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INTRODUCTION

Devices based on surface acoustic waves (SAWs)
are the most convenient and efficient high�frequency
components in modern communication systems due
to their stability, reliability, and compactness [1].
These devices are widely used in industry, ecology, and
medicine. In addition, SAWs are used in X�ray optics
to form dynamic diffraction gratings on the crystal
surface [2].

Ferroelectric lithium niobate (LiNbO3) crystals are
very popular in acoustoelectronics because of their
efficient conversion of the electric signal into mechan�
ical lattice vibrations. In these crystals the SAW ampli�
tude can be varied in a wide range (from zero to several
angstroms) by changing the amplitude of the high�fre�
quency electric signal applied to interdigital trans�
ducer (IDT).

X�ray diffraction, which is highly sensitive to lattice
strain, is successfully used to study acoustic waves in
near�surface layers of crystals [3–18]. The specific
features of SAW propagation in solids were monitored
by X�ray topography [3–5], grazing X�ray diffraction
[6, 7], and double� and triple�crystal X�ray diffraction
[8–17]. Various effects accompanying X�ray scattering
in SAW�modulated crystals were described in terms of
the dynamical [11–12, 18] and kinematical [10, 13,
19] diffraction theories. High�resolution triple�crystal
X�ray diffraction [13–17] allows one to measure 2D

reciprocal space maps. Solutions describing the coher�
ent and diffuse scattering in an SAW�modulated crys�
tal were obtained in [17] within the formalism of sta�
tistical dynamical diffraction theory. This approach
makes it possible to quantitatively analyze the effect
that acoustic fields have on X�ray diffraction and
obtain additional information which is inaccessible by
other methods.

The equations of dynamical diffraction in SAW�
modulated crystals describe the interactions between
transmitted and diffracted waves within an individual
diffraction order and between diffracted waves of dif�
ferent satellites [17]. Therefore, in the general case,
X�ray diffraction from an acoustic superlattice is, in
fact, multiple scattering.

The problem of multiple X�ray diffraction [20] is
more complex than the two�wave approximation. To
quantitatively estimate the angular distribution of
scattering intensity in numerical calculations, one
must take into account the interaction between waves
related to different diffraction orders. This interaction
not only decreases or increases the scattering intensity,
but also affects the shape of the  scan curve.
Under certain conditions, a propagating Rayleigh
SAW induces several tens of satellites [10]; as a result,
numerical calculations of the angular distribution of
X�ray scattering intensity become very complicated
(from the point of view of calculation algorithms), and
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the calculation time greatly increases. Therefore, it is
necessary to somehow transform the computational
procedure for the problems of X�ray diffraction from
SAW�modulated crystals. One evident way is to sim�
plify the equations describing the dynamical diffrac�
tion in SAW�modulated crystals. Therefore, one
should investigate the criteria according to which the
effects of multiple scattering upon SAW excitation in a
crystal can be neglected. To this end it is necessary to
perform a comparative quantitative analysis of the cal�
culated diffraction spectra within the two�wave
approximation and the multiple X�ray diffraction
from a crystal modulated by a Rayleigh surface wave.
The purpose of our study was to solve this problem.

RAYLEIGH SURFACE WAVE

The phenomenon of a surface acoustic wave was
considered for the first time by Rayleigh in 1885 [21].
At any strains, the stress at a free boundary of a solid is
zero, whereas with an increase with the distance from
the border the stress increases to a certain value (as
determined by the Hooke law). Therefore, the type of
elastic perturbations near the boundary will differ from
that in the bulk of elastic medium. The crystal border
lies in the x0y plane, and the z axis is its internal nor�
mal; i.e., the medium is in the half�space specified by
z > 0. Let a periodic elastic wave with a frequency 
propagate in the crystal. The general wave equation for
this model of the medium can be written as

, where  are arbitrary longitudinal
or shear displacements and с are the corresponding
propagation velocities of longitudinal ( ) and trans�
verse (shear) ( ) elastic waves.

Using the boundary conditions, one can write the
solution for a Rayleigh surface wave for the simplest
case (with only transverse elastic waves taken into
account) in the form

, (1)

where  is the field of atomic dis�
placements into the crystal bulk,  is a constant
which is independent of coordinates and time,

,  is the SAW wave num�
ber,  is the Rayleigh wave velocity, and Λ is the ultra�
sound wavelength or the surface�modulation period.

The damping coefficient 
depends on the Rayleigh and shear wave velocities.
The wave velocities in a medium depend on the mate�
rial elastic constants, and their ratio can be approxi�
mately written as  [22],
where ν is the Poisson ratio. The ultrasonic frequency
is related to the Rayleigh wavelength through the well�
known expression . Note also that the acous�
tic damping coefficient .
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The solution to (1), which was obtained disregard�
ing the longitudinal component of elastic strain, is the
simplest one, and it is most often used to analyze the
X�ray diffraction from SAW�modulated crystals [10].
In reality, SAWs propagating in solids induce longitu�
dinal elastic displacements and vertical atomic dis�
placements depend on the longitudinal wave velocity.
The solutions for the displacement components in the
lateral  and vertical  directions can be
found within the potential theory [22]:

, (2)

, (3)

where the displacement amplitudes  and 
can be written as the sums of two components:

(4)

. (5)

The parameters under the summation sign in (4)
and (5)

, (6)

, (7)

, (8)

(9)

exponentially decrease into the crystal bulk, with the

damping coefficients  and

. According to (2) and (3), the
displacement trajectory of particles in the surface wave
is an ellipse whose major axis  is directed into the
crystal bulk and the minor axis is parallel to the surface
plane and oriented along the SAW propagation direc�
tion.

The ultrasonic wave velocity along the х axis for the
127° Y' cut of LiNbO3 crystal is  m/s, the lon�

gitudinal velocity  m/s, and the trans�

verse velocity  m/s (ρ = 4629 kg m–3

is the LiNbO3 density [23] and  N m–2

and  N m–2 are the elastic constants
[24]).

Figure 1 shows the profiles of the displacement
components  and  along the LiNbO3 crystal
depth and the profiles of the corresponding parame�
ters, as determined from relations (6)–(9) for the
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amplitude  nm and modulation wavelength
 μm (  423 MHz).

It can be seen in Fig. 1 that the displacements 
along the SAW propagation direction are much
smaller in magnitude than the vertical displacements
and rapidly decay while propagating into the crystal
bulk. In addition, the lateral strains pulsating with
ultrasonic frequency cannot be detected in X�ray dif�
fraction experiments in symmetric Bragg geometry.
Finally, since the speed of light significantly exceeds
the elastic wave velocities in crystals, one should con�
sider the diffraction by an instantaneous surface grat�
ing within the X�ray–acoustic interaction. All the
aforesaid indicates the following: to analyze the X�ray
diffraction from an SAW�modulated crystal, one must
take into account only the vertical component of elas�
tic displacement field, which is determined by the
expression

, (10)

with allowance for (5), (8), and (9).

0 0.1u =

9Λ = sf =

( )xu z

( ) ( ), ( )sinz z ru x z u z x= κ

Strictly speaking, piezoelectric effects must be
considered to describe SAWs. Specific calculations
require additional information about the IDT, conver�
sion coefficient of the electric signal into mechanical
lattice vibrations, etc. In this case, the electric compo�
nent is added to the wave equation of elastic fields in
the medium. As a result, instead of (5), the solution for
atomic displacements  and the electric potential
can be written as a linear combination of four terms
[25]. The characteristic parameters of these terms and
the damping coefficients are found from the boundary
conditions numerically, which leads to certain compu�
tational difficulties. At the same time, the structure of
the solution is retained in the form (10). Therefore,
with allowance for the fact that the SAW amplitude
generally depends linearly on the input high�fre�
quency signal at the IDT [15], the solution (10) is
quite sufficient for a quantitative analysis of the exper�
imental data.

EQUATIONS OF DYNAMICAL X�RAY 
DIFFRACTION

Let us consider the Bragg X�ray diffraction from a
crystal with the input surface oriented parallel to the x
axis (the z axis is directed into the crystal bulk). The
diffraction geometry in the reciprocal space is sche�
matically shown in Fig. 2a. Let  be the wave vectors
of diffracted and transmitted waves, respectively, and 
be the reciprocal�lattice vector of the reflecting atomic
planes; hence, the vector  determines
the deviation of the diffraction vector  from a
reciprocal�lattice point. In triple�crystal X�ray diffrac�
tometry, the projections of the vector q on the diffrac�
tion plane can be expressed in terms of angular devia�
tions of the sample (ω) and analyzer (ε) as

,

,

where  are the angles determining the directions of
the incident and diffracted waves with respect to the
input crystal surface and λ is the X�ray wavelength in
vacuum. Figure 2a shows the distribution of scattering
intensity from the crystal in the absence of the ultra�
sonic effect as a gray crystal truncation rod (CTR).

A SAW is known to induce lattice modulation with
a period equal to the ultrasonic wavelength. The rock�
ing curve, along with the main Bragg peak, contains
additional diffraction orders (satellites) [2]. The latter
are spaced by a distance  in the reciprocal
space (Λ is the ultrasound wavelength). Figure 2b
shows the main peak and satellites as gray CTRs.
Motion along each CTR in the direction parallel to the
reciprocal�lattice vector reproduces the  scan
curve (qz�mode) for the corresponding diffraction
order.
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Fig. 1. Amplitude profiles of SAW elastic displacements
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The procedure for deriving equations to describe
the X�ray diffraction from a laterally modulated crys�
tal, as applied to triple�crystal X�ray diffractometry,
was considered in detail in [17]. It was shown that,
when an infinitely wide X�ray plane wave is incident
on a crystal, the transmitted and diffracted beams
should have nonzero amplitudes at  values multiple
of the wave number of the lateral modulation κs (i.e.,

at , where  are the diffraction�
order numbers). Ideally, a CTR is a set of fairly narrow
vertically oriented bands in the reciprocal space. How�
ever, in a real experiment, the incident X�ray beam is
spatially limited and, in contrast to the ideal plane
wave, somewhat divergent. In addition, one should
take into account instrumental aberrations, which
arise as a result of the reflection of X�ray beams from
monochromator and analyzer. The CTR width in the
reciprocal space is determined by the abovementioned
factors.

A system of equations describing the X�ray diffrac�
tion from a SAW�modulated crystal, for example, for
the nth diffraction order, can be written as [17]

(11)

where , , γ0, h =

,  is the asymmetry factor, C is the

polarization factor,  are the Fou�
rier components of X�ray polarizability, Vc is the unit�

cell volume,  is the classical electron
radius, e is the elementary charge, m is the electron
mass,  are the structural factors in the transmission
and diffraction directions of the X�ray wave, f is the
static Debye–Waller factor, and  are the
mth�order Bessel functions.

The system of equations (11) was obtained for har�
monic lateral modulation (10). Note that these equa�
tions describe the multiple diffraction in the crystal
with a lattice periodically deformed along the surface.
The presence of the sum on the right�hand side of
these equations indicates that the angular position of
the main peak or a certain satellite (for example, of the
nth order) is characterized by not only the dynamical
interaction between the transmitted and reflected
waves of this diffraction order, but also the interaction
with the waves of other satellites.
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For certain diffraction orders (for example, nth),
one can write the diffraction equations within the two�
wave approximation:

(12)

System (12) has the same structure as the well�
known Takagi equations [26]. The only difference is
that the latter contain exponential factors of the
atomic�displacement field, whereas system (12)
includes the Bessel functions of the corresponding
orders. It is these functions, which depend on the gra�
dient of ultrasonic wave damping into the crystal bulk,
that are responsible for the formation of the 
scan�curve profiles for the Bragg and satellite peaks.
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Fig. 2. Schematic representation of X�ray diffraction from
a crystal (a) without and (b) with SAW modulation. Satel�
lites are shown as gray rods parallel to the reciprocal�lattice
vector.
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The system of equations (12) can be transformed
into a nonlinear differential equation of the Riccati
type, which has the same form as the Taupin equa�
tion [27]:

(13)

where . This equation can be solved
numerically (for example, by the Runge–Kutta
method on the segment corresponding to the crystal
thickness).

NUMERICAL SIMULATION

Based on Eqs. (11) and (13), we will perform
numerical simulation of the  scan curves
(qz scans) for the zero, first, and second satellites from
the 127° Y' cut of LiNbO3 crystal, depending on the
ultrasonic amplitude and wavelength. All calculations
are performed for the (104) reflection of σ�polarized
X�rays with the wavelength λ = 0.954 Å, which corre�
sponds to energy of 13 keV. This choice of the X�ray
reflection and wavelength is based on an analysis of
the experimental data (see below). For the reflec�
tion that was chosen, the Bragg angle is 10.036°, the
interplanar spacing is d104 = 2.7363 Å, and the Fou�
rier components of X�ray polarizability are

, χh = (–0.4668 +

 [23].
In the numerical simulation, the crystal thickness

was 100 μm and the calculated  scan curve from
this plate exactly coincided with the diffraction curve
for the model of a semi�infinite crystal. To show how
the ultrasonic frequency affects the multiwave scatter�

( ) ( )

[ ] ( )( )

2

0

0 0

( )

(1 ) ,

n
nh

h n h

n
z h h n

Q
i a fJ hu z Q

z

a b q Q a fJ hu z

−

∂
=

∂

+ + − +

0
n n n
h hQ E E= /

2θ− θ

5
0 ( 1.0296 0.0166) 10i −

χ = − + ×

50.0157) 10i −

×

2θ− θ

ing from an SAW�modulated crystal, we considered
two cases: (A) the ultrasonic frequency  423 MHz
(modulation wavelength Λ = 9 μm, the satellite peaks
in the reciprocal space are spaced by 0.7 μm�1) and (B)

 211 MHz (Λ = 18 μm, the satellite peaks in the
reciprocal space are spaced by 0.35 μm–1). The damp�
ing profiles with a small amplitude of the Rayleigh sur�
face wave (the modulation amplitude in (8) and (9) is

 nm) for these cases are shown in Fig. 3.
Note that a change in the modulation amplitude does
not affect the shape of the damping profiles. The cal�
culations of the  scan curves based on the system
of equations (11) was performed taking into account
the interaction of the X�ray waves of ten satellites.

First, let us consider the case of a relatively small
modulation amplitude with the damping profiles
shown in Fig. 3. The  scan curves of the main
peak and the first and second satellites in the qz mode
are shown in Fig. 4. In case A, the profile of the 
scan curve for the main peak (zero diffraction order),
neglecting the effects of multiple scattering, coincides
exactly with the Darwin curve [28] (Fig. 4a). The mul�
tiple interaction between satellites barely changes the
central part of the  scan curve; however, intensity
spikes arise on the tails. The first�satellite peaks, cal�
culated according to two algorithms, are very similar
and differ only slightly in intensity (Fig. 4b). Finally,
the second diffraction orders coincide completely
(Fig. 4c). It is noteworthy that the widths of the 
scan�curve profiles and the peak intensities decrease
with an increase in the diffraction order. According to
the X�ray diffractometry data, narrower peaks are
observed for weaker reflections. Therefore, the
decrease in the diffraction peak width with an increase
in the serial number, which is observed in numerical
calculations for small modulation amplitudes, can be
explained by the weak interaction between the X�ray
waves and periodic crystal structure.

In case B, the results of the calculations of 
scan curves taking into account and disregarding mul�
tiple�scattering effects differ significantly. In the
absence of an interaction between neighboring�satel�
lite waves, the shape of the Darwin curve of the main
diffraction peak barely changes, whereas considering
this interaction changes the curve shape and splits the
profile of the  scan curve into three peaks
(Fig. 4d). The first diffraction satellites differ in both
profile and peak intensity (Fig. 4e). The profiles of the
next diffraction orders have similar shapes, whereas
the calculations neglecting multiple scattering yield a
higher intensity (Fig. 4f).

Let us consider the case of strong crystal modula�
tion (  nm). It is known that the zero�peak
intensity can be suppressed at large ultrasonic�wave
amplitudes, while the intensities of higher diffraction
orders increase [10]. In addition, interference oscilla�
tions arise in the  scan profile [12, 17, 19]. These
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Fig. 3. Damping profiles for the Rayleigh surface wave
amplitude: fs = (1) 423 MHz (Λ = 9 μm) and (2) 211 MHz

(Λ = 18 μm); nm.0 0.06u =



CRYSTALLOGRAPHY REPORTS  Vol. 57  No. 1  2012

EFFECT OF THE ULTRASONIC FREQUENCY ON THE MULTIPLE X�RAY 29

effects can be visually observed in the calculated
reflection curves for the crystals where an SAW
induces fairly large elastic displacements (Fig. 5). At

the ultrasonic frequency  423 MHz (case A), the
changes in the structure of the  scan curve that
are caused by neglect the multiple�scattering effects
manifest themselves only slightly (Figs. 5a–5c). These
changes can be observed for zero diffraction order in
the upper part of the  scan curve (Fig. 5a). The
first (Fig. 5b) and second (Fig. 5c) satellites coincide
in shape and differ slightly in intensity. Note that, in
contrast with the case of weak modulation, where a
zero�peak profile has the same shape as the Darwin
curve (Fig. 4a), under strong modulation this shape is
characteristic of the first satellite (Fig. 5b) and the

sf =

2θ− θ

2θ− θ

width of the  scan profile of this satellite is nar�
rower.

For low�frequency ultrasonic oscillations (case B,
 211 MHz), the absence of multiple scattering

leads to more significant differences in the  scan
profiles for all diffraction orders (Figs. 5d–5f). If the
consideration of the multiple�scattering effects in the
zero�peak angular region leads to the formation of a
deep hole at the center of the reflection curve, neglect�
ing these effects, on the contrary, causes a sharp
increase in intensity in this part of the  curve
(Fig. 5d). Calculations based on (13) show that the
diffraction spectra of the first (Fig. 5e) and second
(Fig. 5f) satellites have the same shape as the Darwin
curve. When multiple scattering is taken into account,
this shape is distorted: oscillations arise on the tails or
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at the center of the  scan curve (Figs. 5e and 5f,
respectively); these distortions are accompanied by a
decrease in intensity.

The simulation of the diffraction curves showed
that, in the numerical calculations of dynamical dif�
fraction from the 127° Y' cut of an SAW�modulated
LiNbO3 crystal, the multiple�scattering effects can be
completely neglected at ultrasound frequencies above
650 MHz. It was established that the influence of mul�
tiple scattering becomes stronger with a decrease in
the acoustic wave frequency (i.e., an increase in the
modulation period). At low ultrasonic frequencies, the
diffraction satellites are located closely in the recipro�
cal space so that, at certain angular positions of the
crystal, the tails of the neighboring�order  scan
curves are superimposed, which enhances the multi�

2θ− θ

2θ− θ

ple�scattering effects. For small modulation ampli�
tudes, the  profiles become narrower with an
increase in the satellite number; hence, the multiple�
scattering effects are reduced. At large SAW ampli�
tudes, the multiple�scattering effect was also found to
decrease because of strong strains in the near�surface
region (Figs. 4b, 4e, 5b, 5e).

ANALYSIS OF THE EXPERIMENTAL DATA

The above numerical simulation served to analyze
the experimental X�ray diffraction data on the 127° Y'
cut of LiNbO3 crystal. The measurements were per�
formed on an ESRF synchrotron radiation (SR)
source (Grenoble, France) with an X�ray photon
energy of 13 keV. A high�resolution triple�crystal X�
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ray diffractometer based on the BM5 optical line was
used. X rays from the SR source passed through the
primary slit 0.1 × 0.1 mm in size; arrived at a double
Si(111) monochromator crystal; passed through the
second slit of the same size; and, after collimation, dif�
fractively reflected from the second Si(333) mono�
chromator. The thus�obtained highly monoenergetic
X�ray beam was incident on a sample. After the dif�
fractive reflection from the sample, X rays arrived at a
Si(333) analyzer crystal and were collected by a NaI
scintillation detector. A 952�MHz SAW was excited in
the sample (127° Y ' cut of LiNbO3 crystal) to induce
lattice modulation with a period Λ ≈ 4 μm. In this case
the diffraction satellites were spaced by 1.6 μm–1 in the
reciprocal space.

To illustrate the aforesaid, the experimental data
were quantitatively analyzed based on the numerical
calculations using system (11) and Eqs. (13). To obtain
better correspondence between the calculated and
experimental data, the X�ray beam divergence

(  μm–1 in terms of angular units of recipro�
cal space) was taken into account. The calculated
instrumental function corresponded to the triple sym�
metric reflection from a perfect silicon crystal, which
significantly decreased the effect of the monochroma�
tor pseudopeak. The analysis of the experimental data
was performed by simulating the  scan curves (
scans) and rocking curves (  scans), varying the ultra�
sonic amplitude  and the static Debye–Waller fac�
tor f, and taking into account the diffuse�scattering
effect within the statistical model of mosaic crystal
[17]. The best coincidence between the calculated and
experimental data was obtained at f = 0.85 and

 nm.

Figure 6 shows the calculated and experimental
 scan curves of (a) the zero peak and (b) the first

satellite. There are interference minima on the curves
for both zero and first diffraction orders due to large
modulation�induced elastic displacements. The cal�
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culations performed according to the two computa�
tional algorithms coincide completely. Depending on
the numerical calculation parameters (angle and crys�
tal�thickness variation steps, the amplitude of elastic
displacements, and the number of interacting X�ray
fields during multiple scattering), the time of the cal�
culation based on system (11) exceeds the time of cal�
culation from Eq. (13) using the fourth�order Runge–
Kutta method by 2–3 orders of magnitude.

To calculate the rocking curves (  mode), system
(12) was used instead of Eq. (13); this system was
transformed jointly with (11), taking into account the
finite wavefront width of incident radiation and the
instrumental functions [17]. The ratio of calculation
times according to the two methods was the same as
for the calculations of qz scans. Figure 7 shows the the�
oretical and experimental qx scans, which pass through
the points of minima (qz = 0) and “humps” (qz =
1 μm–1) in the  curves.

Thus, our numerical calculations showed that, to
perform a quantitative analysis of X�ray scattering
from a crystal modulated by an SAW with a frequency
exceeding 952 MHz, it is sufficient to use two�wave
approximation and apply Eq. (13). It is also notewor�
thy that multiple calculations of dynamical diffraction
taking into account and disregarding multiple scatter�
ing showed the following: regardless of the modulation
amplitude, the reflection curves for a crystal modu�
lated by an SAW with a frequency exceeding 650 MHz
(i.e., with a wavelength smaller than Λ = 6 μm), coin�
cided exactly. The aforementioned quant tative char�
acteristics are valid for only the crystal under study, the
specified X�ray wavelength, and the diffraction reflec�
tion chosen. Other combinations of objects and X�ray
parameters make it necessary to search for another cri�
terion for neglecting multiple�scattering effects.
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