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The ordering of quantum dots (QDs) in semicon�
ductor structures plays an important role in the tun�
neling of charge carriers in quantum media. Systems
with vertically stacked QDs can be considered base
elements for injection heterolasers, solar cells, transis�
tors, quantum computers, etc. [1]. A promising
method for investigation of the spatial distribution of
QDs in a semiconductor matrix is offered by high�res�
olution X�ray diffractometry (XRD) [2]. Although the
XRD is nondestructive, highly sensitive, contactless,
and rapid and provides data on structural characteris�
tics of the whole sample (rather than its local regions),
this technique is used not as widely as, e.g., electron
microscopy [3]. This is related to the fact that XRD
belongs to the class of indirect methods, which require
developing the theory of diffraction and carrying out
numerical simulations. In addition, it is necessary to
take into account all factors influencing the angular
distribution of XRD intensity from nanostructured
media.

This Letter presents the results of a theoretical
description of the diffuse X�ray scattering from super�
lattices with vertically stacked QDs for quantitative
analysis of structural characteristics of semiconductor
heterosystems.

In the presence of a spatial correlation of QDs in a
superlattice, the intensity of diffuse X�ray scattering
can be expressed as follows: 

(1)

where V0 is the crystal volume probed by the X�ray
beam; q is the angular coordinate in the reciprocal
space; f = (f1l1 + f2l2)/lSL and ah = (a1l1 + a2l2)/lSL are
the average static Debye–Waller factor and the average
scattering ability, respectively, of the superlattice; l1, 2

Ih
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and f1, 2 are the layer thicknesses and static Debye–
Waller factors, respectively, of the superlattice period;
lSL = l1 + l2 is the superlattice period thickness; and
T(q) is the correlation volume. 

The main parameter in expression (1) that is
responsible for the angular distribution of diffuse X�
ray scattering intensity is the correlation volume
defined as 

(2)

where G(ρ) is the generalized correlation function. It
should be noted that the spatial correlation of QDs can
be described by models of either long� or short�range
order. In the case of long�range ordering, the equilib�
rium positions of all QDs are fixed so that these posi�
tions have a strict translational order. For short�range
ordering, the distribution of nearest neighbors is sig�
nificant, while a strict periodic fixation of neighbors is
absent. The generalized correlation function can be
represented as the convolution of spatial distribution
function W(ρ) of QDs and their intrinsic correlation
function g(ρ): 

(3)

The intrinsic correlation function of QDs can be
expressed as follows: 

(4)

where Vp is the QD volume and D(r) is a function that
depends on the random strain field and describes local
disturbances of the crystalline lattice. In the case
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under consideration, these disturbances are related to
the presence of QDs in the crystalline lattice. Behavior
of the intrinsic correlation function is determined by
the QD shape and size and the distribution of elastic
strains around nanostructures embeded into the crys�
talline matrix.

In a superlattice, the arrangement of QDs in the
vertical direction (along the z axis) has a clear long�
range order that is related to the periodic alternation of
layers with different chemical compositions. In the
lateral direction, self�organized QDs in most cases
create a short�range order that can be described in
terms of a paracrystalline model [4]. The spatial distri�
bution function W(ρ) can be written in the form of a
product 

(5)

where WL(ρx, ρy) and WV(ρz) are, respectively, the
functions describing the lateral and vertical distribu�
tions of QDs.

Since the role of WL(ρx, ρy) has been studied in
detail previously [4], the lateral distribution of QDs in
what follows will be ignored. For the sake of simplicity,
it will be assumed below that WL(ρx, ρy) ≡ 1. 

Let us consider in more detail the vertical correla�
tion function WV(ρz). Let w(z) determine the probabil�
ity of finding the nanoparticle at a point with coordi�
nate z. Then, the occurrence of another particle at a
point with coordinate z' shifted in the vertical direction
by ρz = z – z' is described by the function w(z'). By def�
inition [5], the vertical correlation function can be
presented in the form of a convolution as 

(6)

Usually, the vertical stacking of QDs takes place in
the framework of adopted growth technology and
depends on many parameters, including the distribu�
tion of elastic strains, thicknesses of wetting and spacer
layers, their compositions, growth temperature, etc.
As a result of the sequential deposition of wetting and
spacer layers, a superlattice is formed with a QD array
possessing a translational order in the vertical direc�
tion. The translation period corresponds to the period
of composition modulation in the superlattice.
Accordingly, the function w(z) that describes the QD
stacking is a periodic function such that w(z) = w(z +
lSL). Let lv be the vertical spacing of QDs (stacking
thickness) stacked strictly one above another along the
superlattice thickness. On the other hand, lv can be
considered the vertical correlation length. 
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Taking into account the above considerations, cor�
relation volume (2) responsible for the angular distri�
bution of diffuse X�ray scattering intensity from het�
erostructures with QDs can be written as the following
product: 

(7)

where 

(8)

is the intrinsic correlation volume dependent on the
QD shape, size, and elastic strains [6]. Then, the influ�
ence of the vertical stacking of QDs on the distribution
of diffuse X�ray scattering intensity is described by the
structural interference factor 

(9)

Substituting expression (6) into formula (9) for the
structural interference factor in the vertical direction
(along the z axis), we obtain

(10)

The structural interference factor of stacked QDs can
be written as follows: 

(11)

where 

(12)

This representation of the structural factor of stacked
QDs implies the following. The interference diffuse
scattering in the vertical direction is determined by
QDs periodically arranged along the z axis over a cor�
relation length. Beyond the stacking depth, the corre�
lation effects are absent and FV(qz) ≡ 1. If the superlat�
tice contains no vertically stacked QDs (i.e., the cor�
relation length lv is smaller than its period lSL), the
interference factor in the vertical direction is always
equal to unity. This implies that the angular distribu�
tion of scattering intensity will contain no superstruc�
tural orders (satellites) of diffuse scattering. The isoin�
tensity contours of the diffuse scattering in this case
depend only on the average structural characteristics
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of QDs randomly distributed along the z axis and is
described by their intrinsic correlation volume (8). 

Since w(z) is a periodic function, it can be consid�
ered in the framework of a long�range order model and
written in the form of a Fourier series as follows: 

(13)

where KSL = 2π/lSL is the period of superlattice modu�
lation in the reciprocal space (i.e., the distance
between diffraction satellites). The coefficients of
expansion (13) are given by the following formula:

(14)

w z( ) Bn inKSLz–( ),exp
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∞
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1
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∫=

Substituting expression (13) into Eq. (12) yields 

(15)

This form of the structural interference factor of
stacked QDs has a clear physical meaning. The super�
structural maxima of diffuse scattering from a super�
lattice with vertically stacked QDs are formed at the

reciprocal lattice sites for  = nKSL = 2πn/lSL, where
n = 0, ±1, ±2, … is the number of a diffuse satellite. The
intensities of diffuse maxima are determined by Fou�
rier coefficients Bn. According to formula (14), the
values of these coefficients depend on the statistical
distribution of QD centers. Because of different QD
sizes, these centers can shift relative to a heterobound�
ary between the wetting layer and spacer. The widths of
diffuse satellites along the vertical direction in the
reciprocal space depend on correlation length lv. Since
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Fig. 1. RSMs of the intensity of diffuse scattering from 20�period superlattice with QDs (a) in the absence of vertical correlation

(lv < lSL) and (b) with QDs at an average correlation length of  = 10lSL and variance σv = /4. lv lv
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the stacking thicknesses of adjacent vertical QD col�
umns in superlattices with self�organized QDs can dif�
fer, the description of diffuse scattering requires intro�

ducing statistically averaged correlation length  and
the corresponding dispersion of its probability distri�
bution. The interference structural factor of stacked
QDs can be written as follows:

(16)

where the Ψ(qz, , n) values are determined by the

probability distribution function p(z, ) of the corre�
lation length over the superlattice thickness: 

(17)
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Let us consider a model in which the vertical probabil�
ity distribution function of QDs in the interval (–lSL/2;
lSL/2) is as follows: 

(18)

For this exponential distribution, Fourier coeffi�
cients (14) can be written in the following analytical
form:

(19)

Numerical simulations of the angular distribution of
diffuse scattering intensity have been performed for a
20�period InAs QDs–GaAs superlattice with ellipsoi�
dal QDs [5]. The superlattice period was 20 nm, the
GaAs spacer thickness was 15 nm, the average lateral
radius of QDs was R = 12.5 nm, and the average QD
height was lz = 5 nm. Statistical averaging over the QD
sizes and correlation length was performed for a log�
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Fig. 2. RSMs of the intensity of diffuse scattering from 20�period superlattice with QDs stacked at different correlation lengths

 = 2lSL (a) and 20 lSL (b) and the same variance σv = /4.lv lv
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normal distribution. The variance of QD size distribu�
tion amounted to 30% of the QD radius and height.
Calculations were performed using formula (18) for
the vertical probability distribution function of QDs
with a parameter of a = 3 nm. 

Figure 1a shows the calculated angular distribu�
tions (reciprocal space maps, RSMs) of the diffuse
scattering intensity in the absence of vertical correla�
tion. This corresponds to the condition lv < lSL, under
which the superlattice contains no columns of stacked
QDs. In this and other RSMs, the isolines of diffuse
scattering intensity are plotted on a logarithmic scale,
whereby the ratio of intensities for the adjacent lines is
0.875. The RSM of Fig. 1a is consistent with the pat�
tern of isolines for a single crystal with chaotically dis�
tributed ellipsoidal nanoinclusions. Thus, incoherent
scattering on a superlattice with QDs in the absence of
their vertical correlation is not accompanied by the
appearance of superstructural diffuse satellites.

Figure 1b shows the angular distribution of diffuse
scattering from a superlattice with vertically correlated

QDs with allowance for a statistical spread of stacking

thickness (  = 10lSL) and a variance of σv = /4 = lSL.
It should be noted that the halfwidth of diffuse peaks
in the vertical direction can be estimated as Δqz ≈
0.444π/lv ≈ 0.007 nm–1. 

Figure 2 illustrates the influence of the correlation
length (stacking thickness) on the formation of the
angular distribution of diffuse scattering. At small cor�

relation lengths (  = 2lSL), the satellites of diffuse
maxima in the vertical direction are smeared (Fig. 2a),
so that the peak halfwidth is Δqz ≈ 0.035 nm–1. For a
tenfold�greater correlation length, in which case the
QDs are stacked in vertical columns over the entire
superlattice thickness, the diffuse maxima exhibit sig�

nificant narrowing; for  = 20lSL, the peak halfwidth

is Δqz ≈ 0.0035 nm–1 (Fig. 2b).

The proposed theoretical model of diffuse scatter�
ing from a superlattice with vertically stacked QDs has
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Fig. 3. Comparison of (a) calculated and (b) experimental RSMs of the intensity of diffuse scattering from 20�period superlattice
GaAs(001)–AlGaAs–{InAs QDs–GaAs}x20SL. The isolines of diffuse scattering intensity are plotted on a logarithmic scale,
whereby the ratio of intensities for the adjacent lines is 0.675.
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been used for the quantitative analysis of X�ray diffrac�
tion on a GaAs(001)–AlGaAs–{InAs QDs–
GaAs}x20SL (Fig. 3). Numerical calculations showed
that the best agreement of calculated and measured
patterns was obtained for a vertical correlation length

of  = 7lSL. From this, it follows that the 20�period
InAs QDs–GaAs superlattice contains on average
seven periods of QD stacked columns. 
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