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A new approach has been proposed to the problem of dynamical scattering of spatially limited X-ray beams.
The dynamical diffraction theory in a crystal with the lateral modulation of incident and reflected X-ray
waves has been developed within this approach. The unusual angular distribution of the diffracted intensity
from the crystal with an absorbing surface grating has been physically explained and numerically simulated.
The effect of the instrument function on the formed diffraction pattern has been demonstrated.
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1. INTRODUCTION

Diffraction gratings are among the main X-ray
optical elements widely used in various spectroscopic
studies as high-resolution narrowband monochroma-
tors and energy separators [1]. New types of diffrac-
tion gratings are now under development [2–4]. An
unusual angular distribution of the scattering intensity
was observed at the X-ray diffraction by a silicon crys-
tal with a tungsten periodic surface relief [3, 4]. The
specificity of the observed diffraction pattern in the
reciprocal space is in additional vertical and diagonal
diffraction orders in addition to expected lateral satel-
lites. To explain this phenomenon, a phenomenologi-
cal diffraction model was proposed in [3], the angular
distribution of the scattering intensity was numerically
simulated within this model, and theoretical results
were compared to experimental data. However, the
formation of the segmental rhomboid structure of
X-ray fields in the bulk of the crystal was only assumed
within this phenomenological model [3]. The aim of
this work is to develop a new approach to the dynami-
cal theory of X-ray scattering and to apply it for study-
ing diffraction by the crystal with the lateral periodic
modulation of the amplitudes of the incident and dif-
fracted waves.

2. DIFFRACTION IN THE CRYSTAL
WITH THE LATERAL X-RAYS MODULATION

We consider the dynamical X-ray diffraction in a
crystal whose surface is equipped with incident-radia-
tion absorber strips with the width t uniformly with the
period T along the y axis (Fig. 1). We introduce the
Cartesian coordinate system where the x and y axes are
parallel to the input surface and the z axis is directed

inside the crystal so that the x0z plane is a diffraction
plane. For simplicity, we consider symmetrical dif-
fraction in the Bragg geometry. Let a plane X-ray wave
be incident on the crystal at the angle θ = θB + ω,
where ω = θ – θB is the deviation of the X-ray beam
from the Bragg angle θB. In the absence of strains in
the crystal, we describe diffraction by the Takagi equa-
tions [5] written in the Cartesian coordinate system:

 (1)

where E0, h (x, z) are the amplitudes of the transmitted
and diffracted X-ray waves, a0 = πχ0/(λγ0),

, η = 2πsin(2θB)ω/(λγh) is the
angular parameter used in two-crystal diffractometry
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Fig. 1. Layout of the X-ray diffraction in the crystal with
periodically arranged absorbers.
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in the θ–2θ -scanning mode, λ is the wavelength of X-
ray radiation in vacuum, γ0,h = sin θB, C is the polar-
ization factor, and χg = –r0λ2Fg/(πVc) are the Fourier

components of X-ray polarizability, where g = 0, h, ,
Vc is the volume of a unit cell, r0 = e2/(mc2) is the clas-
sical radius of the electron, e and m are the charge and
mass of the electron, respectively, Fg is the structure
factor, and h = 2π/dhkl is the reciprocal lattice vector,
where dhkl is the lattice spacing.

Absorbers periodically arranged in the lateral
direction modulate the amplitude of the X-ray beam
incident on the surface of the crystal. A diffracted wave
leaving the crystal also undergoes spatial modulation
because it meets the periodic barrier of absorbers from
the side of the crystal medium. Thus, the periodic
arrangement of absorbers modulates both incident
and diffracted X ray beams. Passing through the
absorber strip with a rectangular cross section, an
X-ray wave undergoes a phase shift. These phase
changes are spatially nonuniform, because the X-ray
beam is incident at a certain angle to the surface of the
absorber and X-rays cover different paths inside the
absorbing medium. In addition, the absorber usually
has surface and lateral roughnesses whose sizes are one
or two orders of magnitude larger than the wavelength
of X rays. Consequently, the appearing optical path
differences and, hence, phase shifts are random and
their contribution to the X-ray diffuse scattering is
beyond the scope of the problem under consideration.

In order to describe dynamic diffraction on the
crystal with the laterally periodic modulation of the
incident and reflected X-ray waves, we use the follow-
ing model. Let the modulation of the incident X-ray
wave be specified by the function (Fig. 2)

 (2)
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where γ is the fraction of radiation transmitted
through an absorber. The function f(x) can be repre-
sented in the form of the Fourier integral

We assume that the width of the front of the X-ray
wave incident on the crystal with the surface grating is
NT, where N is the number of modulation periods of
incident radiation. We take the Fourier transform of
the function f(x):

 (3)

where κ is the variable of the reciprocal space. The
Fourier transform of a periodic transmission function
given by Eq. (2) is obtained in the analytical form

 (4)

It is convenient to seek the solution of the system of
equations (1) in the form [6]

 (5)

where the Fourier transforms of the amplitudes of X-
ray fields are represented as

 (6)

Substituting Eq. (5) into Eqs. (1), we obtain the equa-
tions for Fourier amplitudes of X-ray fields:

 (7)

Thus, we pass from the system of two-dimensional
equations (1) in the direct space to a one-dimensional
diffraction problem, which has an analytical solution.
To this end, Eqs. (7) should be supplemented with
boundary conditions. The amplitude of a plane wave
incident on the crystal with a periodic system of
absorbers on its surface is E0(x, 0) = f(x) and its Fou-
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Fig. 2. Modulation function of incident and diffraction
radiation: γ is the fraction of emitted radiation, t is the
width of the absorption band, and T is the period of mod-
ulation.
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rier transform is  = f(κ). The wave diffracted by
the crystal with the thickness lz satisfies the second
boundary condition  = 0.

The analytical solutions of the system of coupled
equations (7) for the amplitudes of the transmitted and
diffracted waves in the bulk of the crystal have the
form

 (8)

where σ0 = a0 – κcotθB, Q = ξ1exp(iξlz) – ξ2, ξ =

, and ξ1,2 = [–(η +
2a0 – 2κcotθB) ± ξ]/2. Substituting Eqs. (8) into
Eq. (5), we obtain, in particular, the following solution
for the amplitude of the diffracted X-ray field in the
bulk of the crystal:

 (9)

We use solution (9) to find the reflection amplitude
coefficient from the crystal with periodically arranged
surface absorbers. The amplitude of the diffracted
wave in the z = 0 plane before the absorbers is

 (10)

The solutions given by Eqs. (8)–(10) depend on the
angular parameter η ∝ ω and refer to the double-crys-
tal geometry. To describe the diffraction pattern in
reciprocal space in the triple-axial diffractometry
mode, the parameter η should be represented in the
form η = qxcot θB – qz, where qx = ksin θB(2ω – ε) and
qz = –kcos θBε are the projection of the vector q spec-
ifying the deviation of the diffraction vector from the
node of the reciprocal lattice [7, 8] and ω and ε are the
angular positions of the sample and analyzer, respec-
tively.

Since f(x) also modulates the diffracted wave rising
on the surface of the crystal by the width NT of the
wave front, the final detected reflection amplitude is
written in the form

 (11)
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The diffracted intensity from the crystal with the sur-
face modulation of the incident and reflected waves in
reciprocal space is given by the expression

 (12)

3. INSTRUMENTAL FUNCTION
Strictly speaking, the form of the experimental

reciprocal space map (RSM) depends not only on the
sample under study but also on the type of the mono-
chromator and analyzer, i.e., on the so-called instru-
mental (apparatus) function.

We assume that the diffracted intensity is already
integrated along the qy axis. Furthermore, we disre-
gard the spectral spread of the wavelength of incident
radiation, because its effect is significantly smaller
than the resolution function of the monochromator
and analyzer [9]. We consider the angular distribution
of the diffracted intensity , which is detected
in the triple-axial diffractometry method, with the
inclusion of the instrument function.

Let RM(β) be the angular dependence of the reflec-
tivity of the monochromator (М) and RA(δ) be the
angular dependence of the reflectivity of the analyzer
(А). For symmetric diffraction, the rotations of the
sample (ω) and analyzer (ε) are related to the projec-
tions qx,z in the reciprocal space as [10]

 (13)

where h is the length of the reciprocal lattice vector
and k = 2π/λ. The angular deviation of the sample ω
in the experiment induces the angular deviations of the
monochromator β = –ω and analyzer δ = ω – ε. The
respective reflectivities are RM(– ω) and RA(ω – ε).

Then, in view of Eq. (13) and the corresponding
normalization, the effect of the instrument function
on the angular distribution of the scattering intensity is
determined by the expression
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are the coefficients of reflection from the monochro-
mator and analyzer, respectively, and Ih(qx, qz) is the
scattering intensity calculated by Eqs. (11) and (12).

The reflectivities RM, A(ω) = |r(ω)|2 can be taken in
the form of a Darwin curve of a semi-infinite perfect
crystal with the amplitude reflection coefficient [11]:

where the coefficients ξ(ω) and ξ1,2(ω) depend on the
characteristics of X-ray radiation and the material of
the monochromator (М) and analyzer (А): ξ(ω) =

, ξ1,2(ω) = ,

and  =  = .
Here, the dynamic coefficients  are similar to the

coefficients  in Eqs. (1), and  and ω = β (ω =
δ) are the Bragg angle and angular deviation of the
monochromator (analyzer), respectively.

4. NUMERICAL SIMULATION

The numerical simulation of X-ray diffraction in
the silicon crystal with the absorbing surface grating
was performed on the basis of solutions (11) and (12)
using the tabular data for the symmetric (111) reflec-
tion of σ-polarized X-ray CuKα1 radiation with the
wavelength λ = 1.54 Å (see [12] and the X-Ray Server
site mentioned therein). The Bragg angle for the cho-
sen reflection was 14.221°. The lattice spacing was
d111 = 3.1355 Å. The thickness of the crystal in the cal-
culations was lz = 10 μm, which ensured dynamical
diffraction at the length of primary extinction lext =
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1.51 μm. The period of lateral modulation in all calcu-
lations was T = 1 μm.

Figure 3 shows the calculated distribution of the
diffraction intensity in the bulk of the crystal with the
surface absorbers under the exact Bragg condition.
The X-ray field is a periodic rhomboid structure with
the intensity decreasing inside the crystal because of
primary extinction. Within the phenomenological
model proposed in [3] for the explanation of the
experimental diffraction pattern, the formation of
such segmental structure of the X-ray field was
hypothesized that was confirmed upon the exact solu-
tion of this problem.

To calculate the angular distribution of the inten-
sity of diffraction radiation in reciprocal space, it is
necessary to choose the optimal number N of coher-
ently scattering periods that ensures the required visu-
alization of diffraction reflections on the RSM. With
an increase in N, the diffraction reflections in the lat-
eral direction are narrowed and are transformed to δ-
like peaks at N → ∞. For this reason, we performed
the calculations with N = 20. The effect of the ampli-
tude of modulation of incident diffraction radiation is
illustrated in Fig. 4. Here and below, the intensity con-
tours on the RSM are presented on a logarithmic
scale, where the ratio of the intensities of neighboring
lines is 0.237. At a quite strong modulation (γ = 0.1),
intense diffraction orders are formed (Fig. 4а),
whereas satellites on the RSM almost disappear at
weak modulation (γ = 0.9) and only the first diagonal
maxima hold (Fig. 4b).

Figure 5 demonstrates the effect of the width of the
absorber t on the scattering intensity distribution in the
reciprocal space. At t = 0.5 μm, which is the half-
period of modulation, the second diagonal diffraction
reflections disappear on the RSM (Fig. 5а). It is note-
worthy that the decay of even satellites indeed occurs
at the scattering of waves from periodic structures
when the width of a groove is the half-period of the
diffraction grating. Another distribution of the scatter-
ing intensity is formed for t = 0.25 μm (Fig. 5b). If the
width of an absorber is a quarter of the period of mod-
ulation, diagonal satellites forbidden for t = T/2 have
quite high peak values, but the intensities of other dif-
fraction reflections, e.g., of the first satellites in the
lateral direction, decrease (Fig. 5b).

In modern experimental setups of triple-axial dif-
fractometry, monochromators with quadruple reflec-
tion from Ge(220) (4-М) crystals [4, 7] and analyzers
with double (2-А) [4] or triple (3-А) [7] reflection
from Ge(220) are used. The calculations of the RSM
with the inclusion of the instrument function were
performed with the combination of the monochroma-
tor (4-М) and analyzer (2-А).

Figure 6а shows the calculated diffraction curves in
the cases of single, double, and quadrupole reflection
from the Ge(220) crystal. With an increase in the
number of reflections, the profile of diffraction curves

Fig. 3. (Color online) Calculated the X-ray intensity distri-
bution of the diffraction field in the bulk of the crystal with
periodically arranged surface absorbers (on a linear scale).
The maximum and minimum intensities are 1.0 (red color)
and 0.26 (blue color), respectively. The difference between
the intensities of neighboring lines is 0.02.
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is narrowed, a decrease in their “tails” becomes
sharper, and the peak intensity decreases.

The calculated RSM of the instrument function is
shown in Fig. 6b. Because of a sharp drop of the tails
of the scattering intensity, the intensity contours are
presented on a logarithmic scale. The ratio of the
intensities of neighboring lines is 0.075. The band of
the pseudopeak of the monochromator (4-М) is sig-
nificantly shorter than the band of the pseudopeak of
the analyzer (2-А) because of a larger number of
reflections.

The effect of the instrument function on the angu-
lar distribution of the scattering intensity from the
crystal with periodic surface absorbers is demon-
strated in Fig. 7. The reciprocal space maps calculated

taking into account the instrumental function
(Fig. 7b), as well as the lateral (Fig. 7c) and vertical
(Fig. 7d) sections of the map, are significantly
smoothed as compared to the calculations disregard-
ing instrumental distortions (Figs. 7a and 7с). Short-
range oscillations of the intensity on the RSM and qx

section (Figs. 7a and 7с), which were calculated by
Eqs. (11) and (12), are due to the limited width of the
incident and reflected beams. The bands of the pseu-
dopeaks of the monochromator and analyzer on the
RSM are not manifested (Fig. 7b), because their
directions coincide with the directions of the arrange-
ment of the diagonal satellites in agreement with the
experimental data [4].

Fig. 4. (Color online) Calculated RSMs from the crystal with periodic surface absorbers for the strong (а, γ = 0.1) and weak
(b, γ = 0.9) modulations of incident and diffracted waves; t = 0.45 μm. Intensity contours are given on a logarithmic scale. The
ratio of the intensities of neighboring lines is 0.237.

Fig. 5. (Color online) Calculated RSMs from the crystal with periodic surface absorbers with different width: t = (а) 0.5 and
(b) 0.25 μm, γ = 0.6. Intensity contours are given on a logarithmic scale. The ratio of the intensities of neighboring lines is 0.237.
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Fig. 6. (Color online) (a) Calculated diffraction curves from the Ge(220) crystal for (1) single, (2) double, and (3) quadruple
reflections. (b) Calculated RSM of the instrumental function: М is the pseudopeak of the monochromator with quadruple reflec-
tion from Ge(220) crystals and A is the pseudopeak of the analyzer with double reflection from Ge(220) crystals. Intensity con-
tours are given on a logarithmic scale. The ratio of the intensities of neighboring lines is 0.075.

Fig. 7. (Color online) Effect of the instrumental function (see Fig. 6) on the angular distribution of the scattering intensity from
the crystal with periodic surface absorbers. Calculated RSMs (а) without and (b) with the inclusion of the instrumental function;
t = 0.45 μm, γ = 0.6. Intensity contours are given on a logarithmic scale. The ratio of the intensities of neighboring lines is 0.237.
The central (c) qx and (d) qz sections of RSMs (1) with and (2) without the inclusion of the instrumental function.
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5. CONCLUSIONS

The numerical simulation within the model under
consideration reproduces not all diffraction orders
that are observed on experimental RSMs [3, 4]. This is
explained by the fact that a periodic field of elastic
stresses [13], which is responsible for the appearance
of additional diffraction satellites, is formed in the sur-
face region of the crystal because of the local mechan-
ical stresses at the creation of a metallic grating. In this
case, the Takagi equations for the crystal with period-
ically distributed elastic strains [5] should be used
instead of Eqs. (1). This problem is very complicated
and has no strict analytical solution, in contrast to the
problem under consideration. Here, an approach used
in [6] to describe X-ray diffraction in the crystal mod-
ulated by a surface acoustic wave can be applied.

A fundamental feature of the developed method is
the possibility of considering problems of dynamical
diffraction with spatially limited beams of both inci-
dent and refracted X-ray waves. This is a very import-
ant aspect because all beams in a real experiment are
spatially limited. Consequently, the presented method
allows a more correct interpretation of the angular dis-
tribution of the scattering intensity in the reciprocal
space. This approach will be very useful not only in
X-ray [1, 11] and neutron [14] optics, but also in the
optics of photonic [15] and liquid [16] crystals.

This work was supported in part by the Russian
Foundation for Basic Research (project no. 13-02-
00272-а).
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