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At present, studying different nanoscale inclusions
in a crystalline medium by high�resolution X�ray dif�
fractometry is a topical problem [1]. In particular, self�
organized quantum dots (QDs) are inclusions of this
kind. Since structures with QDs have a wide practical
applications, e.g., in devices of electronics, photonics,
optoelectronics, etc. [2], nondestructive testing of the
sizes, shapes, and spatial arrangements of QDs in epi�
taxial systems remains one of the most important
problems of present�day physical investigations. Elas�
tic strains arising due to the mismatch in parameters of
QD lattices and matrix material play a specific part
among characteristics of nanostructured materials.
These strains lead to significant changes in the elec�
tronic band structure of the material. In addition, they
play an important part in processes of spatial QD
ordering in a semiconductor structure.

In recent years, attention has been focused at
studying elastic strains inside and outside self�orga�
nized QDs (see [3] and references therein). These
strains are calculated using different approaches based
on numerical finite element methods [4], molecular
dynamics [5], and valence force field [6], as well as the
Green’s function formalism [7] and the analogy
between problems of electrostatics and elasticity the�
ory [8].

High�resolution X�ray diffraction appeared to be a
very promising technique for analyzing structural
characteristics of epitaxial systems with QDs [9, 10].
The shape, size, and elastic strains around QDs signif�
icantly affect the angular distribution of diffuse scat�
tering near a node of the reciprocal lattice of a semi�
conductor matrix. This problem has no analytical
solution in the context of theoretical considerations
and, as a rule, is implemented by laborious numerical

computations based on the finite element method [11,
12]. Only spherically symmetric inclusions make it
possible to write an analytical expression for diffuse
scattering for the case of an infinite or semi�infinite
medium [13]. For a spheroid�shape QD [14], an
approximate solution was obtained using the multi�
pole expansion of the elastic strains [15].

This work is devoted to the analysis of diffuse
scattering from epitaxial layers with buried differ�
ent�shape QDs. Solutions for lattice displacement
fields around QDs were obtained using the Green
function method [7].

Let us consider diffuse scattering in a crystalline
layer with buried QDs without regard to their spatial
correlation. The angular scattering intensity distribu�
tion depends on the magnitude of the vector q specify�
ing the deviation of the diffraction vector from the
node of the reciprocal lattice. The expression for the
intensity has a simple form,

(1)

where

(2)

is the correlation volume and KD is a constant factor
[16]. The term “correlation volume” was introduced
in [17] by analogy with the correlation length. Without
regard to strain fields outside a QD, the intrinsic cor�
relation function g(ρ) in (2) describes the QD shape.
At the reciprocal lattice node, when q = 0, the corre�
lation volume is equal to the QD volume VQD: τ(0) =

Ih
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g(ρ) = VQD. The intrinsic correlation function of

a QD in a crystalline matrix can be represented as a
convolution [18],

(3)

where function D(r) depends on the elastic�strain field
and describes local disorders of the crystalline lattice
[18]. Substituting (3) into the expression for correla�
tion volume (2), we obtain

(4)

Here, D(q) is the Fourier image of the function D(r).
According to (1) and (4), parameter D(q) has the
meaning of the diffuse�scattering amplitude.

Calculating elastic strains both inside and outside
QDs is a rather complex problem [3–8]. Numerical
analysis of diffuse scattering is an even more intricate
task, because it requires both calculating elastic strains
around QDs and further calculation of diffuse scatter�
ing on crystalline lattice distortions caused by these
strains.

Following [7], we consider a model of a medium
with QDs periodically distributed in three directions.
In this case, the strain tensor of a QD array err can be
represented as a three�dimensional Fourier series,

(5)

where VL = d1d2d3; d1, d2, and d3 are periods of the QD
translation order in the corresponding directions of a
crystal with a cubic unit cell; and

(6)

is the Fourier image of the strain tensor of an individ�
ual QD inside a cubic crystal [7]. Here, C11, C12, and
C44 are elastic constants, coefficient Can = C11 – C12 –
2C44 describes the anisotropic part of the strain tensor,
ε0 = (aM – aQD)/aM is the lattice mismatch strain, and
aM and aQD are lattice constants of the main matrix
and QD. Expression (6) contains the Fourier image
of the characteristic function χQD(r) of a quantum
dot [7]:

(7)
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where χQD(r) =  and the integration is

performed over the whole QD volume. Note that the
QD characteristic function χQD(r) is an analog of the
shape function in the X�ray diffraction theory and its
Fourier image (ξ) coincides in its structure with
the correlation volume in the absence of elastic�strain
fields around the QD.

The projection of elastic displacement in a speci�
fied direction is a result of integration of the strain ten�
sor

(8)

where Ur0 is the initial displacement at the surface
boundary of the QD and main matrix. Here, it is per�
tinent to emphasize that, in the context of the consid�
ered model, we do not take into account the really
existing mutual diffusion of the matrix components
and QD. Substituting (5) into (8), we finally obtain

(9)

where (ξn) is specified by expression (6). The dif�
fuse�scattering amplitude in (4) is represented as a
sum of two summands.

(10)

Here, the first summand DSW(q) is the amplitude of
diffuse scattering from the crystalline matrix without
regard to elastic strains outside the QD (the Stokes–
Wilson scattering). The second summand DD(q) takes
into account the influence of lattice displacement
fields near the QD. This term of sum (10) can be rep�
resented as

(11)

It is convenient to perform the numerical calculation
of diffuse scattering from a crystal with buried QDs
with allowance for elastic lattice displacements (9) in
a generalized spherical coordinate system; as a result,
we obtain the following expression for the second
summand of sum (10):

(12)
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where r0(θ) from the QD center to its boundary in the
vertical diffraction plane.

In the contest of the above�mentioned approach,
numerical simulation of the intensity distribution of
diffuse scattering from a periodic array of buried InAs
different�shape QDs in the GaAs crystalline matrix
was performed. The choice of cylindrical QDs was
caused by the fact that it was the first model that was
used for the analysis of diffuse scattering from a Si/Ge
superlattice with Ge QDs in the context of the concept
of point defects in an isotropic semi�infinite contin�
uum with allowance for elastic relaxations on a free
surface [19]. Consideration of cone�shaped and sphe�
roidal QDs was dictated by the fact that these models
well describe frequently occurring pyramidal [3] and
ellipsoidal [14] QDs, respectively. Moreover, the
model of spheroidal QDs well approximates also fre�
quently occurring lens�shaped QDs [20]. One more
reason for considering the aforesaid QD models is the

existence of an analytical solution for the Stokes–Wil�
son scattering.

Calculations of diffuse scattering were performed
for a symmetric (004) reflection of CuK

α
 radiation. In

all figures with images of reciprocal space maps of dif�
fuse scattering, the ratio of intensities between neigh�
boring contours is presented in a logarithmic scale and
is equal to 0.316. The height for all the QD models was
h = 5 nm, the lateral maximum size is, correspond�
ingly, 2R = 20 nm. For truncated cone�shaped QDs,
angle α between the height and generating line is
45 angular degrees. The maps for elastic displace�
ments are presented in a linear scale; the ratio of values
between neighboring lines is 0.6 × 10–3 nm. Since there
is a large discrepancy between parameters of the InAs
and GaAs lattices, the distribution of deformations
inside the QD, as well as very weak diffuse scattering
from its inner part, was not taken into account in the
calculations.
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Fig. 1. Two�dimensional maps of (a) elastic displacements and (b) diffuse scattering from a GaAs crystalline matrix with cylin�
drical, truncated conical, and ellipsoidal InAs QDs (from top to bottom). The distance between neighboring QDs in the vertical
and lateral directions is 500 nm.
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The analytical formulas for the Stokes–Wilson
scattering for a cylindrical, cone�shaped, and spheroi�
dal QD, respectively, have the form

where J1(q0R) is the first order Bessel function,

sinc(x) = sin(x)/x,  = R + ztanα and  =

R  are radii of the cone�shaped and
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spheroidal QDs varying with the z coordinate, and

q0 = .

Figure 1 presents distribution maps of elastic dis�
placements and diffuse scattering for the case of small
QD volume density in a crystalline matrix. The aver�
age distance between neighboring QDs is 500 nm. In
this case, lattice displacement fields propagate from
QDs to rather long distances. Such spatial variation of
strains affects the angular distribution of the diffuse
scattering intensity. Lattice displacements near the
QD core have an effect on the formation of diffuse
scattering intensity distribution distant from the recip�
rocal lattice node. For example, contours of equal
intensity of diffuse scattering from a crystal with cone�
shaped QDs have a typical slope connected with the
values of angle α between the height and generating
line of the cone (Fig. 1b). In particular, such behavior
of the intensity near the reciprocal lattice node

qx
2 qy

2+

Fig. 2. Two�dimensional maps of (a) elastic displacements and (b) diffuse scattering from an InAs/GaAs superlattice with uncor�
related cylindrical, truncated conical, and ellipsoidal InAs QDs (from top to bottom). The distance between neighboring QDs in
the vertical direction is 20 nm; in the lateral direction is 30 nm.
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appears also in the case of diffraction on crystals with
a trapezoidal cross section [21].

Figure 2 shows the maps of elastic displacements
and diffuse scattering for QDs with a large volume
density. The vertical distance between stacked QDs is
20 nm. The distance between neighboring QDs in the
lateral direction is 30 nm. Such a spatial position of
QDs is typical for nanostructured superlattices. In this
case, fields of elastic lattice displacements rapidly
attenuate with distance. Therefore, the QD shape
slightly affects the angular distribution of diffuse scat�
tering (Fig. 2b). Consequently, the main factor in the
analysis of diffuse scattering from superlattices with
QDs is not the shape of nanoinclusions itself, but the
aspect ratio of the QD height to its lateral size [22].
Nevertheless, these differences almost disappear with
allowance for fluctuations of QD sizes and spatial cor�
relation. Thus, when analyzing diffuse scattering from
superlattices with QDs by the technique of high�reso�
lution X�ray diffractometry, it is sufficient to use the
quantum�dot model that is simplest for numerical cal�
culations. The model of ellipsoidal QDs is most to be
preferred.

The performed study demonstrated that the devel�
oped method of numerical calculation of the angular
distribution of diffuse scattering can be used for non�
destructive quantitative X�ray diffraction analysis of
semiconductor systems with different�shaped QDs.

Acknowledgments. This work was supported in part
by the Russian Foundation for Basic Research (project
no. 13�02�00272�a), Program 12�P�1�1014 of the
Presidium of the Russian Academy of Sciences, and
Fundamental Research Program 12�U�1�1010 of the
Ural Branch of the Russian Academy of Sciences.

REFERENCES

1. U. Pietsch, V. Holy, and T. Baumbach, High Resolution
X�Ray Scattering—from Thin Films to Lateral Nano�
structures (Springer�Verlag, New York, 2004).

2. Self�Assembled Quantum Dots, Ed. by Z. M. Wang
(Springer, Berlin, 2008).

3. R. Maranganti and P. Sharma, in Handbook of Theore�
tical and Computational Nanotechnology, Ed. by

M. Rieth and W. Schommers (American Scientific
Publishers, New York, 2005), Vol. 1, pp. 1–44.

4. T. Benabbas, Y. Androussi, and A. Lefebvre, J. Appl.
Phys. 86, 1945 (1999).

5. I. Daruka, A.�L. Barabasi, S. J. Zhou, et al., Phys. Rev.
B 60, R2150 (1999).

6. M. Yang, J. Xu, and J. Wang, Appl. Phys. Lett. 92,
083 112 (2008).

7. A. D. Andreev, J. R. Downes, D. A. Faux, and
E. P. O’Reilly, J. Appl. Phys. 86, 297 (1999).

8. A. V. Nenashev and A. V. Dvurechenskii, J. Appl. Phys.
107, 064 322 (2010).

9. V. I. Punegov and N. N. Faleev, JETP Letters 92, 437
(2010).

10. N. N. Faleev, C. Honsberg, and V. I. Punegov, J. Appl.
Phys. 113, 163 506 (2013).

11. N. Hrauda, J. J. Zhang, M. Stoffel, et al., Eur. Phys. J.
167, 41 (2009).

12. P. Schroth, T. Slobodskyy, D. Grigoriev, et al., Mater.
Sci. Eng., B 177, 721 (2012).

13. M. A. Krivoglaz, X�Ray and Neutron Diffraction in
Nonideal Crystals (Springer, Berlin, 1996).

14. J. H. Blokland, M. Bozkurt, J. M. Ulloa, et al., Appl.
Phys. Lett. 94, 093 107 (2009).

15. V. I. Punegov, D. V. Sivkov, V. P. Kladko, Tech. Phys.
Lett. 37, 41 (2011).

16. V. I. Punegov, Crystallogr. Rep. 54, 423 (2009).
17. Ya. I. Nesterets and V. I. Punegov, Acta Cristallogr.,

Sect. A: Found. Crystallogr. 56, 540 (2000).
18. V. A. Bushuev, Angular Distribution of Intensities of

X�Ray Dynamic Diffraction in Crystals with Microdefects
in Laue and Bragg Geometries (VINITI, Moscow,
1988), 486�V88 [in Russian].

19. A. A. Darhuber, P. Schittenhelm, V. Holy �, et al., Phys.
Rev. B 55, 15 652 (1997).

20. A. D. B. Maia, E. C. F. da Silva, A. A. Quivy, et al.,
J. Phys. D: Appl. Phys. 45, 225 104 (2012).

21. V. I. Punegov, S. I. Kolosov, and K. M. Pavlov, Tech.
Phys. Lett. 32, 809 (2006).

22. A. Hesse, J. Stangl, V. Holy, et al., Phys. Rev. B 66,
085321 (2002).

Translated by A. Nikol’skii


