
ISSN 1063�7842, Technical Physics, 2015, Vol. 60, No. 5, pp. 778–781. © Pleiades Publishing, Ltd., 2015.
Original Russian Text © V.I. Punegov, D.V. Sivkov, 2015, published in Zhurnal Tekhnicheskoi Fiziki, 2015, Vol. 85, No. 5, pp. 148–151.

778

Semiconductor structures with quantum dots
(QDs) are widely used in devices of electronics, pho�
tonics, and optoelectronics [1]; in this case, the arising
quantum effects substantially depend on the QD sizes,
shape, and spatial arrangement in epitaxial systems.
The QD shape and elastic strains resulting from the
mismatch between the lattice parameters of the QD
and the matrix material play a special role among the
characteristics of nanostructured materials. It is
known that the Stranski–Krastanow growth mode
leads to the formation of the self�organized QDs
whose shape depends strongly on the growth tempera�
ture, the relation between the component fluxes, and
the growth rate. Under certain conditions, QDs are
formed in the shape of a regular pyramid or a regular
truncated pyramid with a square base (see review [2]
and the literature cited therein). The fields of elastic
strains from pyramidal QDs were calculated by using
different approaches based on numerical finite element
methods [3], as well as the approaches using the Green
function formalism [4, 5] and analytic solutions [6, 7].

High�resolution X�ray diffraction method makes it
possible to obtain information on the structural char�
acteristics of epitaxial systems with QDs [8–10]. In
this case, QDs play the role of structural defects [11]
and cause diffuse scattering whose angular distribution
depends on the shape, sizes, and elastic strains of QDs.
It should be noted that diffuse scattering from pyrami�
dal SiGe islands on a silicon substrate was previously
investigated theoretically and experimentally taking
into account internal elastic strains [12]. The sizes of
these islands exceeded substantially the sizes of QDs;
the elastic fields of strains inside the islands were cal�
culated by the finite element method.

In contrast to [12], we analyze here the diffuse scat�
tering from hidden QDs, taking into account the elas�
tic strain fields in a crystalline matrix around a QD;

this problem has not been considered earlier. The solu�
tions for atomic displacements around a pyramidal QD
are obtained using the Green function method [4].

Let us consider diffusion scattering in a crystalline
layer with hidden pyramidal QDs, disregarding their
spatial correlation. We use the approach that we have
considered recently for cylindrical, conical, and sphe�
roidal QDs [13]. However, as compared to [13], the
problem considered here is more complicated due to
the presence of inclined faces and sharp edges between
them.

The angular distribution of the scattering intensity
depends on the magnitude of vector q specifying the
deviation of the diffraction vector from the node of the
reciprocal lattice. The expression for the intensity has
the form

(1)

where KD is the constant factor depending on the QD
concentration and scattering ability of the crystal and
VQD is the QD volume. The diffuse scattering ampli�
tude in Eq. (1) can be presented as the sum of two
terms:

(2)

Here, the first term DSW(q) is the amplitude of diffuse
scattering from the crystalline matrix disregarding the
elastic strains outside the QD (the Stokes–Wilson
scattering). The second term DD(q) takes into account
the influence of the atomic displacement fields near
the QD. This term in sum (2) can be written as

The analytic solution for the Stokes–Wilson scattering
for the QD in the shape of a truncated pyramid has the
form
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(3)

where sinc(x) = sin(x)/x; angular parameters q1, q2, q3,
and q4 are given by expressions q1 = ((qx – qy)cotα +
qz)/2, q2 = ((qx – qy)cotα – qz)/2, q3 = ((qx + qy)cotα +
qz)/2, and q4 = ((qx + qy)cotα – qz)/2, and H is the

DSW q( ) 2π H
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�������� sinc Hq1
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height of the pyramid. Coefficients R1 and R2 appear�

ing in Eq. (3) have the form R1,2 = (qxA1 A2)/2,

where A1,2 are the lengths of the sides of the upper and
the lower bases of the pyramid.

It is convenient to perform the numerical calcula�
tion of diffuse scattering from a crystal with a hidden
QD with allowance for elastic atomic displacements in
a generalized spherical system of coordinates; as a
result, we obtain the following expression for the sec�
ond term of sum (2):
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Fig. 1. 2D maps of elastic strains (a, c) and diffuse scattering angular distribution (b, d) from the InAs/GaAs structure with InAs

uncorrelated quantum dots in the shape of a truncated pyramid for mismatch strains  = 0.016 (a, b) and  = 0.003 (c, d).

The distance between the neighboring QDs is 20 nm in the vertical direction and 30 nm in the lateral direction.
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where integration over r is carried out from the QD
surface defined by function r0(ϕ, θ) over the entire vol�
ume of the crystal exposed by the X�ray beam. Here

is the projection of the field of elastic lattice displace�
ments onto the preferred direction.

In the context of the above�mentioned approach,
we simulated numerically the intensity distribution of
diffuse scattering from the crystalline medium (GaAs)
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with an array of the buried InAs QDs in the shape of a
truncated pyramid. Diffuse scattering is calculated for
symmetric reflection (004) of CuK

α
 radiation. In all

the figures showing the maps of diffusion scattering
distribution, the ratio of the intensities between the
adjacent contours is given on a logarithmic scale and is
equal to 0.38. The sizes of the QDs in the shape of a
pyramid were chosen taking into account the calcula�
tions made earlier for the nanostructures of spheroidal
shape (height H = 5 nm and diameter 2R = 20 nm)
[13]. Provided that the volumes of the QDs in the
shape of a spheroid and a truncated pyramid are equal,
the following parameters were chosen for the model
being considered: H = 4.37 nm, the length of the upper
base side A1 = 7.47 nm, the length of lower base side
A2 = 16.2 nm, and angle α between the base and one of
the pyramid faces is 45°. The strain due to the mis�
match of lattice constants of GaAs and QD matrices
depends on the InGaAs percentage composition. In
numerical simulation, we used two values of the mis�
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Fig. 2. 2D maps of elastic strains (a, c) and diffuse scattering angular distribution (b, d) from the InAs/GaAs structure with InAs

uncorrelated QDs in the shape of a truncated pyramid for mismatch strains  = 0.016 (a, b) and  = 0.003 (c, d). The dis�

tance between the neighboring QDs is 20 nm in the vertical direction and 30 nm in the lateral direction.
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match strain:  = 0.016 and  = 0.003. Due to a
great mismatch of the lattice parameters of InAs and
GaAs, the strain distribution inside the QD, as well as
rather weak diffuse scattering from its inner part, were
disregarded in the calculations.

It should be noted that the angular distribution of
diffuse scattering from a crystal with the pyramidal
QDs depends on the orientation of nanostructures
with respect to the diffraction plane. Figure 1 shows
two cases of the diffraction plane position with respect to
the QD configuration for azimuth angles of 0° (Fig. 1a)
and of 45° (Fig. 1b). The elastic displacement fields
are shown in Figs. 1c and 1d for the case of a low den�
sity of QDs in a crystalline matrix. The average dis�
tance between the adjacent QDs is 250 nm in vertical
and lateral directions. The corresponding maps of diffu�
sion scattering distribution are shown in Figs. 1e and 1f.

The 2D maps of elastic strains and the angular dis�
tribution of diffuse scattering for the QDs with a high
volume density, which is typical of superlattices in the
absence of vertical and lateral correlations of nano�
structures, are shown in Fig. 2. The average vertical
distance between the QDs is 20 nm, and the lateral dis�
tance between the neighboring QDs is 30 nm. Numer�
ical calculations show that the behavior of elastic
strains (and, hence, of the angular distribution of dif�
fuse scattering) strongly depends on the mismatch
strains of the parameters of the QD lattice and the

crystalline matrix. For relatively large strains (  =
0.016), the contribution from the Huang scattering
becomes significant, which is confirmed by the
appearance of a “zero curve” for qz = 0 on the diffuse
scattering map (Fig. 2b). For relatively weak strains

(  = 0.003), the Stokes–Wilson scattering predom�
inates, due to the shape of the QD core. In this case,
the “zero curve” becomes blurred and the typical
behavior of diffuse scattering is observed, which is
connected directly with the slope angle of the pyrami�
dal QD faces (Fig. 2d). It should be noted that a simi�
lar characteristic slope of the contours with equal dif�
fuse scattering intensity was observed in the case of
crystalline medium with the conical QDs [13].

Our investigations have shown that the developed
method of numerical calculation of diffuse scattering

angular distribution can be used for the nondestructive
quantitative X�ray diffraction analysis of semiconduc�
tor systems with the pyramidal QDs.
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