbl € €, < 1 He TaK 0UeBMIEH U TpeByeT yTOUHEHMS.
CnepctBue 3. Kpome Toro, puc. 3 yKasbiBaeT Ha TO, 4T0
BbICOKOYACTOTHbIE KOMIOHEHTbI BOSIHOBOMO MakeTa B cpenax
ce, > 1 uMerT TeHOEHUMI K 3anasfgbiBaHui, B TO BpeMS
Kak B cpefax c €, < 1 3ara 0co6eHHOCTb MeHSIeTCs Ha npo-
TUBOMOMIOXHYH — BbICOKOYACTOTHbIE KOMIOHEHTbI BOHOBO-
ro naxeta B cetke Vu pacnpoctpaHsioTcs ¢ Gonbueit (aso-
BOM CKOPOCTbI0, UEM 3TO MMEET MECTO B AeNCTBUTENIbHOCTH.
Lpyrumm cnosamu, B cpefax ontuyecky bonee nioTHbIX, no
cpaBHeHuto ¢ Bakyymom, FOTD-pacuet npuBognT K BOSHUKHO-
BEHUIO YNCTIEHHOM INCTIepCUM, UMerOLLes XapaKTep aHoMarb-
Ho¥t aucnepcum [26]. U HaobopoT, — npu MogenupoBaHum on-
TMUECKM MeHee MOTHbIX cpen, BavsaHuue FOTD-guckpetnsa-
LMK COOTBETCTBYET I10BELIEHNI0 HOPMarbHOM aucnepcuy (npu
3TOM «KPAaCHbIE» KOMIOHEHTbI BOSHOBOO NMaketa «06roHsoT
CHHME»).

3ameuarme 6. Ctpyktypa 3HameHatens (27) umeer sBHOe
CXOACTBO C hOPMOIA LUCMEPCHUOHHBIX YPaBHEHMI, MOMYYaEMbIX
B 3afjayax 0 pacrnpocTpaHeHuu BONH B Cpefax C nepuopnye-
CKMMM HeopHopogHocTamu [19,27-29]. A uMeHHo, — 3aech tu-
rypupyet tyHKuUms

H(Ny, Sorng) = 1T sin 75 (@)

— SIn ——
Sc N)\7

XapaKTep KOTOpoil onpepensier Monochl NPOMyCKaHUs U He-

nponyckaHus ceTku M. [leicTBUTENbHO, NErko NOHSTb, UTo
o6nactb 3HaueHui napameTpos ( Ny, S., 1, ), Ha KOTOPOI Bbl-
nonnsetcs ycnosue |p(Ny, Se,n,)| > 1, oTBeyaet Henpo-
MYCKaHMI0 BOMH, TaK KaK BbIPakeHWe arcsin ¢ Npu 3TOM He
MMEET CMbICNa B BELLECTBEHHbIX 3HAUYEHUSIX.

Mopo6Has KapTMHa SiBNEHUS uMeeT MecTo B Mogenu Kpo-
Hura-TleHHu, a Takxe B ypaBHeHusx Xunna u Matbe, onuchbl-
BalolWMX napametpuueckue Konebawnus [19, 27-29], a Takxe
pacnpocTpaHeHue BOIH B CUCTEMAX C NPOCTPAHCTBEHHOM ne-
PUOLMUHOCTBIO B PAcMoONoXeHUM HeOLHOPOLHOCTENH. B Kaue-
CTBE NMEPUORMYECKOM CTPYKTYpbI B HalueM ciyyae (B MeToge
FDTD) BbicTynaeT HemoCpeLCcTBEHHO CaMa pacyeTHas CeTKa
Vn. Mpu 3TOM NponycKaHue M HenponycKaHue BoMH (KBaHTo-
BO-MeXaHUUecKuit aHanor — paspelleHHble U 3anpeLyeHHbIe
30HbI) onpeaenseTca Kak pas BenmuuHamum Ny, S, M n,.

1
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Pucynok 4. (N, Sc)-anarpamma
npu n, = 100.
Figure 4. (N, Sc)-diagram of Yee grid bandwidths when n, = 100.
PucyHok 4 wnnioctpupyer (IVy, S.)-muarpammy no-
NoC NponycKaHus CceTkM MM, NocTpoeHHylo Ha OCHOBe
tyHkumum (37) ona cpaBHMTENbHO BONbLOTO 3HAaUeHUs Mo-
KasaTtens npenomneHus cpegbl n, = 100. O6nactn no-

NI0C  HempomnycKaHus {Ai}fil, COOTBETCTBYIOIME YCIIOBUIO
|©(Ny, Se,ny)| > 1, u3o6paxkeHbl Ha 310l AMarpaMme ofi-
HOTOHHOM 3anuBKoi ceporo LpeTa. O6wee uMcno Takux 06-
nactert AV (Ha puc. 4 oTMeueHbl Nepeble ABE U3 HUX) 3aBUCUT
OT BENMUMHbI MOKa3aTens MpenoMneHns cpegdbl n, U pactet
C yBenuueHveM nocnegHero. Monocbl nponyckaHusa npeacTas-
NeHbl Ha JAHHOW AMarpamMMe rpafMeHTHON 3aNUBKOMA, MeHsI-
towenca ot uepHoro (p = -+1) Kk Genomy (o = —1) uBery.
NMeHHO B pamKax nocnegHux obnacTeit UMeeT CMbICi AMUC-
NepcuUoHHOE CooTHolEeHNe B dopMe (27).

Takxe Ha puc. 4 cepbiM LBeTOM BbigeneHa obnactb B,
onpepenseMasi HepaBeHCTBOM S, > m., B paMKax KoTOpOiA
metog, FODTD Takxke He MoXeT o06ecrneumBaTb KOPPEKTHOIO UnC-
NIEHHOr0 peLleHns 3a[,aun 0 pacnpoCcTPaHEeHNM BOSHbI B OfHO-
POLHOM Hepucneprupyloleit cpepe. ApryMeHThl, NMoaaTBep-
X[alolLWe CnpaBenIMBOCTb LaHHOM YTBEPXAEHMS, NpUBeae-
Hbl B CNefytoWweM pasgerne ctatbk npu 06CyXaeHun puc. 6.

MONOC MPOMYCKaHUs CeTkM  Mu

3. CBa3b unucneHHon gucnepcum ¢ uucnom Ky-
paHTa

Tenepb, Nocne NpoBefeHHOro NpefBapuUTeNbHOMO Ucchne-
[0BaHusl, 06CYAMM anropuTM KOPpPeKLMM YNCTIEHHON Aucnep-
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CUM C MOMOLLbK CneumnanbHoro Bolbopa uncna Kypauta. Ero
BO3MOXXHOCTb ONMPaeTcs Ha cooTHoweHue (27), U3 KoToporo
HenoCcPeACTBEHHO BbITEKAET CMeayiolmMin pesynbTar.
VreepxpeHue 3. [lpu n06bix 3a4aHHbIX €, U (i, NPUHaLNE-
alymx o6nactv onpegenenuns (34), Bceria MOXXHO yCTPaHUTb
BbIYMCIITENbHBIE OLWMOKYM, CBA3aHHbIE C YUCTEHHON anucnep-
cued, 3afasas unco KypaHta paBHbIM

Se = /Erfir- (38)
[okasarenbcteo. TpoBepsieTcq HENOCPeACTBEHHONW MOACTa-
HoBKoM (38) B (27). O

3ameyuarme 7. 3HaueHue uncna KypaHta (38) MoxHo HasBaTb
«MarMyecKkuM», TaK KaK B 3TOM crlyyae tha3oBasi CKOpPOCTb BOJI-
Hbl B FDTD-ceTKe ¢, TOUHO COBNAAaeT C peanbHbiM 3HAUEHN-
eM (ha3oBOi CKOPOCTH C;,, HE3ABUCUMO OT BbIBPAHHOM AUCKpe-
TM3aUuW ganHbl BonHbl Ny. B To e BpeMs B UCTOUHMKe [14]
«MarnyeckuM» HasblBaeTcs 3HaueHue S, = 1, uTo cnpaseg-
NIMBO TONbKO [ BaKyyMa, HO HMKaK He B o6weM cryvae.
3[ech e 0TMeTUM, uTo Hal BbiGop (38) akBMBaneHTeH 3apa-
Huio S, = 1, ucnonbayemomy B Khure [17].

Heckonbko npumepoB, UNAKCTPUPYIOWMX UAEKD NpUMe-
HeHUa «Maruueckoro» uucna Kypauta (38) ona koppekuuu
NporpamMMHoit AMCNepcumn B HepMUCNeprupyoLwmx ogHOPOAHbIX
cpefax, orpaHMueHHbIX BbiGopoM napaMeTpoB (34), npuBene-
Hbl Ha puc. 5.

1.0 N
q=130,n, =1.0 —-- . |
g= 80,n, =2.0 — Ps / \P‘
E.[m]0.5 Fq = 155,n, =~ 0.7 A
\ /A
00— LN

w=10,d =30 —

1.0
J10.5 W\
0.0

PucyHok 5. MopenupoBaHue pacnpocTpaHeHWs MUMMYNbCOB rayccoBa BUAA
B Cpenax, ontuuecku Gonee Ps (n, = 2) u MeHee Pg (n, = +/1/2) nnot-
HbIX, UEM BaKYyM, C MPMMEHEHWEM KOpPEeKLIMM NPorpaMMHoit aucnepcuu (38).
Figure 5. Simulating of Gaussian pulse propagation in media optically
denser Ps (n, = 2) and less dense Pg (n, = /1/2) than vacuum, using
correction of numeric dispersion (38).

PucyHok 5 nopTBepxpaeT MO, CHhopMyNMpOBaHHYH
B BUAe YTBEpXaeHUsa 3 — uuCNeHHas gucnepcus 3nech fei-
CTBUTENbHO HE MMEET MecTa HW B Clyyae Cpefbl ONTUYECKY
Bonee NNOTHOI N0 CpaBHEHMIO C BakyyMoM (uMnynbe Ps), HU
B CIlyuae OMTMUECKM MeHee NNoTHoM cpefbl (uMnynbsc Pg). Pu-
CYHOK 5 CrieflyeT conocTaBuTb C puC. 1, Ha KOTOPOM UKCNeHHas!
LVMCTepcus OTUETNIMBO NPOSBASETC Ha (opMe uMnynbca Pso.
3ameyanue 8. OTMETUM TaKKe, UTO pacmpocTpaHeHue 3fek-
TPOMarHUTHOTO Mons B NPOCTPAHCTBE CO BPeMeHeM (onpege-
NIeMbIM, Kak U BCErfa, BENMUMHON AUCKPETHOTO MHAEKCA q),
MpefcTaBneHHoe Ha puc. 5 ona muMmnynbca Ps, NPOUCXORUT

C BUAWMbIM OMEpeXeHMeM aHanorMyHoro npouecca s uM-
nynbca P, Ha puc. 1 B aBa pasa. Cnepyer noguepkHyTb, UTo
3T0 OMepeXxeHne — TONbKO Kaxylieecs, TaK Kak ero npuuu-
HOM ABNSIETCA MMEHHO ABYKPATHOE 0T/nuYMe B uncnax KypaH-
Ta, BbIbpaHHbIX B cnyuae puc. 11 5. B [eCTBUTENbHOCTH Xe
(Mpu yuete nonpasku Ha S.), BCe BpeMeHHble XapaKTPUCTH-
KW CUrHanoB Ha puc. 11 5 npeHTUuHbl. Jpyrumm cnosamm, ec-
NIX CUMTaTb MPOCTPAHCTBEHHbIM War peweTkn A, (uKcUpo-
BaHHbLIM NapaMeTpoM, He MEHSIIOWMUMCS NPU Nepexofe 0T Mo-
LenupoBaHus B cnyyae S. = 1, npefcTaBneHHoro Ha puc. 1,
K MOAenupoBaHuio ¢ umcnoM KypaHta (38), To «LieHa» Kaxpo-
ro BpeMeHHoro wara A, (a BMECTE C HUM, U NONHasA Npojon-
KUTENbHOCTb MOJIENMPOBaHNA) USMEHUTCS B |/, /L, pas. ToT
e 3htheKT (C TOUHOCTbIO 0 3aMeHbl CIOB «ONepexXeHne» Ha
«3anasfblBaHue») UMeeT MecTo 1 B Clyuae ONTUYECKU MeHee
NNOTHBIX cpes (cM. uMnynbe Pg) Ha puc. 5.
3ameuanme 9. TakKe OTHENBHO YKAXEM Ha TO, UTO MOJENM-
poBaHue pacnpocTpaHeHus uMnynbca Pg B CPefe ONTUUECKH
MeHee MOTHOIA, YeM BaKyyM, B COOTBETCTBUM C pacUeTHbIM an-
roputMoM (2) - (5) npv BeiBope uncna Kypanta S, = 1 npuH-
LMNManbHo HeBO3MOXHO. HecnoxHo y6eanTbCs B TOM, UTO Bbl-
uMCnEeHUs B 3TOM CNyyae 04eHb BbICTPO NPMBOASAT K pacxopu-
MOCTSIM, He [,aBasl HUKaKoM None3Hol UH(OPMaLMK, U NpUH-
LMNUanbHO He OMUCHIBAKOT AaHHbIA YaCTHbIA Clyyail.
MocnepHee 3aMeyaHne NMPeKpPacHo MAMKCTPUPYET puC. 6,
Ha KOTOPOM MOKa3aH NaBUHOOGpa3Hbli MPOLLECC HaKoneHus
uMCneHHbIX OWWBOK B Mpouecce pacyeta no anropumy (2) -
(5) B cnyuae npe.blweHus uncna KypaHTa S, No cpaBHeHUIo
€ ny, Bcero Ha 0.1%. [laHHaq unniocTpauumsa noctpoeHa npu
TEX Xe MapaMeTpax UCTOYHMKA curHana 79, uto v Ha puc. |
u 5, ons cnyJas BakyyMa, X0TS NPUHLMNMANbHO TaKas e Kap-
TMHa MMEeT MecTo M B Chyyae NbbIX Apyrux 0LHOPOLHbIX
Heaucneprypylowmux cpeg 13 o6nactv onpepenexus (34).
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PucyHok 6. BpeMmeHHas OMHaMMKa paspyluieHusi UMCTIEHHOTO PEleHus, no-
fyyaeMoro B Mpoliecce BbiUMCMEHUiA cornacHo anroputmy (2)-(5) npu
S. —ny = 1073,
Figure 6. Time dynamics of the numerical solution destruction ob-
tained during computation according to the algorithm (2)-(5) when
Se —ny = 1073,

Kak BugHo u3 puc. 6, K MomeHTy BpeMenn g = 130 ypo-
BeHb LWyMa, NPOU3BOJSIbHO BO3HUKAKLWeEro B pe3ynbTaTte Bbl-
umcnenni no cxeme (2) - (5) npu S, — n, = 103, nBYxKpart-
HO NpeBbIlaeT BeJINUMHY NONe3HOro CUrHana no aﬁCOJ’IPOTHOMy
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3HaueHuto. lpy 3TOM NPOCTPAHCTBEHHAN NPOTSHXKEHHOCTb Ya-
CTM ceTKy W, 3aTpoHYTOI AaHHbIM LIYMOM, COCTaBASIET 3/4 ot
BCE/1 AIMHbI pacueTHoit o6nacTu. MocnegHee 06CTOATENHCTBO
CYWLECTBEHHO WUCKaXaeT thopMy 3afHero (poHTa MOJenmpy-
€MOro nonesHoro curiana. [lanee ¢ nocneaylwWmM pasBuTU-
eM npouecca npu g > 130 nonesHoe pelleHWe paspyliaeTcs
MONTHOCTbHO.

[lonomnHuTeNbHble YACHEHHbIE IKCMEPUMEHTDI, BbINONIHEH-

Hble HaMM, TaKXe MOKa3blBaloT, UTO 3IP(EKTbl, CBA3aHHbIE
C HaKoM/eHWeM oWMBOK, BCNeACTBUE CaMOBO3OYXIEHMS CeT-
KW, MMEIT MecTo BCerga Npu BbIMOMHEHWM HEpPaBEHCTBa
Se > n,. Tak, npu S, — n, = 10~ camoBo3byxpneHue ceT-
KW CTAHOBMTCS 3aMETHbIM Y)KE NOCHe NPOXOXAEHUS NONE3HOro
CMrHana, ofiHaKo ero naBuMHoo6pasHbIi xapaKTep Habnopaet-
csi U B 3TOM cnyyae. Bce 3Tv HabniopeHns MOXXHO 0606WMTb
B thopMe CNepyHoLLero yTBepXAeHHS.
VrBepxpaenue 4. PacuyerHbiii anroputm (2) - (5) 6bicTpo pac-
XO[UTCS U He MOXeT BbITb MCMONb30BaH AJ18 M0MyYeHns Kop-
DPEKTHOr0 YUMCIIEHHOro PeLieHns 3afayv 0 pacnpocTpaHeHuu
CWrHarnoB B Heaucreprupyolmx O4HOPOAHbIX cpefax npu
Bbibope S, > n,.

LlokasarenbcTso. WcuepnbiBatowas aprymeHTauus cnpases -
NIMBOCTU [AHHOTO YTBEPXKAEHUS Ha «(PU3NYECKOM YpOBHE
CTPOrocTu» NpuBefeHa Bbllle npu 06CyXaeHNU pUc. 6. O

lpuMeHeHWeM [aHHOMO YTBEPXKAEHMS KaK pa3 U 06sCHS-
eTCa Hanuume 06nacTv /3, noKasaHHoOM Ha puc. 4, xoTd ¢ dop-
ManbHOM TOUKM 3peHnsa dyHKLMA (37) Npu 3TOM He NpeBbiwaeT
eLMHULY N0 MOAYNH.
3ameyarue 10. B T0 e BpeMs OTMETMM, UTO BbiBOp 3HaUeHMil
S¢ < my, cornacoBaHHbIi ¢ yenosueM [o( Ny, Se,n,)| < 1,
He NPUBOLMT K CTONb [paMaTUYeCcKUM NOCNefCTBUSM, KOTO-
pble MMEKT MecTo B YTBEPXKAEHUU 4.

BaHbIM cnepcTBMeM NpoBeLEHHOro TakuM 06pa3oM no-
Lpo6HOro MCCrenoBaHUs, OCHOBHble pe3ynbTaTbl KOTOPOro
cnepxarcs B YTBepxaeHusx 3 u 4, aBnsetcs elle ofuH hakT.
Cnepncteue 4. 3agaHue uncna Kypaxta B gropme (38) — eguH-
CTBEHHO BO3MOXHbIV ONTUMaNbHbINA BbIGOP C TOUKM 3PEHMS
npuMeHenns uucneHHoro FDTD-anroputma (2) - (5) ana mo-
[envpoBaH1sa pacnpocTpaHeHns CUrHanoB B HeQucneprupy-
HOLMX O HOPOAHbIX Cpeaax.

LokasarenbcTso. OnTuManbHocTb Takoro Bbibopa o6ycnos-
fIeHa TeM, YTo OH YCTPaHSIeT YMCNEHHY AUCMEpPCHIo Npu
MOLLENMPOBaHUM CUTHANOoB No6oi (OpMbl M CMEKTPanbHOro
COCTaBa, He MpoTUBOpeyvallmx YTeepxaeHuio 2 pabotbi [18],
pacnpocTpaHsLLUXCA B WMPOKOM KNacce Hepucneprupyro-
WMX OLHOPOAHbIX Cpef, OnucbiBaeMbix 06nacTbo onpepene-
HWa (34). EDMHCTBEHHOCTb BbiTeKaeT u3 YTBepxaeHua 4. [

3ameuarme 11. MpobneMa, ocTaBlasgca HepeleHHON 40 KoHLA
Ha JaHHbIA MOMEHT (BO3HMKAIOW,As NPpU BHUMATENbHOM U3yue-
HWW NpuUMeHeHns anroputMa (2) - (5) K ofHOPOAHbIM Heauc-
NeprupyolmMM cpefaM, ONTUUECKU OTIMUHBIM OT BaKyyMa),
COCTOMT B TOM, UTO B JaHHOM CNyyae NOMMMO OCHOBHOIO CUr-
Hana ¢ u3bpaHHOM HanNpaBNeHHOCTbI0 BCerpa Habnopaercs
CUrHan CpaBHUTENbHO Manoi aMnIUTyAbl 06paTHON Hanpas-
neHHocTH. HasoBeM Ans KpaTKoCTY 3TOT NOCNERHWA CUrHan —
06paTHbIM Py, B NPOTMBOMNONOXHOCTD UCXOJHOMY — MpSMO-
My P¢. UnniocTpaums atoit npo6nembl npuseseHa Ha puc. 7,

KOTOPbIi MOCTPOEH MpK TeX Xe napaMeTpax UCTOUHMKA CHr-
Hana, yto v puc. 11 5.

PucyHok 7 peMoHcTpupyeT thopMupoBaHue 06paTHOro UM-
nynbca P, Npu MOLENnMpoBaHUM pPacnpocTpaHeHUs CUrHana
rayccoBowW (hopMbl B Cpefax, ONTUYECKN MEHEE MNOTHBIX, YeM
BaKyyM npu onTuManbHoM Boibope uncna KypaHta. BugHo, uto
XapaKTep 3TOro SIBNEHUS CYIWLEeCTBEHHO 3aBMCUT OT BENWUM-
Hbl OTHOCUTENbHOTO NOKa3aTens npenoMneHnus n, cpepbl. Mpu
CTPEMNIEHUM NOCNEQHEr0 K HYMIO 3TUM SIBNIEHUEM Y)XKE HeNb-
39 npeHebpeyb, TakK Kak OHO MPUBOAMT K UCKAXEHWIO Xapak-
TEPUCTUK M NomnesHoro npamoro curHana Pr. B 1o e Bpewms,
B cnyuae n, > 107! cooTeeTtcTByOWIAN YMCHEHHas owNbKa
CPaBHUTENbHO Mana, ¥ MoXeT BbiTb OLiEHEHa He NpeBbliwwaro-
weit ypoeHs B 1%.
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PucyHok 7. [iuHamuka topmupoBanus npsimoro P¢ u obpatHoro Py, uM-
NynbCOB NPU MOLENMPOBAHUM PACNPOCTPAHEHUS CUTHaMa rayccoBon (opMbl
B CpeAax, OMTUYECKM MeHee MIOTHbIX, YeM BaKyyM MpW ONTUManbHOM Bbi-
6ope uucna KypaHta. LLTpux-nyHKTMpHas Kpueas 1 COOTBETCTBYET Cryyat
Se = n, = 10, cnnowHas amana 2 — Se = n, = 1072

Figure 7. Dynamics of forward P and backward Py, pulse forming in
simulating the propagation of a Gaussian-shaped signal in media optically
less dense than vacuum under optimal choice of the Courant number. The
dashed-dotted curve 1 corresponds to the case of Se = n, = 1071, the
solid line 2 — S = n, = 1072,

4. TpaHMubl NPUMEHUMOCTU OCHOBHbIX Pe3yib-
TaToB

B 3aBepleHny paHHol paboTbl 06cynmMM Bonpoc o NpuUMe-
HWUMOCTM MONYYEHHbIX 34eCb Pe3ynbTaToB 3a paMKamu obna-
CcTv onpepenexus (34).

Bo-nepBbiX, yKaeM Ha T0, UTO MHTEpBan 3HaueHuil
0 < &, iy < 1, BXopawWwuM B o6nacTb onpepeneus (34), uc-
Monb3yeMbli NpW BbINOMHEHWIA YCNOBUIA YTBEPXKAEHUS 3, yKe
caM no cebe paclmpseT L1anasoH NPUMEHUMOCTH Pa3BUTOrO
B [laHHOM pa6oTe pacueTHOro anropuTMa Ha o6nacTb 3K30TH-
YecKux cpef, 06bIUHO He paccMaTpUBaeMbIX B IUTepaType.

Bo-BTOpbIX, OTMETMM, UTO Hall UMCTEHHbIM anroputM (2) -
(5) ocTaeTcs cnpaBemnMBbIM M NpU pacliMpeHuu obnactu
onpeanenus (34) Ha uHTEpBan &, u, € (—00, +00) Npu
YCNOBWM O HOBPEMEHHO 0TpULLaTENbHOCTY NPOHMLLaeMoCTel
cpeppl -4, > 0.

Cpefbl C OfLHOBPEMEHHO OTPULLATENbHBIMUA NPOHULAEMO-
CTAMM, KaK M3BecTHO [23-25], HasbiBaloTCH NeBbIMU. B Takux
cpenax MoryT pacnpocTpaHaTbes o6patHbie BonHbl [30], onpe-
fenaeMble TeM (haKTOM, UTO ANA HUX CKanspHoe npoussefe-
HWe BoNHoBOro BekTopa k (B Haweit paBoTe Bclomy k = Se,)
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¥ BekTopa YMoBa-loWHTUHra S — oTpuuaTensHo
(k-S) <0, (39)

FAe MOTOK 3HEpPruu, NepeHoCUMbIN BONHOM, U OMpefenseMblil
BekTopoM S, paBeH [20-23, 26]
c
47

CnpaBennuBocTb Takoro 0606LWEHUs [EeMOHCTpUpYeT
puc. 8, Ha KoTOpoM MpefcTaBneHbl pesynbTaTbl CPaBHEHMS
BOJIHOBBIX MaKEeTOB, (hOPMUPYEMBIX TEM XK€ UCTOUHUKOM CUT-
Hana, uto 1 Ha puc. 1, 5 - 7, 3a(hMKCUPOBaHHbIE B OMHAKOBbIA
MOMeHT BpeMeHu ¢ = 100, npu pacnpocTpaHeHUW B NpaBoil
cpene c e, = iy = +1 (HUKHSS NONOBUHA pUCYHKA) U NEBOK

S=-S[ExH]. (40)

cpene ¢ e, = i, = —1 (BepxHsas nonosuHa).
1
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PucyHOK 8. MrHoBeHHbIe CHUMKW NPAMbIX (HWKHSS NON0BUHA) U 0BpaTHbIX
(BEpXHﬂFI '-laCTb) BOJTH, paCnpoCTpaHaoLMUXCca B CeTke Wu cornacHo pacuert-
HoMy anroputMy (2) - (5).

Figure 8. Instantaneous snapshots of forward (bottom half) and backward
(top half) waves propagating in the Yee grid according to the computational
algorithm (2) - (5).

Nerko ybeputbcs B TOM, UTO ANS BOJIHOBOrO MaKeTa, Mno-
Ka3aHHOro B BepxHeit yacTu puc. 8 BekTop YMoBa-MoHHTUH-
ra (40) S 1 e, uTo KaK pas 1 onpegensieT 06paTHY0 BONHY
cornacHo ycnosuio (39).

N HaKoHeL, NOACHWM, UTo CNpaBefIMBOCTb anropuTMa (2) -
(5) npu pacwmpeHuu obnactv onpepnenus (34) Ha uHTep-
BaNn &y, iy € (—00, +00) NPU YCNOBUM HEOLHOBPEMEHHOI
OTpULLaTENbHOCTM NpOHUL,aeMocTeit cpeapl £.u, < 0 B pam-
Kax [laHHOW paBoTbl HaMW He WUccnepoBanach. IT0 CBA3AHO
C TeM, uto npu &, 41, < 0 nocTosiHHas pacnpocTpaHeHus (25)
0Ka3blBaeTCA MHUMOW BENIMUMHOM, UTO COOTBETCTBYET CUJlb-
HOMY 3aTyXaHWI0 BOMH B TaKWUX Cpefax, KoTopble BCNefCcTBUM
3TOr0 OKa3bIBaKITCA CUITbHO AUCTIEPrUpYIOWMMM (LLNS HUX pac-
MpocTpaHeHUe NNOCKUX BONTH OKa3biBAETCH HEBO3MOXHbIM, a
BMECTe C 3TUM TepseT NpoCToit cMbicn YTBepXaeHue 2, KoTo-
poe TpebyeT MHOW hopMyNUPOBKM B LaHHOM clyyae). Bce aTo
BbIXOAMT 33 PaMKU TeMbl [laHHOW paboTbl.

3aknioueHue

Takum 06pa3oM, B JaHHOW paboTe uccnefoBaHo sABre-
HWe uucneHHoit aucnepcun npu FDTD-MopenupoBaHuM pac-
NPOCTpaHEHWUS! ANEKTPOMArHUTHBIX CUTHANoB B HEJMCMEPru-
pyloWMx ofHopofHbIX cpepax. CthopMynmMpoBaHbl HECKONbKO
YTBEPXIEHMI, ONpefensiolmnx XxapakTep 3Toi AMcnepcum, a

TaKXKe oMucaHo BnusiHUE Ha Hee uucna Kypanta. OnpepeneHo
ONTUManbHoe 3HaueHue uucna KypaHTa, ycTpaHsilowee unc-
NIEHHYI0 AMCMEepCUI0 BONHOBbIX NakeToB. MccnepnoBaHbl rpa-
HWLbI NPUMEHMMOCTM pa3paboTaHHOro MeTona MOAenMpoBa-
HWS, W BMEPBble YKa3aHO Ha BO3MOXHOCTb ero MPUMEHEeHUs
LNS Cpef, ONTUUECKM MeHee MNOTHbIX, YUEM BaKyyM, a TaKxe
LNS NeBbIX Cpeg.

BmecTe ¢ TeM, TeMa MccnenoBaHus BCe ele 0CTaeTcs 4o-
CTaTOUHO MHTEPECHOW, TaK KaK B LaHHOI CTaTbe He UCCNeao-
BanMCb MHOrME MHTEPECHbIe BOMPOCHI, YaCTb U3 KOTOPbIX NPU-
Be[,eHa HUXe.

Hekotopble oTKpbITble BONPOCHI

1. UeM MoXeT 6biTb 0GBACHEHO C (U3UUECKOW TOUKM 3pe-
Hus yxypweHue TtouHoctu FDTD-pacueta B cpepax
cn, < 1?7 06bACHeHUe aHanorMyHoe CUTyaLum B cpe-
L.ax, Ans KOTopbIX 7, > 1, 1 0CHOBAHHOE Ha yMeHblue-
HWM ANIMHBI BOMHbI B HUX (M, COOTBETCTBEHHO, NJ10X0M ee
AMCKPeTU3aLImMm) 3Lechb He ropuTca.

2. B uem npuunHa thopMmpoBaHus 0BpaTHOro MMNynb-
ca Py v Kak ero yctpaHutb? Bo3MoXHO, OH siBRsieTCs
CNeACTBUEM KaKUX-TO aHanMTUUeCcKMX owubok, pony-
WeHHbIX npu 3anuck (2) - (5) nMbo HeyCTpaHUMbIX OlWK-
60K MalWWHHOMO NPEeACTaBeHNs YMCeN C NiaBaloLei
3angToi NPU KOMMbHTEPHBIX BbIUNCTEHUAX.

3. Bo3MOXHO NM KOPPEKTMPOBATb UWUCNEHHYK Hucnep-
CMI0 NPY MOLENMPOBaHUW PacnpoCTPaHEHNUs CUTHASOB
B HEOLHOPOAHbIX cpepax? MoxHo nu 3toro fobutbes,
“3MeHsis uncno KypaHTa guMHaMMyecku B npoLecce Mo-
penvposanus?

3TOT CMUCOK MHTEPECHbIX BOMPOCOB HU B KOEW Mepe He
MpeTeHLyeT Ha NOMHOTY W BMOMIHE MOXET BbITb paclUMpeH.

ABTOpr 3asBnAtT 06 OTCYTCTBUM KOH(NKKTA MHTEpPECOB.
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AHHoTauua

ABTopbl NOKa3biBaKOT, UTo MoAeNb JIeOHTbeBa IMHEAHOro MHO-
rooTpacnesoro 6anaHca MOXHO NOMYuMTb NpepenbHbIM ne-
PEXOLOM MO HEKOTOPbIM NapaMeTpaMm U3 IMHEMHOW Mopenu
o6MeHa C M3MEHeHWeM 3KOHOMMUECKOro CTaTyca HeKoTOpbIX
YUaCTHWKOB X0391CTBEHHOrO npouecca. bonee Toro, camy Mo-
penb JleoHTbeBa MOXXHO MOABEPrHYTb TaKoi e npeaenbHoi
npouegype 1 nonyuutb HoBYI0 Mofienb JleoHTbeBa. Mapamer-
pbl MOTYT UMETb PasHble MHTEPNPETaLNH, 3aBUCSALLME OT KOH-
KpeTHO! CUTyaLuu B 3KOHOMUKE: CMEHa NPUOPUTETOB B Ha-
POAHOM X039CTBE U Ip.

KnioueBble cnosa:

Mopenb JleoHTbeBa, KOHTPaKLMu rpynn Jlu

BeepeHue

AdmHHble npeobpasoBaHus R™ — 3to o6paTumble oTobpa-
xeHust R™ B cebs, KoTopble B AEKapPTOBbIX KOOpAMHATax 3a-
pakotcs thopMynou

7 — A7+ b,
ai a12 N AT
asq a22 ... Qop
A= ,
Ap1 QAp2 ... Qpp
- t r t
’I“:(.’I)l,.flfz,...,xn), b:(b17b27"'7bn)7 (1)

roe ¢ 0603HauaeT TPAHCMOHMPOBaHWE, U 06pasyoT atduH-
Hyto rpynny A(n) [1]. CywecTByeT BnoxeHue NpocTpaHcTBa
R™ B npocTpaHcTBo R™ ! Ha eauHuLLy Bonblueit pasMepHoOCTH
C KOOpAMHATaMH (X1, . .., Tp11), 324ABAEMOE TUMEPMNOCKO-
CTbi0 X, 1 = 1, TOrAa KaXAoMy adtuHHOMY npeobpasoBa-

Huio (A, b) 13 (1) MOXHO conocTaBuTb NMHeliHoe npeobpaso-
BaHue, 3afaBaemoe (1 + 1) x (n + 1)-matpuuen A:

(A,I;)—mfl:(‘g i’) 2

OrpaHuueHue 3Toro npeobpa3oBaHMs Ha TUMEPMNOCKOCTb
ZTni1 = 1 paet dopmyny (1). OToBpaxeHue (2) 3apaet ro-
MOMOp{HOe BNOXeHWe Tpynnbl addMHHBIX NpeoGpasoBaHui
A(n)Brpynny GL(n + 1) [1].

On one connection of the exchange
and Leontief models

. V. Kostyakov, V. V. Kuratov

Institute of Physics and Mathematics,

Federal Research Centre Komi Science Centre, Ural Branch, RAS,
Syktyvkar
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Abstract

The authors show that the Leontief model of linear interindus-
try balance can be available passing to the limit for some pa-
rameters from linear exchange model with change in eco-
nomic status of some participants in economic operations.
Moreover, the Leontief model itself can be subjected to the
same limit procedure and transform to a new Leontief model.
Parameters can have different interpretations, depending on
the specific situation in the economy: change of priorities in
the national economy, etc.

Keywords:

Leontief model, contractions of Lie groups

MoxHo paccmoTpeTb oToGpaKeHWe, coOMocTaBnsloLee
KaxpoMy aditmHHoMy npeo6pasoBanuio (1) nuHeiiHoe npe-
obpasoBaHue

7 AF, (3)

KoTopoe ABNSIETCA roMOMOptM3MoM adiduHHOM rpynnbl A(n)
Ha rpynny nuHeHbIx npeobpasoatuit G L(n) [1]. 9apo ato-

-

ro roMmomoptv3aMa coBnapaer c rpynnoi caguros 7'(b) npo-
cTpaHcTBa R™, KoTOpas sIBNSIETCA HOPManbHOM MOArpynnoi
atpunHoit rpynnel A(n). Ecnu MaTtpuua A opToroHanbHa,
70 6y[eM UMeTb rpynny ABUXEHUA eBKNWUGO0BbIX NPOCTPaHCTB,
aBnswuytocs nogrpynnon A(n).

TexHWuecku, atdduHHbIe NpeoBpa3oBaHMs NPOCTPAHCTBA
R™ MoryT BbiTb TaKe nosyueHbl NpefenbHbLIMA Nepexofa-
MU [2,3] no HekoTopbIM NapaMeTpamM e; W3 rpynnbl 0BLMX u-
HelHbIx npeobpasoBanuit G L(n + 1) npoctpanctea R™ .
MapaMeTpbl €; MOTYT UrpaTb posib MaclwTabHbIx Npeobpasosa-
HUI B NpocTpaHcTBe npeacTasnenus R™+1. B cnyuae ogHo-
ro napameTpa €, Npyu 3TOM U3MeHsaeTCA MaclTab BAOMb Bble-
NEHHOro Hanpaenexus. TakuM 06pa3oM, napaMeTp e pasgens-
eT (n + 1)-MepHoe NpOCTPaHCTBO NpPefCTaBleHMs, Ha KOTO-
pom mencTBoBana rpynna G'L(n + 1), Ha ABa NpocTpaHcTBa
C pasHbIMK CBOWUCTBaMM (MacluTabamu, thMsanuecKkuMmu pasmep-
HOCTAMM W T. [I.) — n-MepHOe, Ha KOTOPOM [enCTBYeT Tenepb
atmHHas rpynna A(n) 1 opHoMepHoe. MpuMepoM MoXeT cry-
XWTb MONy4YeHWe rpynMbl BKEHUIA eBKIMA0BON NIOCKOCTH
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E(2) 3 opToroHanbHow rpynnbl BpalieHui TpexMepHoro npo-
ctpaHctBa O(3). B thuanke anemeHTapHbIx yactuu, £'(2) cum-
MeTpuio Ge3MaccoBbIX YacTUL MOXHO MOAyuuTb B Mpegene
BeckoHeuHbIX uMNynbcoB 13 SO(3) CUMMETPUM MAacCUBHbIX
vactuy [4]. Tpynny Tanunes, neicTByloWY0 B NPOCTpaHCTBe
ABYX BEMIMUMH pasHOM NPUPOAbLI — NPOCTPAHCTBA U BPEMEHM,
TaK)Ke MOXHO MOMYYMTb U3 rpyNNbl BpaweHui [2, 3].

AdtmHHbIe NpeoBpa3oBaHUa UCMONb3YIOTCS B PA3NNUHbIX
npunoxenuax. Hanpumep, npeo6pasosanua MNyaHkape B pe-
NATUBUCTCKOI (hU3MKe ABNSIOTCA MOATPYNNOM aguHHbIX npe-
06pa3oBaHuit U MoryT BbiTb 3anucaHbl B suae (1) unu (2), roe
7' — UeTbipeXMepHbI BEKTOp MpoCTpaHCTBa-BpeMeHn, A =
(Ai;) € SO(3,1) — matpuua npeobpasosaHuit rpynmbl Jlo-
DEHLa, b — YeTbIpeXMepHbIlt BEKTOp TpaHcnsuuu. pynny My-
aHKape MOXHO MONyuuTb MPefenbHbIM NepexofoM M3 rpynn
ncespoBpaleHuit e Cuttepa SO(1, 4) unu aHtn-ge Cutte-
pa SO(2,3).

B KBaHTOBO MeXaHMKe MaTpuLLa NNOTHOCTM KyBuTa MoXKeT
6biTb NpefcTaBneHa B suae [5]

1( 1+x3

_ = : T — iiUQ ) (4)

2\ x1+izy 1—2x3 ’

W 3BONIOLIMI0 OTKPLITOM KBAHTOBOW CUCTEMbI, OMMCHIBAEMYIO
npeoBpasoBaHuaMu Kpayca, MOXXHO CBECTU K [LeiCTBUIO rpyn-
Mbl CXUMaloWMX adhuHHbIX NpeobpasosaHuit (1) Ha BekTop
= (xla T2, x&) [6]

Euwe ofMH NpuMep M3 MaTeMaTMUeCKoM MOJEnu HeipoHa,
KoTopyto npeanoxunu MakKannow u Mutc [7]. AKTMBaUMOH-
Hbli NOTEHLMan HellpoHa uy, NonyyaeTca athuHHbLIM npeobpa-
30BaHMEM B Pe3ynbTaTte CyMMUPOBAHUA BXOMHbIX CUTHAOB X
C PasNNUUHbIMK BECAMM a,; U CABUra Ha MOCTOSIHHYI0 BENNUM-

Hy bs, — Bapbep akTuBauuu [8]

N
U = Zaijj + bk. (5)

j=1

HakoHeL, B MaTeMaTUUeCcKuUX MOLENAX 3KOHOMUKM cTaLu-
OHapHble cocTosiHus oToBpaxenuit (1) u (3) cooTBeTCTBYIOT
MogensaM JleoHTbeBa M NUHelHbIM Mofenam obMeHa. B paH-
HOW cTaTbe Mbl MCMONb3yeM WA NpefesbHbIX Nepexofos
GL(n + 1) — A(n) nns nonyyenus Mopenu fleoHTbeBa
LNS 71 YYaCTHUKOB M3 MOLENU NUHEHoro 06MeHa Unu Mexay-
HapoZHoi ToproBnu ansi n + 1 yuacTHUKoB. Mpu 3TOM 0fMH U3
YUYaCTHWUKOB MEHSIET CBO “Npupoay” — 3KOHOMMUYECKMIA CTa-
TYC M CTAHOBMUTCS “UnCTbIM” NoTpebutenem.

1. Mopenb JleoHTbeBa

lpuMMeHeHWe MaTeMaTUUYECKUX METOL,0B B 3KOHOMUKE MMe-
et boraToe npowrnoe. Teoputo, METOAOMOMMI0 U NPAKTUKY MEeX-
otpacnesoro 6anaxca npeanoxun B. B. JleoHTbes [9]. B1973 .
eMy 6bina npucyxaeHa HobeneBckas npeMus Mo 3KOHOMUKe
"3a pa3BuTMe MeTofa "3aTpaTbl-BbiNyCK' W NMPUMEHEHUE ero
K BaXKHE/LWMM 3KOHOMUYeCKUM npobrnemam”. MaTeMaTnueckue
MOLENM 3KOHOMMKM, OTpaXxkalolme C NOMOLbI0 MaTeMaTuye-
CKMX COOTHOLLEHMIA OCHOBHble CBOMCTBa 3KOHOMUUECKUX Npo-
LLeCCOB U ABNEHW, NpeacTaBnaoT coboit 3deKTUBHbIN UH-
CTPYMEHT UCCNERO0BaHUS CMOXHbIX 3KOHOMUYECKUX NpoBneM.

Bonblwoit BKNag B pa3BuUTHe IKOHOMUKO-MaTeMaTUUECKUX UC-
CNef0BaHuiA, B TOM uMCNe MeXoTpacneBoro 6anaHca, BHeCnu
oTeuecTseHHble yueHble [10-12].

JhtheKTUBHOE BefleHWe HAPOLHOro X039MUCTBa Npeanona-
raeT Hanuuue GanaHca MeX Ay oTAenbHbIMY oTpacnamu [9-14].
Kaxpasa oTpacnb npy 3TOM BbICTYNaeT ABOSAKO: C 0QHOM CTOPO-
Hbl, KaK NPOM3BOAUTENb HEKOTOPOM NPOLYKLMK, @ C Bpyron —
Kak notpebutens NpoayKToB, NPOM3BOLMMbBIX LPYrMu oTpac-
namu.

bynem npepnonarartb, yTo BCS NpOM3BOASLLas cdepa Ha-
POAHOro Xxo3qaicTBa pasbuta Ha HEKOTOPOEe uUMCNo 1 oTpac-
e, Kaaas 13 KoTopbiX NPOU3BOAUT CBOW OAHOPOLHbIN Npo-
OYKT, NPUYEM pasHble 0TPacnu NPOM3BOAAT pasHble NPOAYK-
Tbl [12-14]. Hanpumep, Mexotpacnesoit 6anaHc CCCP 3a 1959 .
6bin noctpoeH no 83 otpacnam, a 3a 1972 r. — no 112 otpac-
nam [12].

Beenem cnepytowue 0603HaueHus:

2; — 06WuniA 06beM NPOLYKLMM OTPACAM 4 33 BAHHBINA NPO-
MEXYTOK BPeMeHW — BanoBoi BbINYCK ¢-i 0Tpacny;

x;; — 06beM NpPoAyKLMK OTPaCcH 4, pacXofyeMblit OTpac-
NbK j B MpoLecce NPoM3BOACTBa;

y; — 06beM NpOoMyKLMM OTpacnu 4, NpefHasHaueHHbIN
K noTpe6nexuio B HeNpoU3BOACTBEHHOW cthepe — 06beM Ko-
HeyYHoro notpebnexus.

06beM KoHeuHoro noTpebneHns coctaBnsiet 06bluHO 6o-
nee 75 % Bcen Npou3BeeHHoi NpoayKLUMu. B Hero BXoaaT co-
3[.aBaeMble B X03A/CTBE 3anachl, TMYHoe noTpedneHue rpax-
[aH, obecneueHne obuiecTBeHHbIX noTpe6HocTen (npocse-
LLeHKe, HayKa, 3APaB0O0XpaHEeHe, Pa3BUTUE MHAPACTPYKTYpbI
W T. 0.), NOCTaBKM Ha aKkcnopr [14].

B HapomHOM X034/1CTBE [LOMKXHO BbIMOAHATHCS COOTHOLWE-
Hue 6anaHca, T. e. ,ns N6Oro ¢ BLINONHATLCSH PABEHCTBO

Ti =T + Tig+ ...+ Tin + Vi (6)

ERuHULBI M3MepeHNs BCeX BENMUMH MOTYT BbITb HaTypanbHbI-
MU (Ky6OMETpbI, TOHHBI, WTYKM U T. MN.) W CTOUMOCTHbIMM.

B. B. JleoHTbeB, paccMaTpuBas pasBuTME aMepUKaHCKOM
3KoHoMukM 30-e r. XX B., 06paTun BHMMaHMe Ha TO, 4TO BENU-

UMHbl a;; = % 0CTarTCA MOCTOSHHbIMU B TEUEHUWE PSIfaA NeT.
310 06ycnasnwéaech MPUMEPHbIM MOCTOSIHCTBOM UCMONb3ye-
MoM TexHomnorun. KosatduumeHTbl @;; Ha3bIBAKOT KO3th(ULM-
eHTaMu NpAMbIX 3aTpaT (Ko3thdULMEHTaMU MaTepuanoeMKo-
cTH).

WUcnonbays runotesy NMHEAHOCTH, MONYYaeM CUCTEMY NiU-
HeMHbIX YPaBHEHWM, OMUCHIBAIOLLYI0 HEMOLBUMKHbIE NPU OTO-
Bpaeruu (1) Toukm (NonoxeHUs paBHoBECKS)

7= A7+ 7. (7)

Bektop Z = (z1,...,%,)" Ha3biBAaeTCA BEKTOPOM Banogo-
ro BbinycKa, BeKTOp ¥ = (Y1, ..., Yn)" — BEKTOPOM KOHeU-
Horo moTpe6neHus, a MaTpuua A — MaTpuuen npambix 3a-
Tpar [13,14].

Matpuua A — HeoTpuuatenbHas (Bce ee KOMMOHEHT
HeoTpuuaTenbHbl). BekTopbl T U ¢/ ToXe HeoTpuuUaTeNbHbl.
VpaBHeHue (7) Ha3blBaeTCs YPaBHEHMEM JIMHEHHOTO MEXOT-
pacnesoro 6anauca (Mopenbio NleoHTbesa) [13,14]. OcHoBHas
3aflaua MeXoTpacneBoro 6anaHca: HalTK TaKoi BeKTop Bano-

N3BecTna Komu HayuHoro LeHTpa Ypanbckoro otaenequs Poccuitckoi akapemun Hayk N2 5 (71), 2024

Cepust «Dn3nK0-MaTEMaTUUECKME HAYKU»
www.izvestia.komisc.ru

85



86

BOTO BbIMYCKa T, KOTOPbIA NPY M3BECTHOM MATpULLE NPAMbIX 3a-
TpaT A obecneuuBaeT 3a4aHHbIM BEKTOP KOHEUHOro noTpe6-
nexus 3. Matpuua A HasbiBaeTcs NPOAYKTMBHOM, ecnu ans
nto6oro BekTopa ¢ > 0 cywecTtsyeT peweHue £ > 0 ypaBHe-
Hus (7). B atoM cnyuae u Mogenb JleoHTbeBa, onpeaengaeMas
MaTpuLen A, Toxe Ha3bIBAaeTCA NPOLYKTUBHOM.

CucTeMy nuHenHbIX ypaBHeHui (7), ucnonb3aya otobpaxe-
Hue (2), MoXHO nepenucatb Kak [14]

I a1 G1n Y1 T
= : (8)
Tn an1 cor Opn Yn Tn
1 0o ... O 1 1
iz
Z1 a11 a1.n4+1 £
= , (9
T an1 e an,n+1 T
Tni1 0 e 1 Tpn4+1
roe y; N a; n+1 CBA3aHbI PABEHCTBOM Y; — A n+1Lpn+1-
ypaBHEHME (7) MOXXHO pewunTb OTHOCUTENIbHO T
i=8j S=(E-A". (10)

Matpuua S HasbiBaeTCs MaTpuLLet NOMHbIX 3aTpaT. SNeMeHTbl
3TOW MaTpULbl S;; — BENUUMHBI BaNOBOrO BbiMyCKa NPOAYK-
UMK 3-i oTpacnu, HeoBxopuMoro anga obecreyeHus Bbimyc-
Ka eoMHWLblI KOHEUHOro NPopyKTa j-i otpacnu. Cywecteyet
HECKONbKO KpUTep1eB NpoayKTUBHOCTM MaTpuubl A [13,14].

MepBblil KpuTepUA — MaTpuua A NpoAYKTMBHA Torma U
TOMbKO TOTAA, KOrAa MaTpuua S CyWecTByeT U HeoTpuLaTeNb-
Ha.

BTopoit kputepuit — MaTpuua A NpomyKTMBHA TOrLa
W TONbKO TOrAa, Koraa ee uncno Opobenunyca A 4 (MakcuManb-
HOe MoNoXuTenbHoe CoBCTBEHHOE UMCNO MaTpULibl A) MeHblIe
eMHULbI.

Yucno @pobeHnyca A4 HeoTpULaTeNbHOM MaTpULLbl YLO-
BNeTBOpPAET HepaBeHCTBaM [14]

T<AA<R7 3<)\A<S, (”)

roe r = min r;, R = max r;, s = min s;, S = max s;,
r; — CyMMa 3eMeHTOB -1 CTPOKM, S; — CyMMa 3NIeMEHTOB i-
ro cTon6ua. Ecnu Matpuua A nonoxwurenbHa, 10 BCe HepaBeH-
CTBa CTpOrue.

MbI MOXXeM paccMoTpeTb W bonee obLyto Mogensb

z A B z . -
(6)=(55)(¢) o=mc w
roe 5— k-MepHbI BEKTOP HEMpOW3BOAsALLEN Cthepbl HAPOA-
Horo xo3sicTBa, D — MaTpuua pasmepa k X k, B — Matpuua
pasmepa k x n. Henpoussopsiue oTpacnu cBS3aHbl COOTHO-
WeHUeM 5: Df, KOTOpOE (hopManbHo BbITNSAGMUT KaK NUHEl-
Has Mopenb 06MeHa, obcyxpaemas Hke. 3Ta Mofenb 03Ha-

YaeT, YTo OTPaciu x; He NONb3yKTCA NPOLYKTaMKu oTpacnen
&, @ 0TPACIU &, NCTIONbB3YIOT NPOMYKTbI OTpacnen x;.

Mogenb NeoHTbesa (7) unu (8),(9) mns n yyacTHUKOB Mo-
eT BbITb MONyYeHa U3 MOAIENY NMHEHOro 06MeHa ¢ MaTpuLiell
A pnan + 1 yyacTHuka

a11 ce. Q1n a1,n+1
A= : : : : (13)
an1 LRI Apn an,n+1
an+1,1 an+17n an+1,n+1
3aHYNeHUneM 3NeMeHToB a i, MPU 3TOM a = ].,
n+1,t n+1,n+1

a 3NeMeHTbl a; 5,11 CTAHOBATCH MPOM3BOMbHBIMU UYMCHAMM.
Kak crnepctBue u3meHsieTcsl pofib OBHOMO W3 YYaCTHMKOB.
B thusmueckmx Teopusix sToMy COOTBETCTBYET U3MEHEHMWE NPU-
pogbl (n + 1)-ro HanpaBnexus.

BBeneHve napameTpa e B MaTpuLy A — fl(e) u nocnepy-
lolLiee yCTPEMIIEHMUE 3TOr0 NapaMeTpa K HyMK W3BECTHO B Ma-
TEMATUKe W (OU3NUECKUX NPUNOKEHUAX KaK KOHTpaKuma [2,3].
Mbi 6ypem BBOAMTb MapaMeTp e TakuM 06pasoM, utobbl 3aHy-
NANNCH 3NMEMEHTbl Apy14,2 = 1,. .., 7, @3NEMEHT Gy y 1 pt1
cTpemuncs 6bi K 1.

2. lunenHas Mogenb o6MeHa

NuHenHaa Mopenb o6MeHa MNKM Mofenb MeXLyHapoaHOM
TOProBNY AaeT OTBET Ha CeayHLWNA BONPOC: KaKUMU LOMXK-
Hbl GbITb COOTHOWEHUS MEXAY FoCyRapCcTBEHHbIMKU Gropke-
TaMu CTpaH, TOPrylwWwmux Mexmy co6ou, utobbl Toproens 6bi-
la B3aMMOBbIFOIHOM, T. €. He GbiNo 3HaUUTENbHOTO feduLUTa
TOproBoro 6anaHca Ang Kax@on U cTpaH yuacTHuy [14]?

MycTb x; — HaUWOHanbHble BIOMKeTbI 7-i CTPaHbI, azj —
nonu 610aKeToB j, KOTOPYK j-91 CTPaHa TPATUT Ha MOKYNKY
TOBAapOB ¢-i CTpaHbl. byfeM nonaratb, uTo Becb HaLMOHaNb-
Hblii BIOKET KAXA0M CTPaHbI PACX0AyeTCs TONMbKO Ha 3aKyMKy
TOBapoB 160 BHYTpM CTpaHbl, TM60 BHe ee, T. €. BbINONHSAETCS

n

paBeHCTBO Zaiﬂ' =1, 7=1,...,n. VYcnosue 6e3guctu-
=1
LMTHOW TOProBAu npuHuMaet eug, [13,14]

T = AZ. (14)

Bce anemeHTbl BekTopa & M MaTpuubl A HeoTpuuaTenbHbl:
x; 2 0,a4; 2 0.

VpasHeHue (14) o3Hauaert, uto “BeKTop BrofKeToB” T ABng-
eT1cq CO6CTBEHHbIM BEKTOPOM MaTpuLbl A € COBCTBEHHBIM 3Ha-
UeHMeM A 4, paBHbIM 1. MI3BECTHO, UTO ecnu B HeoTpuLaTenb-
HOM MaTpuLe A cyMMa 3neMeHTOB Kaxaoro cronbua (cTpoku)
paBHa O[HOMY W TOMY e uuciy A, To ee uncno PpobeHnyca
A4 paBHO A. B nuHeltHoi Mopenu obMeHa cyMMa Bcex ane-
MeHTOB B cTonbue paBHa 1, noatoMy uucno OpobeHnyca A 4
LN Hee paBHO 1, @ 3HauWUT, UMeeTCs HEeTPUBMANbHOE pelleHne
ypaBHeHus (14).

3. MpenenbHbIM nepexop,

MokaxeM, uto Mogenb JleoHtbeBa (7) ANg m YUaCTHUKOB
MOXHO MONYYMUTb M3 MOLENU MeXOyHapomHOM TOProBnM AN
n + 1 yyacTHMKa B pesynbTaTe BbiAeneHus CTPOKM U cTonbua
(n 4 1)-ro yuacTHuka Mopenu o6MeHa BBefeHMEM CreLu-
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anbHbIM 06Pa3oM napameTpa € v NocneayolLero NPefenbHoro
nepexofa. 3
Paccmotpum Mogenb (14) ¢ matpuuen A = Au 7 =

t
(mla Zo,... ,$n,$n+1) )
a11 ce A1n a1,n+1
a1 . QAo a2 n+1
A= S (2
an1 .. Apn an,nJrl
a'n+171 anJrl,n an+1,n+1

Yucno ®pobeHnyca aToit MaTpuLbl paBHO 1, Tak Kak CyMMa
BCeX a;; B KaX[oM cronbue pasHa 1

i=1

3aMeTUM, UTo eciiv Mbl BbIUEPKHEM U3 3TOW MaTpULbl Nio-
BYt0 7-10 CTPOKY W 7-1 cTonGeL, To nonyunM MaTpuuy A pasMe-
poM 1. X n, y KoTopoit uncno ®pobeHnyca MeHblue 1, Tak Kak
CyMMa OCTaBLIMXCH 3NIEMEHTOB a;; B KaxmaoM ctonbue 6ynet
MeHblLue 1, UTo Kak pas v ABNFEeTCS YCNOBUEM NPOLYKTUBHOCTH
Mopenu JleoHTbeBa. ~

MocKonbKy BCe 3NeMEeHTbI MaTpuLbl A, B TOM Unche 1 ane-
MEHTbI Q11 G n+1, MEHDLIE EAUHULIbI, TO MOXHO 3TH 3ne-
MEHTbl 0603HaUNTb KaK @p+1,; = SN @, Gjpy1 = SiDY;,
Gp+1,n+1 = COS ¢r+1. BBEOAEM TENEPb NAapaMeTp € HECUM-
METPUUHbIM BapUaHTOM KOHTPaKLuK [2] v nepeitieM K npeaeny
e—0

lim A(e) =
e—0
ai - A1n Lsin ey,
a21 ve QA2p . SN €Y2
= lim =
e—0 1 .-
Ap1 e Qnn < siney,
€sin egy esinep, Cose€pni1
air ... Qin Y1
a1 ... Q2n Y2 A g
= I . (1)
0 1
an1 <o Oppn Yn
o ... 0 1

Uncno ®pobennyca matpuubl A ¢ anemeHTamu a;; 1, j
1,...,n pasMepoM i X 1 MeHble 1, uto K 9BNSeETCS ycno-
BMEM NPOJYKTUBHOCTW MonyyeHHoW Mofenu JleoHTbeBa. Mpu
3TOM OIMH U3 YUACTHUKOB MEHSIET CBOI CTaTyC U CTAHOBUTCS
notpebutenem.

[lanee MoXH0 YCTPOWUTL HOBBIWA NPeLenbHbIiA Nepexon, yxe
B Mofienu JleoHTbeBa ¢ MaTpuuen A, BBOLS B Hee HOBbIW Na-
paMeTp W NONTyuMTb HOBYHO MOLENb C ABYMS 06beKTaMu Henpo-
W3BOLCTBEHHOM Chepbl, KoTopas Takke GyfeT NPOLyKTUBHA.

4. OpHoMepHasa Mopensb JleoHTbeBa

B kauecTBe MpocToro NpuMepa paccCMOTPUM OHOMEpHYHO
Mogenb J1eoHTbeBa, B KOTOPOi eCTb OAMH NPOU3BOAMTEb, Bbl-
nycKatowwui NposyKLmIe 1. YacTs npopykumn (ay; < 1) uger
Ha BHyTpeHHee noTpe6nexue, ocTanbHoe — Ha BHEWHee Mo-
Tpebnexue (y)

Ty = a;z +y. (18)

3neMeHT 0fIHOMEPHOW MaTpuLLbl a1 COBMAfaeT B 3TOM Clyuae
¢ uncnoM PpobeHnyca 1 ycnoeue NPORYKTUBHOCTU a1 < 1
BbINONHAETCS.

3Ty Mopenb MOXHO 3anucaTb Kak Mogenb Ang AByX yyacT-
HUKOB

T o ajp Qi 1 .
()= (5 ) (2):vmne

MoxHo 3aiuKcKUpoBaTh x5 = 1 ¥ NpUBECTU K BUZY

(5)-(5 (1)

3apaBas 3HaueHus y B ypaBHeHuax (18),(20) unm x5 B ypas-
HeHuu B (19), ByneM HaxoouTb HeoBXoaMMbIN 06bEM BbinycKa
MPOLYKLUMM 1.
PaccMoTpuM nuHenHyo Mogenb o6MeHa Lng OBYX yyacT-
HUKOB R
T = AZ,

(2)-(2)(2) o
To az1 Q22 )

Ina 6anaHca HyxHo, uTOBbl CyMMa 3NEMEHTOB B KaX[LOM
cTon6Le MaTpuLbl paBHANAch eAuHULE

a; +axy =1, 1=1,2.

Yucno OpobeHnyca MaTpuLbl A paBHo 1, npn atoM a7 < 1.
TaK Kak BCe 3MeMeHTbl a;; MeHblle 1, UX MOXHO 0603HaumnTh
KaK ap; = sin ¢21- a2 = sin Y, gy = COS ¢22. Bbipenum
BTOPOr0 yYacTHMKa Mofenu JIeoHTbeBa U U3MEHWUM ero 3KOHO-
MUUecKyto "npupogy” c npou3BopuTens Ha notpebutens, op-
raHusya TeM caMblM NpeaenbHbii nepexog [2]

A Ale) = < i

Lsiney \ e=o
. € -/
€ sin €¢oq

COS €¢oo
0 A(0) = < oY ) (22)

3To 03HauaeT, uTo BTOPOI YuaCTHWK npouecca notpebnser
MPOLYKLMIO NEepBOro, a NepBblid He UCMONb3yeT NPOAYKLMI0
BTOpOro. MonyunM NPOLyKTUBHYH MOfenb JleoHTbeBa.

5. 3aknoueHue

MbI nokasanu, uto Mmogenb MexayHapofHoro o6MeHa u Mo-
genb JleoHTbeBa, ByoyuuM MaTeMaTUUECKU COBEPLIEHHO pas-
HbIMM, TEM HE MEHee reHeTUYECKM CBSA3aHbl NMPefenbHbIM ne-
PEXOAOM.

B thmsnke npepenbHbIMKM NepexofaMm MOXHO CBS3aTh pas-
Hble Teopuu. Hanpumep, KBaHTOBYHO U KNaCCMUECKYH MeXaHM-
KM MOXKHO CBSI3aTb NPefenbHbIM NepPeXofoM, B KOTOPOM napa-
METPOM CyXuT noctosiHHas lnaHka e = h. Knaccuueckyio
MEeXaHMKY MOXHO MONyYuTb NPeAenbHbIM NePeXofoM K ManbiM
CKOPOCTSIM N0 CPAaBHEHWIO CO CKOPOCTbIO CBETA M3 CheLmanb-

v v
HOM TEOpUM OTHOCMTENLHOCTM C napameTpoM € = —. [oxo-
C

WM 06pa3oM MOryT BbiTb CBA3aHbI M [1BE PasHbie IKOHOMUYE-
CKue Mofenu — Mofenb JleoHTbeBa U NuHeiiHas Mogenb 06-
MeHa. 3[ecb napaMeTp € BblensieT 04HOro U3 Npou3BoaUTE-
ey, yMeHblIas B poLecce NpefenbHoro nepexofaa ero BKNag
B ofliee NPoM3BOACTBO M MpeBpalyasl B noTpedutens. Takum
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o6pasom, npoucxopnut paspenewue (n + 1)-ro npoussogute-
et Ha m NPOWU3BOAMTENEI M 0QHOIO NoTpeGUTens.

MapaMeTp € NoABNAETCA U B COOTHOLWEHMM, CBA3bIBAIOLNM
3anac NpogyKTUBHOCTH «(€) 1 uncno Ppobennyca Ay (€) no-
nyyeHHon Mogenu fleoHTbesa [12,14]

(14 a(e)An(e) =5 =1,

oTKyAa
1
ofe) = —— _ 1.
AL (e)
Mbl nonaraeM, uTo NpeaenbHble Nepexofbl MeXy pasnuu-
HbIMKU MOOenaMmu MOFyT MCNOoSIb30BaTbCA AJi1d ONUCaHUA KpM—
3UCHbIX 3KOHOMUYECKUX I'IpOLI,ECCOB.
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H6unewu

Bacunuu Unbuu NyHeros

8 Hoab6psa 2024 r. ucnonnsietcs 70 net Bacunuio Unbu-
uy NYHEIOBY, rnaBHOMy HayuHOMy coTpynHUKY Ousnko-ma-
TeMaTuueckoro uHctutyta OULL Kommn HayuHoro uentpa VpO
PAH, mokTopy thu3uKo-MaTeMaTUUeCKUX Hayk, npodieccopy,
KpYMHOMY cnewLuanucTy B 06nacTu Teopum oudipakLmm, peHT-
reHOBCKO# ONTUKM M HepaspyLualowwen peHTreHoaNdpaKLMoH-
HOM [MarHOCTUKM (DYHKLMOHAMNbHbIX MaTepuanoB COBpPeMeH-
HOW HaHO3NEKTPOHMKY.

Bacunuit Unbuu MyHeroB popunca B . CbiKTbiBKape.
B 1962 r. noctynun v B 1972 . okoHumn CbIKTbIBKAPCKYHO Cpef-
HI0K0 WKony N2 26. B ToM e rogy Gbin NPUHAT Ha NepBblit Kypc
(hU3MKO-MaTeMaTMueckoro takynbteta CbIKTbIBKApCKOro ro-
cynapcteeHHoro yHusepcuteta (CoiktlY) no cneunanbHocTH
tumanka. B 1977 r. okoHuUMn ¢ oTAMUMEM (PU3MKO-MaTeMaTHue-
CKuit takynbTeT CoiKTlY. [ocne okoHUYaHKa yHUBEpCUTETa pa-
Botan B JOMKHOCTM UHXEHEpa, a 3aTeM acCUCTeHTa Kadenpbl
o6weit pusnkm CbIKTbIBKAPCKOTO rocyfapCTBEHHOrO YHUBEp-
cuTeTa.

C 1977 no 1979 r. cnyxun B papax CoBeTcKoi apMuu
(r. Ceepmnosck). C 1982 no 1985 r. obyuanca B acnupaHTy-
pe thusnyeckoro axynbTeta MOCKOBCKOrO rocyapCTBEHHOMO
yHuBepcuteta uM. M. B. llomoHocoBa. lNocne oKoHYaHMsa acnu-
paHTypbl ¥ 3awwuThl B 1986 r. KAHANMLATCKOW AMUCCEpTaLLMM pa-
6otan B CoIKTl'Y B pasnuuHbix gomkHocTsax. C 1996 no 2006 r.
3aBefoBan Katenpon (U3MKM TBEpPROro Tena, bbin UneHoM
YueHoro coseta CbikTlY. B 2004 r. nepewen Ha paboty B 071-
nen matematuku Komu HLL VpO PAH BHauane B pomkHoCTH Be-
LYLLLEro Hay4YHOro COTPYAHWKA, a 3aTeM 3aBefyHoLero Co3faH-
HOM UM NaBopaTopuu TEOPETUYECKOM W BbIUUCIMTENbHOI -
auku. Kangumpatckas (1986) n noktopckas (1996) auccepraumm
Bbinu 3awmweHsl B MY um. M. B. [loMoHocoBa.

HayuHble uHtepecsl B. U. NyHeroBa cBsi3aHbl C pa3BUTUEM
TEOPUM PEHTTEHOBCKOM AMMDPaKLLMM B MHOTOCIOWHbIX U FPaau-
EHTHbIX KpUCTannax, UCcrefoBaHUeM (hOKYCUPOBKMA CUHXPO-

Anniversaries

Vasily |. Punegov

TPOHHOTO U3MTyUYEHMs], @ TaKXKe PaCCMOTPEHNEM KOTEPEHTHOMO
W GMAhy3HOTO paccesiHUs PEHTTEHOBCKUX Nyyeit B Nepuoau-
yeckux cpepax. OCHoBHOe BHMMaHWe OH ypenser paspabor-
Ke HepaspywWarwWwmnx peHTreHoJUtPaKLMOHHbIX METORO0B WC-
Cnef0BaHNs HAHOCTPYKTYPUPOBaHHbIX MaTepuanos. B nepuop,
¢ 1986 no 1996 r. B. 1. NyHeroBbiM pa3paboTaHo HOBOE HayuHOe
HanpaB/eHne — CTaTUCTMYECKas TEOpUs PacCesiHWS B pelue-
HWM NpAMbIX U 06paTHbIX 332y BbICOKOPA3peLLaLOLLEei PeHT-
FeHOBCKOM AUPAKLMM B KPUCTANIIMUECKMX CTPYKTYpaXx C fe-
thekTamu.

B HacToawee Bpems B. . yHeros paspabatbiBaeT ABa Ho-
BbIX HayUHbIX HanMpaBneHus, CBA3aHHbIX C PeLeHeM NpsMbIX
1 06paTHbIX 33124 BbICOKOPA3peLLatollen PeHTIeHOBCKON Au-
(hpaKLWM B HAHOCTPYKTYPUPOBAHHbIX CPefax, BKMYas no-
NyNPOBOLHMKOBbIE FETEPOCTPYKTYPbl C KBaHTOBbIMU SMaMM,
HUTAIMM W TOUYKaMW, HAHOMOPUCTble MaTepuanbl U 3NEMeHTb
PEHTFeHOBCKOM ONMTWUKK. BTopoe HoBoe HayuHoe HamnpaBsne-
HWe OCHOBAHO Ha Pa3BUTMM AMHAMUYECKOH TEOPUM NPOCTPaH-
CTBEHHO OrpaHUYeHHbIX PEHTTEHOBCKUX MYYKOB B KpUCTannax
1 MHOFOCNOMHbIX CTPYKTYpaX.

Ha npoTskeHuu Bceit HayuHo-Nefarornyeckoi pestenb-
HocTu B. W. yHeroB 6onbluoe BHUMaHWe yaensn nojrotoBke
KafpoB Bbiclel kBanudukaumu. CeMb ero yYeHWKOB 3aLyu-
TUAN KaHAMAATCKWe AuccepTauim, YyeTBepo u3 Hux pabota-
10T B yHuBepcuteTax Aectpanuu, lepManuu, HoBoi 3enaHguu
v TonnaHpuu.

Bnaropaps HayuHbIM NyBNUKaLMAM B BbICOKOPEUTUHIOBbIX
MEeX[YHapOAHbIX XXYpHanax HayuHble KOMneKTUBbI Mof, PyKo-
BoAcTBoM B. W. lyHeroBa BbIMrpbIBany NpecTuXHble MeXAy-
HapoAHble U POCCUIACKME TpaHTbl: MeXAYHapoaHOro HayuHo-
ro thoHAa, MexayHapoaHoi accoumal v No CoTpyaHUYECTBY
yueHbix cTpaH CHI 1 3anapHoit EBponbl (INTAS), MunucTep-
cTBa o6pasoBanua Poccuitckoit ®epepauuu, POOU, PHO.

Bacunuit Unbuu aengetca uneHoM YueHoro coBeta Gusu-
KO-MaTeMaTUUYeCKOro MHCTUTYTA, @ TaKXKe YNEHOM pefaKLu-
OHHO# Konneruu xypHana "Useectua Komu HL, Vp0O PAH". Ce-
pus "®usnko-maTeMaTMyeckme Hayku'".

Mo maTepuanam uccnepoBaHuit B. W. MyHerosbiM ony6nu-
KoBaHo 270 HayuHbix cTaTteil, U3 Hux Gonee 100 BKnioueHo
B 623y paHHbix Web of Science. OH yuacTHuk 6onee yem 50 Ha-
YUHbIX KOH(hepeHL MM, CUMMNO3MYMOB M CEMUHAPOB, B TOM YKCTe
MeXYHapOJHbIX.

TanaHtnuBbI yueHblit B. W. MyHeroB ygoctoeH B 2014 T.
3BaHNa 3acnyXeHHbli paboTHuK Pecny6nuku Komu, aB 2016 T.
ctan naypeatoM npemuu [pasutenbctea Pecnybnuku Komu
B 0611aCTM HayUHbIX UCCNEL0BaHHN.

OT BCed Ayl No3apaBnseM U3BECTHOTO YYEHOro, 3aMme-
yaTeNbHOro CEeMbSIHMHA M MPeKpacHoro yenoseka Bacunus
Wnbuua MNyHeroBa c oBuneem v xxenaem eMy cYacTnuBoM, Jon-
rOW, NNOJOTBOPHOA U TBOPYECKOM XKM3HM!

Konnexktus ®u3nKo-mMaTeMaTMyecKoro MHCTUTYTa
Komu HayuHoro yeHTpa Ypanbckoro oTaeneHms
Poccuiickosi akagemmm Hayk
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