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The morphology of porous systems created using
electrochemical anodization techniques strongly
depends on the structural characteristics and chemical
properties of the initial materials, concentration of
impurities, current density, process duration, and
electrolyte composition [1]. Depending on the tech�
nological conditions, pores of various shapes and sizes
are formed in the crystalline matter. Moreover, the
morphology of a porous crystal can change under the
action of external factors. For example, heat treatment
of porous InP leads to the formation of ellipsolidal (in
particular, spherical) pores [2]. This behavior is char�
acteristic of both current line oriented (vertical) and
crystallographic (inclined) pores. 

Analysis of the diffuse X�ray scattering provides
information about the pore sizes, their orientation rel�
ative to the crystal surface, the presence or absence of
a spatial order, azimuthal anisotropy, etc. [3–8]. An
important role in the distribution of diffuse scattering
is played by the shape of pores. Previously, the theory
of diffuse X�ray scattering employed two models,
according to which pores had the shape of rectangular
parallelepipeds [3] or cylinders [5–8]. Diffuse scatter�
ing from a crystal with elongated ellipsoidal pores has
not been analyzed so far. 

This investigation is devoted to diffuse X�ray scat�
tering from a crystal with pores having an elongated
spheroidal shape, representing a prolate ellipsoid with
equal semiaxes in the lateral plane, which are shorter
than the vertical semiaxis. 

Using the formalism of Kato’s statistical theory of
diffraction [9], an expression for the intensity of the
diffuse X�ray scattering as a function of vector q (devi�

ation from the reciprocal lattice vector h) in the kine�
matical approximation can be written as follows: 

(1)

Here, V0 is the x�ray irradiated volume of the crystal,
f is the static Debye–Waller factor, ah is a parameter
that characterizes the scattering ability of the crystal,
and τ(q) is the so�called correlation volume. It should
be noted that relation (1) does not take into account
dynamical effects in the diffuse X�ray scattering the�
ory—in particular, the primary extinction of the
transmitted X�ray intensity and the secondary extinc�
tion in the scattering of incoherent waves. For addi�
tional simplification, we will also ignore the spatial
correlation of pores [6, 10]. Under these conditions,
the correlation volume τ(q) is given by the Fourier
transform of the Kato intrinsic correlation function
g(ρ): 

(2)

The intrinsic correlation function of pores in a crystal
can be represented as follows [11, 12]: 

(3)

where Vp is the pore volume and D(r) is a function that
depends on the random deformations field and
describes local damage of the crystalline lattice [11,
12]. In the case under consideration, these distortions
are caused by the presence of voids in the crystalline
matrix. Denoting by cp the concentration of pores in
the matrix and using the D(r) function, we can express
the static Debye–Waller factor as follows [11]: 
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Fig. 1. (a, b) Two�dimensional autocorrelation functions g(ρx, 0, ρz) and (c, d) reciprocal�space maps of the X�ray diffuse scat�
tering  intensity for models of crystals with pores having the shape of (a, c) spheroids and (b, d) rectangular parallelepipeds. 

Let us consider a model of pores having the shape of a
spheroid elongated in the vertical direction (z axis) as
described by the following equation: 

where R is the pore radius (horizontal semiaxis) and 2lz

is the pore height (lz being the vertical semiaxis) of the
spheroid. For the adopted model of pores, the func�
tion D(r) entering into Eqs. (3) and (4) can be written
as follows: 

(5)

Upon substituting expression (5) into formula (4)
for the static Debye–Waller factor, we obtain 

(6)

where Vsph = (4π/3)lzR2 is the pore volume, P =
cpVsph = 1 – ν/ν0 is the porosity of the crystal, and ν0

and ν are the densities of crystal before and after elec�
trochemical etching, respectively. 
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Substituting expression (5) into formula (3) yields
the following expression for the intrinsic correlation
function of a prolate spheroid: 

(7)

where ξ(ε, θ) = (1 – ε2cos2θ)1/2, θ is the polar
angle between the z axis and vector ρ, and ε = (1 –
(R/lz)

2)1/2 < 1 is the coefficient of ellipticity (eccentric�
ity) characterizing the shape of spheroids. For R = lz,
we have ε = 0 and ξ(0, θ) = 1, so that expression (7)
converts into the well�known correlation function of a
sphere of radius R [11]. 

The correlation volume that describes the angular
distribution of the intensity of diffuse scattering from a
crystal with spheroidal pores is given by the following
formula: 

(8)

where J1(q0Rz) is the first�order Bessel function, q0 =
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The above theoretical results can be presented in a
form that is convenient for use in the method of triple�
crystal diffractometry. For this purpose, it is necessary
to pass from correlation volume (8) to the correlation
area [13]: 

(9)

where g(ρx, 0, ρz) is the two�dimensional autocorrela�
tion function. 

Equations (7)–(9) were used to numerically simu�
late the angular distribution of diffuse X�ray scattering
intensity from a crystal with spheroidal pores. For
comparison, analogous calculations were performed
for a crystal with pores having the shape of rectangular
parallelepipeds with a square cross section in the lat�
eral plane. In the latter case, the two�dimensional
autocorrelation function is as follows: 

(10)
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where 2lx, z are the lateral and vertical sizes, respec�
tively, 

The numerical calculations were performed for the
following parameters of spheroidal pores: height, 2lz =
300 nm; lateral diameter, 2R = 100 nm. The parame�
ters of pores with the shape of rectangular parallelepi�
peds were 2lz = 300 nm and 2lx = 72 nm, so that the
volumes of pores were the same. Figure 1 shows the
contours of equal value for the two�dimensional auto�
correlation functions of pores having the shape of
spheroids (Fig. 1a) and rectangular parallelepipeds
(Fig. 1b). The maps of autocorrelation functions are
plotted on a linear scale with a difference of 0.1
between the neighboring lines. Since the pore volume
in the two cases is the same, while the lateral size of a
parallelepiped is smaller, the two�dimensional auto�
correlation function in the latter case is more extended
in the vertical direction and more oblate in the lateral
direction than is the autocorrelation function of sphe�
roids. The central part of the autocorrelation function
of spheroids has the form of an ellipse, while the anal�
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Fig. 2. Effect of fluctuations in the pore sizes on the angular distribution of diffuse X�ray scattering from crystals with pores having
the shape of (a–c) spheroids and (d) rectangular parallelepipeds: (a) fluctuations of only the lateral size of spheroids with 〈2R〉 =
100 nm and dispersion σR = 〈2R〉/3; (b) fluctuations of only the vertical size of spheroids with 〈2lz〉 = 300 nm and σz =〈2lz〉/3;
(c, d) fluctuations of both (lateral and vertical) sizes of pores. 
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ogous region of the autocorrelation function of rect�
angular parallelepipeds has the form of an extended
rhombus. While the differences between the autocor�
relation functions of the two models under consider�
ation are not very strong, the angular distribution of
the X�ray scattering intensity in the reciprocal space
coordinates differ rather significantly (cf. Figs. 1c
and 1d). The contours of equal intensity of diffuse
X�ray scattering in Figs. 1c and 1d are plotted on a log�
arithmic scale, the ratio of values for the neighboring
lines being 0.56. Since the calculations presented in
Fig. 1 were performed for pores with the same sizes,
the angular distribution of the X�ray scattering inten�
sity in both cases exhibits an oscillatory character.
Pores having the shape of rectangular parallelepipeds
lead to sharply pronounced large�scale oscillations,
which are characteristic of the |sinx/x|2 function. 

The technology of electrochemical etching usually
does not allow pores of identical sizes to be obtained in
a crystalline matrix. Spheroidal pores also exhibit a
variation in sizes, which can be rather significant [2].
Analysis of the available experimental data allows only
the statistical mean pore size and the corresponding
variance σ to be determined. In order to take into
account the fluctuation of pore sizes, it is possible to
use an approach described in [14]. Figure 2 shows
X�ray reciprocal space maps of diffuse scattering for
the same models of pores with allowance for the varia�
tion in their sizes. In these numerical simulations, the
variance in all cases was set as σd = 〈ld〉/3, where 〈ld〉 is
the statistical mean pore size. 

The results of numerical simulations (Fig. 2)
showed that the fluctuation of pore sizes suppresses the
oscillatory structure of the angular distribution of the
diffuse X�ray scattering intensity, which was previously
demonstrated for crystal defects of the Coulomb type
[14]. It should be noted that oscillations disappear in
the direction along which there is variation in pore
size. However, characteristic distinctions between dis�
tributions of the diffuse X�ray scattering intensity for
pores having the same statistical mean volume but dif�
ferent shapes are retained (cf. Figs. 2c and 2d).

Thus, the proposed theory can be used for numeri�
cal simulations of diffuse X�ray scattering from crystals
with spheroidal pores. This may be useful in analysis of

porous systems characterized by the method of triple�
crystal diffractometry. 
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