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A new high-resolution x-ray diffraction approach for quantitative analysis of superlattice structures

(SLs) with self-assembled quantum dots (QDs) was developed. For numerical simulations of the

2D angular distribution of diffracted x-ray radiation, both the coherent and diffuse scattering

components have been calculated. Direct comparison of simulated patterns and experimental

results revealed good agreement of the calculated intensity distribution with experimental

reciprocal space maps for the superlattice GaAs(001)-AlGaAs-{InAs QDs-GaAs}SL with 20

periods of quantum dots. The simulation procedure allows one to obtain data about the shape,

average size, elastic strains around the QDs, average density of the QDs, the presence of short- or

long-range order in the arrangement of QDs in the semiconducting matrix, the vertical and lateral

correlation lengths of the ensemble of quantum dots, and the parameters of the intermediate GaAs

and AlGaAs layers. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4802662]

I. INTRODUCTION

High-resolution x-ray diffraction methods1 have been suc-

cessfully used to characterize different types of epitaxial struc-

tures, including multilayer structures with quantum dots (QDs)

and rings (see Ref. 2 and references therein). But there are

numerous problems correctly describing the x-ray radiation

scattered by epitaxial structures, mostly related to understand-

ing of x-ray scattering by randomly distributed objects that are

usually associated with extended crystalline defects in the vol-

ume of epitaxial structures. The correct classification of struc-

tural defects, identification of their types, density and spatial

distribution, and their influence on x-ray scattering remain a

major problem that requires detailed investigation.3 Similar

issues apply to QDs embedded in heterostructures, which make

a significant contribution to diffuse x-ray scattering due to their

size heterogeneity and non-homogeneous spatial distribution.

The first measurements of the spatial distribution of the

intensity of the scattering x-ray radiation near the reciprocal

lattice points (Reciprocal Space Maps (RSM)) of superlattice

structures (SLs) with Ge4–8 and InAs9–12 quantum dots have

shown the presence of interference diffuse spots around

coherently scattered superstructural satellites. RSMs were

successfully used to study the PbSe/PbEuTe,13–15 EuTe/

SnTe,16 InAs/InP,17 and ZnMgTe/ZnSe18 multilayer systems

with arrays of quantum dots. Numerically simulated RSMs,

based on the statistical theory of kinematic X-ray diffrac-

tion5,6 provided information about the elastic deformation

and the vertical and lateral correlation of the QDs. The angu-

lar distributions of the diffuse scattering in RSMs allowed

the determination of the QD stacking inclination to the sam-

ple surface as well.19–21

Modern nanotechnologies allow the creation of artificial

materials with new properties for different applications in

physics, chemistry, biology, and medicine. Creating nano-

structures using templates is recognized as a very promising

way to achieve accurate positioning of nano-objects, in

particular, arrays of quantum dots. High-resolution X-ray

diffraction was used to study the size, chemical composition

and strain of Ge/Si islands and QDs created as a three-

dimensional lattice on (001) Si substrates with nano-holes in

the form of a square net, etched after patterning using

electron-beam lithography or ultraviolet interference lithog-

raphy (EUV-IL).22,23

The structural perfection of the three-dimensional peri-

odic Si/SiGe QDs system has been studied by X-ray diffrac-

tion with synchrotron radiation.24 The numerical simulations

of the measured intensity of the diffuse scattered radiation

were made under the kinematical approximation to deter-

mine the parameters of the nano-islands. Reciprocal Space

Maps near the (004) and (224) reciprocal lattice points were

measured and analyzed in order to obtain quantitative infor-

mation on positional irregularities in the distribution of QDs

and get the average Ge composition in the QDs. A structural

model describing the elastic deformation depending on the

shape, composition, and the spatial arrangement of QDs was

proposed.24 The RSM analysis was made in the framework

of the Dederichs-Krivoglaz kinematic diffraction theory.25,26

In comparison with the previous articles, in this paper

we take into account, analyzing experimental diffraction

data, both coherent and diffuse x-ray scattering components

bounded together by a static Debye-Waller factor. The static

factor, depending on the volume fraction of the quantum

dots, regulates the contributions (intensity) of coherent and

diffuse scattering. This procedure allows one to get a direct

quantitative comparison of the experimental and calculated

x and x-2h rocking curves and RSMs over the whole

angle range, not just on the tails of the reflection. Common

high-resolution x-ray diffraction methods collect the total

intensity of the coherent and diffuse scattered radiation.a)Electronic mail: Nikolai.Faleev@asu.edu
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Numerical simulations of only the diffuse scattered radiation

do not provide adequate information about the structural

characteristics of the crystalline system with quantum dots.

Therefore, the Kato statistical theory of diffraction27 is used

for the simultaneous analysis of coherent and diffuse X-ray

scattering from nanostructured materials.

It is shown that simultaneous calculation of the coherent

and diffuse components of x-ray scattering can give good

qualitative and quantitative results for x-ray diffraction scat-

tering in the vicinity of reciprocal lattice points and allows

determination of the main structural parameters of compli-

cated multilayer heterostructures, including the parameters

of the self-assembled quantum dots. A detailed investigation

of x-ray scattering from multilayer structures with quantum

dot layers is the main subject of this article.

II. EXPERIMENT

The studied structures as an analogue of photolumines-

cent structures were grown on a GaAs(001) substrate and

GaAs buffer layer with a thick (�2 lm) bottom Al0.3Ga0.7As

barrier layer, a GaAs waveguide with the thickness of

240 nm and multilayers of InAs quantum dots separated by

GaAs layers of thickness 15 nm, repeated 6, 10, and 20

times, finally capped with the same GaAs waveguide and a

450 nm thick Al0.3Ga0.7As barrier layer. After removal of the

arsenic oxide layer from the substrate surface at 580 �C, the

main structures were grown on a 300 nm thick GaAs buffer

layer deposited at 610 �C. The quantum dots were deposited

at T¼ 480 �C at a rate of �0.035 monolayers per sec.

Formation of the QDs at the thickness of the deposited InAs

layer �1.7 monolayers was controlled by the appearance of

specific chevrons at the specular spot of reflected electrons

(RHEED).

The x-ray measurements were performed on a high-

resolution x-ray diffractometer X’Pert MRD (PANalytical)

with multilayer focusing mirror, Ge(011) Bartels monochro-

mator, and a three-bounce Ge(011) analyzer crystal. Double-

and triple-crystal x-2h rocking curves (RC) and triple-crystal

x RCs at the maximum of the main diffraction peaks of the

GaAs substrate and AlGaAs layer, and the superlattice peaks

of the periodic QDs multilayer structure (“0SL,” “6 1SL,”

and others) were measured. RSM of the scattered radiation

were recorded with the analyzer crystal at the x-2h/x scan-

ning mode around symmetric (004) and asymmetric (224)

scattering spots.

III. THEORY

The application of high-resolution X-ray diffraction for

nondestructive quantitative analysis of a periodic structure

with vertically stacked QDs is considered. The suggested

method is based on the numerical simulation of the recipro-

cal space maps of the total scattered radiation It
hðqÞ ¼ Ic

hðqÞ
þ Id

hðqÞ near the specific reciprocal nodes, where Ic
hðqÞ � f 2

is the intensity of the coherently scattered radiation, Id
hðqÞ

� ð1� f 2Þ is the intensity of the diffuse scattered radiation, f
is a static Debye-Waller factor, and the vector q determines

the deviation of the diffraction vector from the reciprocal lat-

tice point. Previously, only the diffuse scattered radiation

(DS) was analyzed in such simulations.5–10 Meanwhile, the

coherently scattered radiation provides additional informa-

tion about the layers with buried QDs and the entire structure

as well. In particular, it allows one to obtain data on the

thickness and average composition gradient in the layer sur-

rounding the QDs, the thickness of the separating GaAs

layer, the fluctuation of the period of the SL, and the varia-

tion of composition in the period of the SL.

Buried quantum dots statistically distributed in the plane

of the epitaxial layers can be considered as extended struc-

tural objects deteriorating the main crystal matrix that lead to

diffuse scattering and diminish the coherent component of

the total x-ray diffracted radiation. In general, the static

Debye-Waller factor, which bounds the coherent and diffuse

intensity, is a product f ¼ fQDfs, where fQD ¼ expð�cQDVQDÞ
is a static factor, caused by the presence of QDs without

accounting for the elastic deformation near them, and fs is a

static factor caused by elastic strain in the matrix around the

quantum dots. fs also accounts for other deteriorations of the

crystal lattice, related to point or extended defects, interface

roughness, etc. Here, cQD is the volumetric concentration of

QDs and VQD is the average volume of the QDs. In contrast

to the coherent component, the diffuse scattering gives infor-

mation about the quantum dots themselves, their shape, size,

elastic strain, lateral, and vertical spatial correlation.

First, consider the coherent scattering of X-rays by the

multicomponent SL. Each period of this SL consists of layers

of different chemical composition and, therefore, different

lattice parameters. The lattice spacing of the substrate is d,

while dp is the lattice spacing of an individual layer of the

SL (with the elastic strain in case of lattice mismatch) with a

thickness of lp, where p¼ 1,2…. P specifies the number of

the layer, and P is the total number of layers in the SL. Then,

the average lattice spacing of a multicomponent SL is writ-

ten as dSL ¼
PP

p¼1 dplp=lSL, where lSL ¼
PP

p¼1 lp is the thick-

ness of the period of SL. The crystalline perfection of each

layer in the SL is determined by the static Debye-Waller

factor.

The solution for the amplitude of the reflection coeffi-

cient of coherent x-ray waves from an N-period SL can be

written as

Rc
SLðqx; qzÞ ¼ iFcðqzÞ NcðqzÞ WðqxÞ

� exp iðN � 1Þ
XP

p¼1

ApðqzÞ lp

 !
: (1)

Here, WðqxÞ ¼
Ð Lx=2

�Lx=2
dx expðiqxxÞ is a parameter related to

the size of the x-ray beam, where Lx is the lateral size of the

x-ray spot on the surface of the superlattice. The Laue inter-

ference function for a multicomponent superlattice may be

written as

NcðqzÞ ¼
sin N

XP

p¼1

ApðqzÞlp

 !

sin
XP

p¼1

ApðqzÞlp

 ! :
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Here, ApðqzÞ ¼ 2pðdp � dÞ=ðdpdÞ � qz

� �
=2 is an angle

parameter. The structural amplitude for the multicomponent

SL can be written as28,29

Fc
SLðqzÞ ¼

XP

p¼1

a
ðpÞ
h fp

sin ApðqzÞlp

� �
ApðqzÞ

� exp i
Xp�1

k¼1

2AkðqzÞlk þ iApðqzÞlp

 !
: (2)

Here, coefficients a
ðpÞ
h ¼ CpvðpÞh =ðkchÞ are determined by the

interaction of the X-ray field (scattering radiation) with the

electron density of the alternating layers of the SL medium,

ch ¼ jsin hBj, hB is a Bragg angle, C a polarization factor,

and k is the wavelength of the X-ray radiation in vacuum.

The Fourier components of the X-ray polarizability vðpÞh are

related to structural factors of the SL layers F
ðpÞ
hkl by the ratio

vðpÞh ¼ �r0k
2F
ðpÞ
hkl=ðpVcÞ, where Vc is the volume of the unit

cell, r0 ¼ e2=ðmc2Þ is the classic radius of the electron, and

e, m are the charge and mass of the electron. For the case of

a two-component SL (p¼ 1,2), Eq. (1) may be written as30,31

Rc
SLðqx; qzÞ ¼ iFc

SLðqzÞeiw sinðNyÞ
sinðyÞ WðqxÞ; (3)

where y ¼ A1l1 þ A2l2, A1;2 ¼ ðba0 � qzÞ þ e1;2h
� �

=2,

w ¼ ðN � 1Þyþ A1l1, and e1;2 are the elastic strain in the

superlattice layers. The structural amplitude for the superlat-

tice may be written as

Fc
SLðqzÞ ¼ a

ð1Þ
h f1

sinðA1l1Þ
A1

þ eiya
ð2Þ
h f2

sinðA2l2Þ
A2

:

For complex multilayer systems, coherent scattering is calcu-

lated using a recurrent procedure. If the heterostructure con-

sists of N layers, including the substrate, the amplitude

reflection coefficient of the heterostructure Rc
Nðqx; qzÞ with a

known reflectance Rc
N�1ðqx; qzÞ from (N � 1) underlying

layers is calculated as32

Rc
Nðqx; qzÞ ¼

�
S
ðNÞ
1 b

ðNÞ
2 � S

ðNÞ
2 b

ðNÞ
1

�
S
ðNÞ
1 � S

ðNÞ
2

; (4)

where S
ðNÞ
1 ¼ ðRN�1ðqx; qzÞ � b

ðNÞ
1 Þ expðinðNÞlNÞ and S

ðNÞ
2

¼RN�1ðqx;qzÞ�b
ðNÞ
2 , b

ðNÞ
1;2 ¼nðNÞ1;2 =½fNaN

�h�, nðNÞ1;2

¼ð�qN
z 6nðNÞÞ=2, nðNÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqN

z Þ
2�4aN

h aN
�hf 2

N

q
, qN

z ¼ð1þbÞaN
0

þeNhþqz, and eN¼DdN=d are the lattice strain of the Nth

layer.

The distribution of coherent scattering in reciprocal

space can be obtained by calculating the amplitude reflection

coefficient of the heterostructure Ic
hðqx; qzÞ ¼ jRc

Nðqx; qzÞj2.

The projections of the vector q are

qx ¼ ð2p=kÞ ðsin h1 þ sin h2Þ � x� sin h2 � eð Þ;

qz ¼ �ð2p=kÞ ðcos h1 � cos h2Þ � xþ cos h2 � eð Þ:

Here, h1;2 ¼ hB7u are angles, which determine the direction

of the incident and diffracted waves with respect to the

entrance crystal surface, u is the angle between diffraction

planes and the sample surface, and x and e are angle devia-

tions of the investigated sample and analyzer-crystal in the

triple-crystal scheme.

The intensity of diffuse scattering by spatially correlated

QDs is

Id
hðqÞ ¼ jahj2ð1� f 2Þ V0 TðqÞ; (5)

where V0 is the x-ray illuminated crystal volume, ah � Fhkl

is the scattering ability of the crystal lattice averaged over

the entire superlattice,29 and Fhkl is the structural factor of

the crystal lattice. The main parameter of Eq. (5) responsible

for the angular distribution of diffused scattered radiation is

the correlation volume

TðqÞ ¼
ðþ1
�1

dq G qð Þ expðiqqÞ; (6)

where GðqÞ is the general correlation function. The spatial

correlation of QDs can be described by long- or short-range-

order models. For the long-range-order model, the equilibrium

positions of quantum dots are fixed and these equilibrium

positions are perfectly translated in the crystal matrix. For the

short-range-order model, there is a specific rule of the nearest

neighbor distribution, and there is no strict periodic fixation of

all neighbors. If the distribution rule for the nearest neighbors

is specified, it provides the function of spatial distribution of

the QDs.

Short-range ordering of quantum dots can be described

based on a paracrystalline model.35,36 A general correlation

function is represented as a convolution of the spatial distri-

bution of quantum dots WðqÞ and their intrinsic correlation

function gðqÞ

GðqÞ ¼
ð1
�1

dq0Wðq0Þgðq0 þ qÞ: (7)

With regard to Eq. (7), the correlation volume (6) can be

written as a product TðqÞ ¼ sðqÞFðqÞ, where

sðqÞ ¼
ðþ1
�1

dq g qð Þ expðiqqÞ (8)

is the correlation volume of the QDs and

FðqÞ ¼
ð1
�1

dqWðqÞ expðiqqÞ (9)

is an interference structure factor describing the spatial order

in the QD location.

The term “correlation volume” was introduced in

Refs. 33 and 34 by analogy with the correlation length. If

elastic strain fields outside the QDs are excluded, the intrinsic

correlation function gðqÞ describes the shape of the QDs. In

the reciprocal lattice points, when q ¼ 0, the correlation

163506-3 Faleev, Honsberg, and Punegov J. Appl. Phys. 113, 163506 (2013)



volume (8) equals the volume of the QD: sð0Þ ¼
Ðþ1
�1 dq

gðqÞ ¼ VQD.

For the investigated superlattice structures the local

position of the quantum dots has long-range order in the ver-

tical direction, specified by the periodic alternation of the

layers. Taking this into account, consider the function of the

spatial distribution of quantum dots WðqÞ. This function can

be written as a product WðqÞ ¼ WLðqx; qyÞWVðqzÞ, which

describes the lateral WLðqx; qyÞ and WVðqzÞ vertical ordering

of the QDs. The corresponding interference structural factor

(9) can be written as the product of FðqÞ ¼ FLðqx; qyÞFVðqzÞ,
where FLðqx; qyÞ is a lateral structural factor; an analytical

solution of this factor was obtained in the paracrystalline

model35,36

Fðqx; qyÞ ¼ 1þ 2

M
Re

Z1ðqx; qyÞ ð1� Z1ðqx; qyÞ
� �

M � ð1� Z1ðqx; qyÞMÞ
ð1� Z1ðqx; qyÞÞ2

 !
: (10)

Here, M is the number of QDs in a selected lateral direction

Z1ðqx; qyÞ ¼
Ðþ1
�1 dqx

Ðþ1
�1 dqyexpði½qxqx þ qyqy�ÞH1ðqx; qyÞ,

and H1ðqx; qyÞ is a function of the probabilistic location of

the first neighbor QDs in the lateral plane.36

A vertical interference structural factor may be written as

FVðqzÞ ¼
X1

n¼�1
Bn

ðþ1
�1

dqz expði½qz � nKz � DqSL
z �qzÞ: (11)

Here, Kz ¼ 2p=lSL is the period of modulation of the super-

lattice in reciprocal space (the distance between the diffrac-

tion satellites), DqSL
z is the angle position of the 0th

diffraction satellite of the diffuse component of scattered

radiation, lSL is the period of the superlattice, and the Fourier

coefficients in Eq. (11) were found by calculation of the

integral

Bn ¼
1

lSL

ðlSL

0

WVðqzÞexpðinKzqzÞdqz:

For specific calculations, the interference factor of

stacked QDs can be represented as

FVðqz; �lvÞ ¼
X1

n¼�1
jBnj2Wðqz; �lV ; nÞ; (12)

where

Wðqz; �lv;nÞ ¼
ð1
0

sinð½qz � nKSL �DqSL
z �zÞ

½qz � nKSL �DqSL
z �z

����
����
2

pðz; �lVÞdz: (13)

Here, pðz; �lVÞ is a probabilistic distribution function of the

vertical correlation lengths �lV of quantum dots stacked in the

SL; for a normal (Gaussian) distribution with variance DV ,

this function has the form

pðz; �lVÞ ¼ ð
ffiffiffiffiffiffi
2p
p

DVÞ�1
exp � ðz�

�lVÞ2

2D2
V

" # !
:

A model of ellipsoidal quantum dots can be used for the

calculation of the correlation volume.37 This model of

ellipsoidal QDs38 can be also used as an approximation for

various other shapes of quantum dots, particularly for the fre-

quently observed lens-shaped quantum dots.39

The above approach was used to determine structural

parameters of the periodic structure of GaAs (001)-AlGaAs-

{InAs QDs-GaAs}SL with 20 periods of InAs quantum dots.

IV. NUMERICAL MODELING AND COMPARISON WITH
EXPERIMENT

Coherent scattering from multi-period structures was

calculated based on analytical solutions using a recursive

procedure to account for diffraction by the substrate and

buffer layer. For numerical simulation of coherent and dif-

fuse scattering the effects of instrumental resolution of the

x-ray diffractometer have been taken into account.40,41

Calculations of x-ray Reciprocal Space Maps were

made for (004)GaAs reflection r-polarized Cu Ka1 radiation.

The Bragg angle for the selected reflection is 33.026�, the

lattice space for the GaAs substrate is d004 ¼ 1:1433 Å, and

Fourier components of the X-ray polarizability are vGaAs
0

¼ ð�2:89þ i 0:084Þ � 10�5, vGaAs
h ¼ ð�1:697þ i 0:078Þ

�10�5, vInAs
0 ¼ ð�3:07þ i 0:24Þ � 10�5, vInAs

h ¼ ð�1:18

þ i 0:21Þ � 10�5 (see Ref. 42, and the address of the “X-Ray

Server” site).

For comparative analysis of experimental and calculated

rocking curves the residual functional q is minimized

q ¼ 1

S

XS

s¼1

Iexpðqs
x;zÞ � Icalcðqs

x;zÞ
Iexpðqs

x;zÞ

" #2

;

where Iexpðqs
x;zÞ is the experimental x-ray intensity related to

qs
x coordinates for x scans and qs

z coordinates for x-2h scans,

Icalcðqs
x;zÞ is a corresponding calculated total scattering inten-

sity, and S is the number of angle points at which scattered

radiation was collected. For our calculations, S¼ 50 for x
scans and S¼ 460 for x-2h scans. Minimization of the resid-

ual function was carried out for x scans of all superlattice

satellites. Deviation of the calculated results from the experi-

mental data was about 5%.

Fig. 1 shows the experimental and calculated x-2h rock-

ing curves for the 20-period GaAs(001)-AlGaAs-{InAs

QDs-GaAs}SL structure. The simulated RC has been

163506-4 Faleev, Honsberg, and Punegov J. Appl. Phys. 113, 163506 (2013)



calculated including both coherent and diffuse components

of scattered radiation and accounting for all correlation

effects. Simulation of the experimental x-2h rocking curve

determined the period of the SL, the average composition,

the number of periods of the SL, the thickness and composi-

tion of the AlGaAs layer, and the static Debye-Waller factor

for the SL, other layers and the substrate. All structural

parameters determined by simulation were finally coordi-

nated with experimental RCs using diffuse scattering data.

Detailed numerical calculations clearly demonstrate the

different effects of structural factors on the diffuse scattering

(Fig. 2) and how these factors can affect the angular distribu-

tion of the intensity of the diffuse and total scattering compo-

nents (Fig. 3). Such modeling is also necessary to evaluate

how accurately the numerical calculations compare to exper-

imental data.

For numerical simulation of x-ray scattering by the main

part of epitaxial structures with quantum dots the model of

an ellipsoidal shape of QDs has been used.37,38 Fig. 2(a)

shows the calculated RSM of the diffuse radiation, scattered

by the 20-period {InAs QDs-GaAs} superlattice with ran-

domly distributed ellipsoidal QDs and no vertical correla-

tion. In this particular case, the positions of the QDs from an

arbitrary period of the SL are not correlated with the posi-

tions of quantum dots in adjacent superlattice layers and,

obviously, do not lead to periodicity of the diffused scattered

radiation. This figure unambiguously reveals that under the

absence of spatial correlation of the QDs, the angular distri-

bution of the diffuse scattered radiation is determined by the

expression for the correlation volume of the QDs (Eq. (8)).

Consider diffuse scattering from the superlattice with

vertically correlated quantum dots. The statistical theory of

x-ray diffraction by a harmonic superlattice reveals that a dif-

fuse scattering halo appears around the coherent superlattice

satellites.43 This distribution is also typical for x-ray scatter-

ing from superlattices with QDs, with the exception of some

cases of x-ray diffraction by complicated multicomponent

structures.29 Fig. 2(b) shows the simulated RSM of the dif-

fuse radiation, scattered by the 20-period superlattice {InAs

QDs – GaAs}, taking into account only the vertical correla-

tion (�lV ¼ 7lSL, DV ¼ �lV=3) of stacked quantum dots, while

Fig. 2(c) shows the simulated RSM calculated with both the

vertical and lateral (a ¼ 65 nm, Da ¼ 29 nm) correlation of

quantum dots. These two figures show that the vertical corre-

lation of the QDs in SL layers leads to additional ordering of

the diffuse radiation and the appearance of the diffuse super-

lattice satellite spots predicted for an imperfect harmonic

superlattice43 and a superlattice with vertically correlated

defects.44 Accounting for lateral correlation of the QDs fur-

ther affects x-ray scattering, changes the form of the diffuse

spots, related to short-range order, and finally leads to addi-

tional interference fringes on the qx tails of the diffuse spots.

The best qualitative and quantitative coincidence between

calculated and experimental rocking curves was obtained for

a 5.2 nm thick InGaAs gradient layer with embedded InAs

QDs and an average In composition in this layer of �11%, a

thickness of the GaAs spacer of 14.8 nm, a lattice mismatch

Dd ¼ dInGaAs � dGaAs ¼ 2:2� 10�3 nm, and an elastic strain

Dd=dGaAs ¼ 0:016. The static Debye-Waller factor for the

InGaAs layer with the QDs is fQD ¼ expð�cQDVQDÞ ¼ 0:927,

where VQD ¼ ð3p=2ÞR2lz ¼ 1:6� 10�6lm3 is the average

volume of the quantum dot without considering the elastic

strain around the QD. The average lateral radius R¼ 12.5 nm

and the average height lz¼ 5 nm of the quantum dots were

obtained from the comparison of the calculated and

FIG. 1. Experimental (solid dots on the red line,

the data were multiplied by 10 for clarity) and

simulated (solid blue line) x-2h rocking curves

in the vicinity of the (004)GaAs reflection for

the 20-period GaAs(001)-AlGaAs-{InAs QDs-

GaAs}SL structure.

FIG. 2. The simulated reciprocal space maps of the spatial distribution of

x-ray radiation diffuse scattering by 20-period {InAs QDs-GaAs} superlat-

tice structure with QDs: (a) in the absence of spatial correlation of QDs; (b)

under vertical correlation of QDs only, the vertical correlation length
�lV ¼ 7lSL; (c) under vertical and lateral correlation of QDs. Here and in the

following maps, the contours of equal intensity are represented on a logarith-

mic scale, the intensity ratio between adjacent lines is equal to 0.273.
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experimental x-2h and x rocking curves and reciprocal space

maps; cQD ¼ 4:7� 104lm�3 is a volumetric concentration of

QDs in the InGaAs layer of the superlattice period, corre-

sponding to an average concentration of QDs in the layer of

�2.4� 1010 cm�2.

It was shown during averaging of quantum dot sizes that

the shape of the quantum dots is not as important as their

relative size in the vertical and lateral directions, i.e., their

aspect ratio g ¼ h=D,45 where h is the height of the QD and

D is the base diameter. For the investigated structure, we

determined g ¼ 0:2.

The QD concentration was calculated taking into

account the average height of the QDs and the average dis-

tance between the centers of the QDs a¼ 65 nm (an average

area for the single QD SQD is SQD ¼ a2 ¼ 4225 nm2, while

the average surface concentration of QDs is qS
QD ¼ 1=SQD

¼ 2:367� 1010cm�2). The average distance between adja-

cent QDs was obtained from numerical simulations of the

lateral distribution function of the quantum dots WLðqx; qyÞ
and the corresponding interference structural factor (10)

(Fig. 4). The estimated value of the total static Debye-Waller

factor for InGaAs layer is f ¼ fQDfs ¼ 0:85. Corresponding

to this number the static Debye-Waller factor related to elas-

tic strain and crystal defects around the QDs is fs ¼ 0:917.

At half of the average distance between the QDs, i.e., at a lat-

eral radius R1¼ 32.5 nm from the center of the QDs, the elas-

tic strain is reduced to zero, and this is taken into account in

the numerical calculations.33 This approach is in strict con-

formity with the Green’s function calculation of the elastic

strains induced by the quantum dots.46

The model of an ellipsoidal shape of the QDs, used in

numerical simulations, allows statistical averaging of differ-

ent sizes of quantum dots in epitaxial layers. Comparison of

the shape and parameters of calculated x-2h and x rocking

curves with the experimental curves revealed that the

FIG. 3. The calculated reciprocal space maps of the spatial distribution of

the diffuse ((a) and (c)) and total ((b) and (d)) x-ray scattering by 20-period

{InAs QDs-GaAs} superlattice structure with QDs. ((a) and (b))—the verti-

cal correlation length �lV ¼ 4lSL; ((c) and (d))—the vertical correlation length
�lV ¼ 10lSL.

FIG. 4. (a) The distribution function of quantum dots WðqxÞ (excluding the

central d-shaped peak) and (b) the interference structural factor FLðqxÞ cor-

responding to this function. The average distance between the quantum dots

a ¼ 65 nm, the variance Da ¼ 29 nm.
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ellipsoidal model of the shape of the QDs is the simplest for

the statistical averaging of the QD size.

Since the period of the SL was strictly maintained at

20 nm, the vertical correlation of quantum dots was

described by the long-range model. In superlattices, the ver-

tical periodic arrangement of the QDs is determined by the

period of the superlattice, while the vertical correlation lV is

determined by the distance between stacked QDs. If the dis-

tance between stacked QDs is equal to nlSL, where n is the

number of superlattice periods, the vertical correlation length

lV ¼ nlSL. If the QDs are precisely vertically stacked across

the entire superlattice, the correlation length is equal to the

total thickness of the superlattice. As in heterostructures with

self-assembled QDs the length of the column of stacked

quantum dots may differ significantly, therefore, in the

numerical calculations the average length of stacked dots
�lV ¼ hlVi must be used and statistical averaging over this

length is performed (see Eq. (13)). Figs. 3(a)–3(d) show the

simulated reciprocal space maps of the diffuse scattered and

total scattered x-ray radiation for two different lengths of the

vertical correlation of quantum dots �lV ¼ 4lSL and
�lV ¼ 10lSL. Direct comparison of the diffuse and total RSMs

obviously reveals that the vertical correlation of QDs

strongly affects the width of the diffuse spots in the qz direc-

tion, reducing with increasing correlation length. For the

investigated structure comparison of simulated and experi-

mental RSMs revealed that for the best fit of simulation to

experiment the length of the vertical correlation of quantum

dots is �140 nm, i.e., seven periods of superlattice. The dim-

inution of the correlation length, affecting the vertical coher-

ence of the stacked QDs, most probably is related to

structural deteriorations, accumulated during the deposition

of the self-organized QDs and intermediate GaAs layers.47

On the other hand, accounting for the vertical correlation of

the QDs revealed that thicker separating layers or additional

short-period smoothing superlattices between layers with

quantum dots can reduce the length of the vertical correla-

tion of quantum dots to two superlattice periods despite a

high crystal perfection of the entire structure.29

The formalism of a paracrystalline lattice was also used

to describe the correlation between adjacent lateral quantum

dots.36 A probability function for the QDs location was also

introduced in the frame of this model. Laterally correlated

quantum dots in the InAs-GaAs epitaxial layer form a sto-

chastic square net, while a normal (Gaussian) distribution

was used to describe the QD positions. The resulting distri-

bution function, which characterizes the short range order of

the quantum dots WðqxÞ for the average distance between

the centers of the QDs a¼ 65 nm and the variance of average

distance Da ¼ 0:45 a ¼ 29 nm is shown in Fig. 4(a). The

interference structural factor FLðqxÞ ¼
Ð

FLðqx; qyÞdqy, rele-

vant to this function, is shown in Fig. 4(b). The influence of

vertical and lateral correlation on the x-ray diffuse scattering

by the superlattice is shown in Fig. 2(c). The average lateral

distance between quantum dots and its variance were then

obtained by direct comparison of simulated and experimental

results of the SL satellite x-RCs (Fig. 5).

Fig. 6 demonstrates good agreement between the experi-

mental (6(a)) and calculated (6(b)) reciprocal space maps of

x-ray radiation scattered by the 20-period GaAs(001)-

AlGaAs-{InAs QDs-GaAs}SL structure in the vicinity of the

GaAs(004) reciprocal spot. Diffuse scattering from an en-

semble of point and extended defects, described by a correla-

tion function of the Gaussian type, was taken into account

for calculating the total (coherent and diffuse components)

x-ray scattering by the substrate and buffer layer.26 The best

agreement between experimental and calculated x and x-2h
scans is achieved for a static Debye-Waller factor of the

substrate f subs
s ¼ 0:96 and the AlGaAs layer fs ¼ 0:95. Good

coincidence of the experimental and calculated patterns

unambiguously shows that simultaneous calculation of

coherent and diffuse scattering, based on the suggested

model of scattering objects reduces the ambiguity of the

determined structural parameters and provides reasonable

data even for such complicated structural objects as multi-

layer periodical structures with self-assembled quantum

dots.

Fig. 5 clearly reveals qualitative and quantitative agree-

ment between experimental and simulated x rocking curves

at zero and the first superlattice peaks of the 20 period

FIG. 5. Experimental (solid dots on the red line) and simulated (blue line) x
rocking curves in the vicinity of 0SL (a) and þ1SL (b) superlattice diffrac-

tion peaks of the 20-period {InAs QDs-GaAs} superlattice structure.
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{InAs QDs-GaAs} superlattice structure. Despite noticeable

diffuse radiation scattered by quantum dots, the high static

Debye-Waller factor for the superlattice and AlGaAs layers

(0.85 and 0.95, accordingly) and the long 140 nm vertical

correlation length for the periodic structure with quantum

dots indicate spatial QDs ordering and high crystalline per-

fection of the entire QDs structure.

V. CONCLUSION

Periodic structures with self-assembled quantum dots

were quantitatively analyzed by simulation of the experimen-

tally observed coherent and diffuse scattered x-ray radiation. A
priori technological information about the investigated struc-

tures and the parameters of the epitaxial layers and the QDs

have been used as initial approximations for numerical simula-

tions. Using the developed approach, the structural characteris-

tics of superlattice structures with spatially correlated quantum

dots were obtained. Excellent quantitative agreement between

the experimental and calculated results of X-ray scattering

near the (004) diffraction spot allowed determination of the

shape and average size of the QDs, the spatial distribution of

elastic strain around the QDs, an average concentration of the

QDs in the superlattice layers, the presence of lateral short-

range ordering of the self-assembled QDs in the InAs-GaAs

layers, the long-range order of the vertically stacked QDs in

the multilayer system, parameters of the surrounding GaAs

and AlGaAs layers, and the static Debye-Waller factors for

the SL layers, substrate and the AlGaAs layers.
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