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Equations describing the coherent and diffuse scattering in a crystal modulated

by a surface acoustic wave (SAW) are derived using the dynamical X-ray

diffraction theory. The effect of depth attenuation of the Rayleigh surface wave

amplitude on the crystal rocking curve profiles is investigated. Results of the

numerical simulation of the dynamical diffraction in a mosaic crystal modulated

by a SAW, taking into account a block size distribution, are presented. It is

shown that the diffuse scattering is distributed in the reciprocal space not only in

the vicinity of the main diffraction peak but also about the satellite diffraction

peaks, and this distribution depends on the size fluctuations of the crystal

defects. Theoretical reciprocal space maps and rocking curves are compared

with the corresponding experimental results.

1. Introduction

Devices based on surface acoustic waves (SAWs) are found to

be the most convenient and efficient solution for high-

frequency components in modern communication systems

owing to their stability, reliability and compactness (Campbell,

1989, 1996). Such devices are widely used in industry, ecology

and medicine. SAWs are used in X-ray optics to create

dynamic diffraction gratings on a crystal surface as well as

filters for the registration of changes in the exterior conditions.

Since the pioneering papers of Fox & Carr (1931), Langer

(1931) and Barrett & Howe (1932), diffraction of X-rays and

neutrons in a crystal volume modulated by ultrasonic waves

has attracted a large number of experimental and theoretical

studies (White, 1950; Saccocio et al., 1967; Haruta, 1967;

Carlson et al., 1971; Köhler et al., 1974; LeRoux et al., 1975,

1976; Entin & Assur, 1981; Chapman et al., 1983; Punegov &

Pavlov, 1994). The observed experimental rocking curves were

explained using the dynamical scattering theory (Köhler et al.,

1974; Authier, 2001), including the phenomenon of X-ray

acoustic resonance (Entin & Assur, 1981; Punegov & Pavlov,

1994). When describing the interaction of the X-rays with the

ultrasonic waves in the crystal, it is usually assumed that the

amplitude of the acoustic modulation is spatially uniform.

However, this assumption is not justified when surface

acoustic waves are considered (Sauer et al., 1998, 1999;

Tucoulou et al., 2000, 2001, 2005; Schelokov et al., 2004;

Roshchupkin et al., 2009). In this case, the amplitude of the

periodic atomic displacements induced by the ultrasound

decays inside the crystal (Feenstra, 2005; Roshchupkin et al.,

2009). As a result, theoretical approaches based on the

formalism of the dispersion surface (Köhler et al., 1974; Entin

& Assur, 1981) become ineffective. Moreover, it is the spatial

dependence of the acoustic modulation amplitude (Punegov,

2003) that causes the experimentally observed effect of split-

ting the rocking curve peaks (Schelokov et al., 2004).

To the best of our knowledge, all previously developed

theories describing the interaction of X-rays with ultrasound,

including X-ray diffraction in the volume of the sample

(Köhler et al., 1974; Entin, 1988) and on its surface (Gabriel-

yan & Aslanian, 1988; Polikarpov et al., 1998; Schelokov et al.,

2004), are restricted to the case of ideal (defect free) crystals.

Furthermore, there is still no theory of X-ray diffraction in

crystals modulated by a SAW, applicable to a high-resolution

triple-crystal diffractometer (Iida & Kohra, 1979; Nesterets &

Punegov, 2000).

In the present paper we develop a dynamical X-ray

diffraction theory taking into account both the coherent and

the diffuse scattering in a crystal modulated by a SAW and

apply this theory for analysis of the experimental data

collected using high-resolution double- and triple-crystal

X-ray diffractometers.

2. Basic equations

We start our analysis by writing the Takagi (1969) equations in

the Cartesian coordinate system (a schematic representation

of the diffraction geometry is shown in Fig. 1),

cot �1
@

@x
þ @

@z

� �
E0ðrÞ ¼ ia0E0ðrÞ þ iah�ðrÞEhðrÞ;

cot �2
@

@x
� @

@z

� �
EhðrÞ ¼ iðba0 þ �ÞEhðrÞ þ iah�

�ðrÞE0ðrÞ;

8>><
>>:

ð1Þ
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where a0 ¼ ��0=ð��0Þ, ah;h ¼ C��h;h=ð��h;0Þ, � ¼ ½2�=
ð��hÞ� sinð2�BÞ! is the angular parameter used in double-

crystal diffractometry, in the �–2� scanning mode, and

�0;h ¼ sin �1;2. In our notations, � is the X-ray wavelength in

vacuum, ! ¼ � � �B is the deviation of the crystal from the

exact Bragg angle �B, �1;2 ¼ �B � ’ are the angles between the

normal to the crystal surface and the incident and diffracted

beams, respectively, ’ is the crystal asymmetry angle,

b ¼ �0=�h is the asymmetry factor, C is the polarization factor,

�0;h ¼ �r0½�2=ð�VcÞ�F0;h are the Fourier components of the

X-ray susceptibility, Vc is the unit-cell volume, r0 ¼ e2=ðmc2Þ is
the classical electron radius, e and m are the electron charge

and the electron mass, respectively, and F0;h are the structural

factors in the direction of the incident and diffracted X-ray

waves, respectively. The crystal phase factor �ðrÞ ¼
exp½ih � uðrÞ� depends on the function of the atomic displace-

ments, uðrÞ. Here h is the reciprocal lattice vector,

jhj ¼ 2�=dhkl , where dhkl is the interplanar distance. Let us

carry out a transition from the initial amplitudes of the

transmitted, E0ðrÞ, and reflected, EhðrÞ, X-ray waves to their

Fourier transforms over the x coordinate, ÊE0;hðqx; y; zÞ:

ÊE0;hðqx; y; zÞ ¼ ð2�Þ�1=2 Rþ1

�1
dx exp �iqxxð ÞE0;hðrÞ: ð2Þ

The inverse Fourier transform is written as

E0;hðrÞ ¼ ð2�Þ�1=2 Rþ1

�1
dqx exp iqxxð ÞÊE0;hðqx; y; zÞ: ð3Þ

Using the following phase renormalization,

ÊEhðqx; y; zÞ ¼ "̂"hðqx; y; zÞ exp �iðba0 þ �� qx cot �2Þz
� �

; ð4Þ

ÊE0ðqx; y; zÞ ¼ "̂"0ðqx; y; zÞ exp iða0 � qx cot �1Þz
� �

; ð5Þ
system (1) of differential equations is transformed into a

system of integro-differential equations,

@"̂"0ðqx; y; zÞ
@z

¼ i
ah

ð2�Þ1=2

� Rþ1

�1
dx�ðrÞ exp �i½qxxþ ða0 � qx cot �1Þz�

� �
EhðrÞ;

� @"̂"hðqx; y; zÞ
@z

¼ i
ah

ð2�Þ1=2

� Rþ1

�1
dx��ðrÞ exp �i½qxx� ðba0 þ �� qx cot �2Þz�

� �
E0ðrÞ:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð6Þ
The mathematical form of equation (6) is convenient for

further transformations, based on the formalism of the

statistical dynamical diffraction theory.

Note that the atomic displacements uðrÞ and, consequently,
the phase function �ðrÞ in equations (1) and (6) can be

represented as a sum of the average and fluctuation parts:

uðrÞ ¼ huðrÞi þ 	uðrÞ; �ðrÞ ¼ h�ðrÞi þ 	�ðrÞ. The average part

of the phase function can be written as a product,

h�ðrÞi ¼ �ðrÞ f ðrÞ, where �ðrÞ ¼ exp½ih � huðrÞi� describes non-

random large-scale deformations in the crystal and

f ðrÞ ¼ h ~��ðrÞi is a static Debye–Waller factor. The random

phase function ~��ðrÞ ¼ exp½ih � 	uðrÞ� arises because of the

presence of randomly distributed defects.

Let us carry out a statistical averaging of equation (6). For

this purpose, we present the amplitudes of the wavefields as a

sum of the coherent and incoherent parts, E0;hðrÞ ¼ hE0;hðrÞi þ
	E0;hðrÞ. We perform a similar procedure for the Fourier

transforms, "̂"0;hðqÞ ¼ h"̂"0;hðqÞi þ 	"̂"0;hðqÞ. Since the statistical

averaging of the right-hand side of equation (6) inevitably

leads to the correlators (Kato, 1980; Pavlov & Punegov, 1998,

2000)

h��ðrÞE0ðrÞi ¼ h��ðrÞihE0ðrÞi þ h	��ðrÞE0ðrÞi; ð7Þ

h�ðrÞEhðrÞi ¼ h�ðrÞihEhðrÞi þ h	�ðrÞEhðrÞi; ð8Þ
diffraction of coherent X-rays will be described by the equa-

tions

@ "̂"0ðqx; y; zÞ
� 	

@z
¼ i

ah

ð2�Þ1=2

� Rþ1

�1
dx exp �i½qxxþ ða0 � qx cot �1Þz�

� �h�ðrÞihEhðrÞi

þ i
ah

ð2�Þ1=2

� Rþ1

�1
dx exp �i½qxxþ ða0 � qx cot �1Þz�

� �h	�ðrÞEhðrÞi;

� @ "̂"hðqx; y; zÞ
� 	

@z
¼ i

ah

ð2�Þ1=2

� Rþ1

�1
dx exp �i½qxx� ðba0 þ �� qx cot �2Þz�

� �h��ðrÞihE0ðrÞi

þ i
ah

ð2�Þ1=2

� Rþ1

�1
dx exp �i½qxx� ðba0 þ �� qx cot �2Þz�

� �h	��ðrÞE0ðrÞi:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð9Þ
We now make a substantial simplification of the system of

equations (9). Consider the second terms on the right-hand

sides of equations (9). From the physical point of view, these

terms describe diffuse absorption and diffuse refraction of the

coherent X-rays. In the statistical theory of X-ray diffraction,
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Figure 1
Schematic representation of diffraction in a crystal modulated by a
surface acoustic wave.
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these optical phenomena are complementary to the normal

refraction and photoelectric absorption (Kato, 1980; Bushuev,

1989; Pavlov & Punegov, 1998, 2000). Usually, the diffuse

absorption and refraction are small compared to the normal

refraction and photoelectric absorption. Therefore, in the case

of X-ray diffraction in crystals modulated by a SAW, these

effects can be neglected for two reasons. Firstly, in the Bragg

geometry, the X-ray field penetrates the crystal up to a small

depth determined by the extinction length. Secondly, the

surface acoustic disturbance penetrates the crystal up to a

small depth, approximately equal to the length of the ultra-

sonic wave (Tucoulou et al., 2001).

Likewise, the equations for the incoherent (diffuse)

component of the X-ray wavefield can also be simplified.

These simplifications consist in neglecting multiple rescat-

tering (secondary extinction) and Bragg diffraction of the

diffusely scattered X-rays (Kato, 1980; Pavlov & Punegov,

1998, 2000). As a result, introducing the following notations

for the coherent wavefields, "̂"c0;h ¼ h"̂"0;hi, Ec
0;h ¼ hE0;hi, and

taking into account equations (4) and (5) we obtain the

following system of equations,

@ÊEc
0ðqx; y; zÞ
@z

¼ iða0 � qx cot �1ÞÊEc
0ðqx; y; zÞ

þ i
ah f

ð2�Þ1=2
Zþ1

�1

dq0ÊEc
hðqx � q0; y; zÞ�ðq0; y; zÞ;

� @ÊEc
hðqx; y; zÞ
@z

¼ iðba0 þ �� qx cot �2ÞÊEc
hðqx; y; zÞ

þ i
ah f

ð2�Þ1=2
Zþ1

�1

dq0ÊEc
0ðqx � q0; y; zÞ��ðq0; y; zÞ;

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð10Þ

where �ðq0; y; zÞ and �
�ðq0; y; zÞ are the Fourier transforms of

the phase functions �ðrÞ and �ðrÞ�, respectively.
It is well known that defects, statistically distributed in a

crystal, result in the appearance of diffuse scattering in the

vicinity of the reciprocal lattice node h (Krivoglaz, 1996).

Taking into account our assumptions made above, the diffuse

scattering is well described by a kinematical approximation,

with the effect of secondary extinction neglected. Then the

intensity of the diffuse scattering is written as follows

(Krivoglaz, 1996),

Idh rð Þ ¼ EhðrÞE�
hðrÞ

� 	� EhðrÞ
� 	

E�
hðrÞ

� 	
; ð11Þ

where the angular brackets denote an average over a statis-

tical ensemble.

In order to find the intensity distribution of the diffuse

scattering in the three-dimensional reciprocal space we will

use the following formula:

Idh qð Þ ¼ "̂"h qð Þ

 

2D E
� "̂"ch qð Þ

 

2: ð12Þ

Note that in general the function Idh ðqÞ is not equal to the

Fourier transform of the function Idh ðrÞ. However, in the case

of an idealized triple-crystal diffractometer, with an ideal

monochromator and an ideal analyzer, and neglecting free-

space propagation of the X-ray wavefield between the sample

and the analyzer, the function
R1
�1 Idh ðqÞ dqy is proportional to

the signal registered by the detector, and the angular para-

meter � is related to the projections of the vector q as

qz ¼ qx cot �2 � �; ð13Þ
where q ¼ kh � k0 � h, and kh;0 are the wavevectors of the

diffracted and the transmitted waves, respectively. Using

equations (6) and (9), we can write formal solutions for the

Fourier transforms of the diffracted amplitude and its

coherent component:

"̂"hðqÞ ¼ � i
ah
2�

Z
dz exp iðba0 � qzÞz

� �
� Rþ1

�1
dy exp iqyy

� � Rþ1

�1
dx��ðrÞ exp iqxxð ÞE0ðrÞ; ð14Þ

"̂"chðqÞ ¼ � i
ahf

2�

Z
dz exp iðba0 � qzÞz

� �
� Rþ1

�1
dy exp iqyy

� � Rþ1

�1
dx exp iqxxð ÞEc

0ðrÞ: ð15Þ

Substituting the formal solution, equations (14) and (15), into

equation (12), after simple transformations well known in the

statistical dynamical diffraction theory (Kato, 1980), we obtain

a formula for the diffuse scattering intensity in a surface layer

of thickness l,

Idh qð Þ ¼ ah


 

2Rl

0

dz
R1

�1
dx

R1
�1

dy
n
1� f 2ðrÞ� �

� exp �ð1þ bÞ
z½ � �ðr; qÞ Ic0ðrÞ
o
; ð16Þ

where 
 is the X-ray linear absorption coefficient and Ic0ðrÞ is
the intensity of the transmitted beam. Equation (16) closely

resembles the corresponding formula (10) of Punegov (1990),

for a crystal with deformations dependent only on the z

coordinate (along the surface normal), in the case of a double-

crystal diffractometer. Note, however, that instead of the

correlation length introduced by Punegov (1990) the current

formalism is based on the concept of a correlation volume

(Nesterets & Punegov, 2000; Pavlov & Punegov, 2000),

�ðr; qÞ ¼ 2�ð Þ�2
Rþ1

�1
dq

�
Gðr; qÞ

� exp i q � qþ h � huðrþ qÞi � huðrÞi½ �� �� ��
: ð17Þ

It is the correlation volume that specifies the three-dimen-

sional distribution of the diffuse scattering in the reciprocal

space. This distribution depends on the defects statistically

distributed in the crystal. The correlation function

Gðr; qÞ ¼ h exp ih � 	uðrþ qÞ � 	uðrÞ½ �ð Þi � f 2ðrÞ
1� f 2ðrÞ ð18Þ

is defined by the model that we adopt to describe the defects.

In the triple-crystal scheme, the expression for the correlation

volume must be integrated along the qy direction. As a result,

research papers

522 Vasily I. Punegov et al. � Scattering in SAW-modulated crystals J. Appl. Cryst. (2010). 43, 520–530

electronic reprint



the correlation volume �ðr; qÞ is transformed into a correlation

area (Nesterets & Punegov, 2000),

�ðr; qx; qzÞ ¼
Rþ1

�1
dqy�ðr; qÞ ¼ 2�ð Þ�1

Rþ1

�1
d�x

Rþ1

�1
d�z

� exp ifqx�x þ qz�z þ h�½huðrþ qÞi � huðrÞi�g� �
G r; �x; 0; �z

� �
:

ð19Þ
The corresponding angular distribution of the intensity of the

incoherent scattering in the triple-crystal scheme is calculated

by the formula

Idh qx; qz
� � ¼ ah



 

2Rl
0

dz
R1

�1
dx

R1
�1

dy
�
1� f 2ðrÞ� �

� exp �ð1þ bÞ
z½ � �ðr; qx; qzÞ Ic0 rð Þ�: ð20Þ

3. Laterally periodic deformations of the crystal lattice

Previously, using the statistical dynamical theory of diffraction

of X-rays in distorted crystals, the one-dimensional problem of

X-ray scattering in a harmonic superlattice has been investi-

gated (Punegov & Pavlov, 1993). In that paper, the crystal was

considered to be periodically deformed along the z axis. It was

shown that in the case of a small modulation length and

relatively large defects the intensity of the diffuse scattering is

distributed in the reciprocal space not only in the vicinity of

the main peak of the superlattice but also around the satellite

peaks.

In the case of a crystal modulated by a surface acoustic

wave there is a lateral lattice modulation in the near-surface

region of the crystal. The elastic deformations are periodic

along the crystal surface and decay along the normal to the

surface. For this reason, as distinct from the work of Punegov

(1990) and Punegov & Pavlov (1993), diffraction of X-rays in a

crystal modulated by a SAW cannot be described using one-

dimensional equations.

First we consider the general case of X-ray scattering in a

laterally modulated crystal. In the case of a medium homo-

geneous along the y axis, equation (10) for the coherent

wavefields transforms to

@ÊEc
0ðqx; zÞ
@z

¼ iða0 � qx cot �1ÞÊEc
0ðqx; zÞ

þ i
ah f

ð2�Þ1=2
Zþ1

�1

dq0ÊEc
hðqx � q0; zÞ�ðq0; zÞ;

� @ÊEc
hðqx; zÞ
@z

¼ iðba0 þ �� qx cot �2ÞÊEc
hðqx; zÞ

þ i
ah f

ð2�Þ1=2
Zþ1

�1

dq0ÊEc
0ðqx � q0; zÞ��ðq0; zÞ;

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð21Þ

where �ðq0; zÞ ¼ ð2�Þ�1=2
R þ1
�1 dx expð�iq0xÞ�ðx; zÞ and

�ðx; zÞ ¼ exp½ih � huðx; zÞi�.
Let the average atomic displacements in the crystal,

huðx; zÞi, be given by an arbitrary function periodic along the x

direction, huðxþ�; zÞi ¼ huðx; zÞi, where � is the period of

the modulation. Then the average phase function �ðx; zÞ in
equation (21) is also a periodic function, with the same period

�, �ðxþ�; zÞ ¼ �ðx; zÞ. Therefore, the function � x; zð Þ can
be decomposed into the Fourier series

� x; zð Þ ¼ P1
m¼�1

Bm zð Þ exp �imsxð Þ; ð22Þ

where s ¼ 2�=� is the wavenumber of the lateral modulation

and

Bm zð Þ ¼ 2�ð Þ�1
R2�
0

exp i hu ’=s; zð Þ þm’
� �� �

d’ ð23Þ

are the depth-dependent Fourier coefficients. Taking the

Fourier transform over the x coordinate of both parts in

equation (22) one obtains

�ðq0; zÞ ¼ ð2�Þ1=2 P1
m¼�1

Bm zð Þ 	ðq0 þmsÞ; ð24Þ

where 	 is the Dirac delta function. Substituting equation (24)

into equation (21), the following system of equations for the

amplitudes of the coherent X-ray wavefields is obtained:

@ÊEc
0ðqx; zÞ
@z

¼ iða0 � qx cot �1ÞÊEc
0ðqx; zÞ

þ iah f
P1

m¼�1
Bm zð ÞÊEc

hðqx þms; zÞ;

� @ÊEc
hðqx; zÞ
@z

¼ iðba0 � qzÞÊEc
hðqx; zÞ

þ iah f
P1

m¼�1
B�

�m zð ÞÊEc
0ðqx þms; zÞ:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð25Þ

Let a plane wave of unit amplitude be incident on the

crystal surface, E0ðx; 0Þ ¼ 1. Then the Fourier transform of

this amplitude is ÊE0ðqx; 0Þ ¼ ð2�Þ1=2	ðqxÞ. It is obvious that the
Fourier transforms ÊEc

0;hðqx; zÞ of the coherent components of

the amplitudes of both the transmitted and the diffracted

waves are only nonzero at such qx that are multiples of the

wavenumber s of the lateral modulation, that is when

qx ¼ ns, where n is an integer. Therefore, equation (25) (a

system of two coupled equations) can be rewritten in the form

of a system of coupled equations for each diffraction order,

@Ec
0;nðzÞ
@z

¼ iða0 � ns cot �1ÞEc
0;nðzÞ

þ iahf
Pþ1

m¼�1
BmðzÞEc

h;nþmðzÞ;

� @Ec
h;nðzÞ
@z

¼ iðba0 þ qzÞEc
h;nðzÞ

þ iahf
Pþ1

m¼�1
B�

�mðzÞEc
0;nþmðzÞ;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð26Þ

where Ec
0;nðzÞ 	 ÊEc

0ðns; zÞ and Ec
h;nðzÞ 	 ÊEc

hðns; zÞ, with n =

0, 
1, 
2, . . . .
Equation (26) describes the process of multi-wave diffrac-

tion in a crystal periodically deformed along the surface. The
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presence of the summation in the right-hand side of these

equations indicates that the transmitted and reflected waves of

an arbitrary diffraction order n interact not only with each

other but also with the waves of other diffraction orders.

We now consider the diffuse scattering in the surface layer

with an arbitrary periodic deformation along the x axis. The

product of two phase functions, taken at two different points

of the crystal, a distance ð�2
x þ �2

zÞ1=2 from each other, can be

presented as follows:

� xþ �x; zþ �z

� �
�
�
x; zð Þ ’ P1

m¼�1
BmðzÞ


 

2exp �ims�xð Þ:

ð27Þ
If we assume that the defects are uniformly distributed in

the crystal then the correlation function can be simplified:

Gðx; z; �x; 0; �zÞ ¼ Gð�x; 0; �zÞ. This leads to the following

expressions for the correlation area:

�ðz; qx; qzÞ ¼
P1

m¼�1
BmðzÞ


 

2�mðqx; qzÞ: ð28Þ

Here �mðqx; qzÞ is a local correlation area of the diffraction

order m,

�mðqx; qzÞ ¼ ð2�Þ1=2 Rþ1

�1
d�x

Rþ1

�1
d�z

� exp i½ðqx �msÞ�x þ qz�z�
� �

G �x; 0; �z

� �
: ð29Þ

In equation (28), the squared moduli of the Fourier coeffi-

cients of the phase function represent weights for the local

correlation areas. Thus, the angular distribution of the diffuse

scattering for a given diffraction order depends not only on

the type and concentration of the defects (via the local

correlation area) but also on the type of the lateral modula-

tion.

It is convenient to write the solution for the intensity of

diffuse scattering in a crystal with laterally periodic defor-

mations as a sum,

Idh qx; qz
� � ¼ P1

m¼�1
Idh;mðqx; qzÞ; ð30Þ

where each term in the sum represents the intensity distri-

bution of the diffuse scattering in the vicinity of either the

main peak (m = 0) or the satellite peak (m 6¼ 0),

Idh;m qx; qz
� � ¼ ah



 

2 1� f 2
� �

�mðqx; qzÞL

� Rl
0

dz BmðzÞ


 

2Ic0 zð Þ exp �2
zð Þ: ð31Þ

L is the length (along the x axis) of the irradiated area on the

surface of the crystal. According to equation (29), the local

correlation area, �mðqx; qzÞ, has a maximum at qx ¼ ms.
Therefore, the angular positions of the maxima of the intensity

distributions of the diffuse scattering coincide with the angular

positions of the Bragg peaks of the coherent scattering.

Consequently, in the case of the laterally modulated crystals,

the diffuse scattering, as well as the coherent scattering, is

periodically distributed in the reciprocal space along the axis

qx.

If the diffuse scattering is formed in a thin crystalline layer,

the thickness of which is significantly smaller than the corre-

sponding extinction length, the intensity of the transmitted

X-ray wave can be considered constant and the photoelectric

absorption of X-rays can be neglected, so that equation (31) is

considerably simplified,

Idh;m qx; qz
� � ¼ ah



 

2 1� f 2
� �

LCm �mðqx; qzÞ; ð32Þ
where the coefficients Cm ¼ R l

0 dz jBmðzÞj2 depend on both the
depth l of the yield of the diffuse scattering and the depth-

dependent lateral modulation. If the elastic deformations do

not change with the crystal depth, i.e. BmðzÞ ¼ Bmðz ¼ 0Þ ¼
Bm, then the angular distribution of the diffuse scattering is

completely determined by the local correlation area,

Idh;m qx; qz
� � ¼ Am �mðqx; qzÞ; ð33Þ

where the coefficient Am ¼ jahj2ð1� f 2ÞL l jBmj2 is constant

for the corresponding diffraction order.

4. X-ray diffraction on Rayleigh waves

Let us now consider the X-ray diffraction in a crystal modu-

lated by a SAW. The phenomenon of surface acoustic waves

was first considered by Rayleigh (1885). As, for any internal

deformations, the stress is zero on the free boundary of the

solid body and it increases with the distance from the border

to a certain value determined by Hooke’s law, the elastic

disturbances near the boundary will differ from those in the

volume of the elastic medium. Let the boundary of the crystal

coincide with the plane xy, and let the z axis be its inner

normal, i.e. the medium occupies the half-space z > 0. The

general wave equation for the adopted model of the medium

can be presented as �u ¼ ð1=c2Þ@2u=@t2, where u denotes

either the longitudinal, ul, or the shear, u� , displacement, and c

is the speed of either the longitudinal, cl, or the transverse

(shear), c� , elastic waves. In the vicinity of the free boundary,

the solution for the surface Rayleigh wave can be written as

u x; zð Þ ¼ u0 exp �
aczð Þ exp iðs x� !stÞ
� �

; ð34Þ
where u0 is a constant, !s is the frequency of the acoustic wave,

s ¼ 2�=� ¼ !=cs is the wavenumber, cs is the speed of the

Rayleigh waves and � is the ultrasound wavelength (the

period of the surface modulation). The coefficient


ac ¼ s½1� ðc2s=c2�Þ�1=2 depends on the speed of the Rayleigh

and shear waves. Since the speed of light is much larger than

the speed of elastic waves in the crystal, the X-rays interact

with an instantaneous surface grating and the function of

atomic displacements is written in the form

u x; zð Þ ¼ usðzÞ sin s xð Þ; ð35Þ
where usðzÞ ¼ u0 expð�
aczÞ describes the attenuation of the

acoustic waves inside the crystal. This solution is quite simple

and is commonly used for the analysis of diffraction in crystals

modulated by SAWs (Tucoulou et al., 2001). In reality, the

vertical atomic displacements also depend on the speed, cl, of

the longitudinal waves. In the framework of the potential
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theory (Auld, 1990; Feenstra, 2005), the amplitude of the

atomic displacements has the following solution:

usðzÞ ¼ u1ðzÞ � u2ðzÞ; ð36Þ
where u1ðzÞ ¼ u0 expð�
1zÞ, u2ðzÞ ¼ u0ð1� c2s=2c

2
�Þ �

expð�
2zÞ, 
1 ¼ sð1� c2s=c
2
�Þ1=2 and 
2 ¼ sð1� c2s=c

2
l Þ1=2.

The amplitude of the surface acoustic wave takes a more

complex form if the piezoelectric effects are taken into

account. In this case, an electric component is added into the

wave equation for the elastic fields in the medium, and the

solutions for the atomic displacements and the electric

potential are presented as a linear combination of four terms

(Campbell & Jones, 1968):

usðzÞ ¼ u0
P4
r¼1

Ar exp �
rzð Þ: ð37Þ

In the general case, for different cuts of the piezocrystal, the

coefficients Ar and 
r in equation (37) are found from the

boundary conditions, using numerical methods. The calcula-

tions require additional information about the interdigital

transducer, the coefficient of conversion of the electric signals

into the mechanical vibrations of the crystal lattice etc. As a

result, the calculation of the coefficients Ar and 
r is a rather

complicated task that is beyond the scope of the current paper.

Nevertheless, for all the above models of the atomic

displacements inside the crystal [equations (35)–(37)], the

Rayleigh surface waves satisfy the harmonic law, sinðs xÞ, and
propagate along the x axis with a fixed rate, cs ¼ !s=s.
Therefore, the Fourier coefficients, BmðzÞ, in the solutions for

the coherent scattering [equation (26)] and the incoherent

scattering [equation (31)] are expressed via the Bessel func-

tions of the mth order,

BmðzÞ ¼ Jm husðzÞ
� �

¼ 2�ð Þ�1
R2�
0

exp i husðzÞ sinð’=Þ þm’
� �� �

d’: ð38Þ

In the following, we restrict our analysis to the case of a crystal

harmonically modulated by a SAW. The effect of the Rayleigh

surface wave on the crystal will be described by equation (35),

with the amplitude of the modulation satisfying equation (36).

Fig. 2 shows the dependences of the total amplitude of the

SAW and its components on the z coordinate in the case of a

127� Y0-cut of an LiNbO3 crystal; the amplitude of the ultra-

sound wave on the surface of the crystal u0 ¼ 0:3 nm and the

ultrasound wavelength � ¼ 4mm.

5. Numerical simulations

In order to illustrate the above theory of X-ray diffraction in a

crystal modulated by a SAW, we present the results of

numerical calculations. All calculations have been carried out

using the dynamical diffraction theory applied to the calcu-

lation of the intensity distribution in the vicinity of the [104]

reflection of an LiNbO3 crystal (127� Y0-cut). We used the

following parameters in our simulations: �-polarized
synchrotron radiation with a wavelength � ¼ 0:954 Å, which

corresponds to the X-ray energy 13 keV; an ultrasound

wavelength � ¼ 4 mm; a Bragg angle for the chosen reflection

of 10.036�; an interplanar distance d104 ¼ 2:7363 Å; and

Fourier components of the X-ray susceptibility

�0 ¼ ð�1:0296 þ i0:0166Þ � 10�5 and �h ¼ ð�0:4668 þ
i0:0157Þ � 10�5 (Stepanov, 1997). The above characteristics of

the crystal and the incident X-ray radiation correspond to the

experimental conditions of our experiments carried out at the

optical beamline BM5 of the European Synchrotron Radia-

tion Facility (ESRF, Grenoble, France).

The angular distribution of the intensity of the coherent

scattering has been calculated using equation (26) taking into

account 21 diffraction orders, n = 0, 
1, . . . , 
10. The corre-

sponding reciprocal space maps (RSMs) of the diffuse inten-

sity have been calculated using equations (30) and (31).

Our main goal was to investigate the effect of the depth

attenuation of the amplitude of the SAWon the rocking curves

(RCs) of the main and satellite peaks in the regime of a �–2�
scan. The model of the surface Rayleigh waves given by

equation (36) and schematically shown in Fig. 2 has been used

in our numerical simulations. The parameters of the model in

the case of the 127� Y0-cut LiNbO3 crystal are as follows: the

propagation speed of the ultrasonic waves along the x axis

cs ¼ 3980 m s�1 (Irzhak et al., 2002), the longitudinal velocity

cl ¼ ðc11=�Þ1=2 ¼ 6622 m s�1, the transverse velocity c� ¼
ðc44=�Þ1=2 ¼ 4047 m s�1, the mass density of the LiNbO3

crystal � ¼ 4629 kg m�3 (Stepanov, 1997), and the elastic

constants c11 ¼ 20:3� 1010 N m�2 and c44 ¼ 7:58� 1010 N m�2

(Kannan, 2006).

Fig. 3 illustrates the effect of the magnitude of the ampli-

tude u0 (Fig. 3a) on the RCs of the main diffraction peak

(Fig. 3b) and the first satellite (Fig. 3c). Here and below the

line type of the RC coincides with the corresponding line type

of the z profile of the amplitude of the SAW. For a relatively

small amplitude of SAW on the crystal surface (curve 1 in

Fig. 3a) the RC of the main peak has the shape of the well

known ‘Darwin curve’ (Authier, 2001). Compared to the main
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Figure 2
Depth profiles of the amplitude of a Rayleigh surface wave usðzÞ (curve
1), including the transverse component u1ðzÞ (curve 2) and the
longitudinal component u2ðzÞ (curve 3).
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(zero) peak, the profile of the RC of the first diffraction order

is narrower and has a smaller height. In the case of

u0 ¼ 0:20 nm (curve 2) a mild splitting of the main peak is

observed, while the contour of the first satellite is broadened

and its height exceeds that of the main peak. Finally, in the

case of a strong modulation (u0 ¼ 0:40 nm, curve 3) there is a

splitting of the RCs of both the zero and the first diffraction

orders.

It is worth investigating the effect of the ultrasound wave-

length on the RCs, keeping the amplitude of the ultrasound on

the crystal surface constant. Fig. 4 shows the z dependences of

the amplitude of the SAW and the corresponding RCs of the

research papers

526 Vasily I. Punegov et al. � Scattering in SAW-modulated crystals J. Appl. Cryst. (2010). 43, 520–530

Figure 4
Depth profiles of the amplitude of a SAW in the bulk of a crystal (a) and
the corresponding qz scans of the main peak (b) and the first satellite
peak (c) for different values of the ultrasound wavelength: � = 4 mm (1),
8 mm (2) and 12 mm (3). The amplitude of the ultrasound wave on the
crystal surface is u0 ¼ 0:20 nm.

Figure 3
Depth profiles of the amplitude of a SAW inside a crystal (a) and the
corresponding qz scans of the main peak (b) and the first satellite peak
(c), for different values of the amplitude, u0, of the ultrasound wave on
the crystal surface: u0 ¼ 0:05 nm (1), 0.2 nm (2) and 0.4 nm (3). The
wavelength of the acoustic wave is � ¼ 4 mm.
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main and the first diffraction orders for three different values

of the ultrasound wavelength (4, 8 and 12 mm). The amplitude

of the SAWon the surface of the crystal is u0 ¼ 0:20 nm in this

case. In the case of � ¼ 4 mm, as mentioned above, the

splitting of the RC of the main peak is quite mild. On

increasing the ultrasound wavelength, the splitting becomes

more pronounced. Moreover, the intensity of the main peak

and its width decrease. This indicates that the interaction of

the X-ray field with the crystal lattice decreases with the

ultrasound wavelength, in the angular position of the main

maximum. On the other hand, for the first satellite no

noticeable changes in the RC profile are observed (see Fig. 4c).

As noted above, the existing theories of X-ray diffraction in

a crystal modulated by a SAW have been formulated for ideal

crystals. However, all real crystals contain structural defects

which affect the X-ray scattering. It is known that distortions

of the crystal structure cause the appearance of diffuse scat-

tering, which has its own characteristics in the case of a peri-

odic deformation of the crystal (Punegov et al., 2007). For the

analysis of the diffuse scattering, high-resolution triple-crystal

diffractometry is usually employed (Iida & Kohra, 1979).

Using a triple-crystal diffractometer, Irzhak et al. (2002) have

conducted experimental measurements of X-ray diffraction in

crystals modulated by SAWs. Theoretical analysis of the

diffuse scattering in such crystals has been carried out by

Punegov et al. (2007), in the context of an ideal mosaic model.

Within certain limits, this model describes the dislocation

structure of the crystal lattice and implies the existence of

identical parallelepiped crystalline blocks having a length Lx,

width Ly and height Lz (Nesterets & Punegov, 2000). For a

symmetric reflection, the correlation area, defined by equation

(19), is written as

�ðqx; qzÞ ¼ �ðqxÞ �ðqzÞ; ð39Þ

where

�ðqxÞ ¼
RLx

�Lx

d�x expðiqx�xÞ expð�D2�2
xÞ 1� �x



 

=Lx

� � ð40Þ

and

�ðqzÞ ¼
RLz

�Lz

d�z expðiqz�zÞ 1� �z



 

=Lz

� � ð41Þ

are the correlation lengths along the x axis and z axis,

respectively. In equation (40), D ¼ h�m=½2ðln 2Þ1=2�, �m being

the FWHM of the Gaussian distribution of the misorientation

angle of the mosaic blocks in the xz plane.

Strictly speaking, the model proposed by Nesterets &

Punegov (2000) is an idealization. Describing diffraction in

real mosaic crystals, one must take into account the distribu-

tion of the size of the mosaic blocks. Following the formalism

proposed by Boulle et al. (2006), we will carry out the statis-

tical averaging of the intensity of the X-ray scattering over the

size of the blocks (in each dimension) using the logarithmic

normal distribution,

pLN Lð Þ ¼ 1

ð2�Þ1=2L �LN
exp � ln L=hLið Þ þ �2

LN=2
� �2

2 �2
LN

( )
; L � 0;

ð42Þ

where hLi ¼ R1
0 LpLNðLÞ dL is the average block size. The

variance of the block size, �2
L ¼ R1

0 ðL� hLiÞ2 pLNðLÞ dL, and
the position of the block size maximum, Lmax, in the distri-

bution are expressed as follows: �2
L ¼ ½expð�2

LNÞ � 1�hLi2 and
Lmax ¼ expð�3�2

LN=2Þ hLi. The choice of this distribution is

explained by the fact that the probability of a nonpositive

block size is zero. On the other hand, for small values of the

dimensionless parameter �LN (�LN  1/10) this distribution

almost coincides with the normal distribution (see Fig. 5 for

details), namely, �2
L ffi �2

LNhLi2 and Lmax ffi hLi.
Fig. 6 shows the results of the numerical calculations of the

RSMs of the total (coherent plus diffuse) scattering from a

mosaic crystal modulated by a SAW, with blocks of the same

size (Fig. 6a) and taking into account the size distribution of

the blocks (Fig. 6b). Contours of equal intensity are presented

in the logarithmic scale; the ratio of the intensities between the

neighboring lines is 0.6. In the statistical dynamical diffraction

theory, the relative contribution of the coherent and diffuse

scattering is defined by a static Debye–Waller factor, which

was equal to f = 0.85 in our calculations. In the utilized model

of the mosaic crystal, the sizes of the identical mosaic blocks in

the lateral and vertical directions were Lx = 9 mm and

Lz = 1 mm, respectively, and the FWHM of the Gaussian

distribution of the misorientation angle of the mosaic blocks

was �m = 5 arcsec. The results presented in Fig. 6 correspond

to the z profile of the amplitude of the ultrasound wave shown

in Fig. 2. Using the value u0 ¼ 0:34 nm, the maximum ampli-

tude of the ultrasonic modulation was us;max ¼ 0:21 nm. Under

such conditions, there is splitting of the main and satellite

peaks. This effect is manifested in the RSMs in the form of two

symmetrical peak spots in the vertical direction (see Fig. 6 for

details).

In the case of identical mosaic blocks the observed elliptical

shape of the equal intensity contours of the main diffraction
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Figure 5
Logarithmic normal distributions for different values of the standard
deviation.

electronic reprint



peak and of the two first-order satellites is consistent with the

calculations of diffuse scattering in the ideal mosaic structure

(Nesterets & Punegov, 2000). Taking into account the block

size distribution, the shape of the diffuse scattering distribu-

tion changes significantly (compare Figs. 6a and 6b). The

average block sizes in the lateral and vertical directions were

equal to the corresponding sizes used above, in the ideal-

mosaic model, namely, hLxi = 9 mm and hLzi = 1 mm. The

variances in the lateral and vertical directions were equal to

one-third of the corresponding average block size, �L = hLi=3.
We should note that the distribution of the size of the mosaic

blocks does not affect the coherent component of the scat-

tered intensity.

6. Analysis of the experimental measurements

The numerical simulation, the results of which have been

presented in x5, was used as a tool for the analysis of the

experimental RSMs from the 127� Y0-cut LiNbO3 crystal

(Fig. 7). The experimental data were collected at the optical

beamline BM5 of the European Synchrotron Radiation

Facility (ESRF) using monochromatic X-rays with an energy

of 13 keV. A high-resolution X-ray triple-crystal diffract-

ometer (Irzhak et al., 2002) was used. In this configuration,

X-ray radiation from the source passes through the primary

set of slits of size 0.1 � 0.1 mm and falls on a double-crystal

Si(111) monochromator. After the monochromator, the

radiation falls on a second set of slits of the same size as the

first, and after collimation the radiation is reflected from the

second monochromator, Si(333). The resulting highly mono-

chromated X-ray beam falls on the sample. After being

reflected from the sample, the radiation falls on an Si(333)

analyzer crystal and then is recorded by an NaI scintillation

detector. A SAW with a wavelength � ¼ 4 mm was generated

in the 127� Y0-cut LiNbO3 sample crystal.

For any amplitude of incident monochromatic wave on the

entrance surface of the sample crystal, equations (26), (30)

and (31) allow one to calculate the scattered intensity on the

same surface of the crystal. Nothing else, such as the presence

of a crystal monochromator or a crystal analyzer, is assumed at

this stage.
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Figure 7
Simulated (a) and experimental (b) RSMs for a 127� Y0-cut LiNbO3

crystal. The depth profile of the amplitude of the SAW is shown in Fig. 2
[the maximum amplitude modulation is us;max ¼ 0:21 nm (u0 ¼ 0.34 nm)].

Figure 6
Theoretical RSMs of a crystal modulated by a SAW, calculated using the
ideal mosaic model (a) and taking into account the distribution of the size
of the mosaic blocks (b). The depth profile of the amplitude of the SAW is
shown in Fig. 2 [the maximum amplitude modulation is us;max ¼ 0:21 nm
(u0 ¼ 0:34 nm)].
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In order to find the intensity registered by a double-crystal

diffractometer, one needs to take into account all its compo-

nents: a finite source characterized by an emission spectrum of

finite width, a crystal monochromator characterized by its

amplitude reflection coefficient, a sample crystal and a

detector, which registers the integral intensity of the radiation

reflected by the sample, at each angular position of the sample.

In the triple-crystal diffractometer, an analyzer crystal is

installed between the sample and the detector. In order to

take into account the effect of the instrumental function on

the formation of the RSMs, we used the formalism proposed

by Nesterets et al. (2005). However, in contrast to the general

expression for the recorded intensity obtained by Nesterets et

al. (2005), in our current calculations we have neglected the

spectral distribution of the radiation generated by the source.

The structural characteristics of the sample crystal have

been found using numerical simulations. The instrumental

divergence of the X-ray beam, in the units of the reciprocal

space, was approximately 0.2 mm�1. The instrumental function

has been calculated taking into account a threefold reflection

from a perfect silicon crystal. This significantly suppressed the

pseudopeak of the monochromator (see Fig. 7). On the other

hand, the pseudopeak of the analyzer is clearly seen in the

experimental diffraction pattern presented in Fig. 7(b). For

this reason, a single reflection (333) from the silicon analyzer

crystal has been taken into account in the calculations.

Accounting for this reflection resulted in a small rotation of

the split contours of the intensity of the coherent scattering in

the theoretical RSMs (Fig. 7a).

qz sections of the experimental and theoretical RSMs,

corresponding to u0 ¼ 0:34 nm, at the positions of the main

peak and the first two diffraction orders, are shown in Fig. 8.

This figure indicates that the intensity profiles of the main

peak and of the first-order satellites have gaps in their central

parts. Thus, the present theory, based on the model of the

SAW expressed by equation (36), quite adequately describes

the experimentally observed splitting of the diffraction peaks.

7. Conclusion

Unlike the existing theories, the approach developed in the

present paper allows one to (i) describe X-ray diffraction in a

crystal modulated by a SAW, in different scanning modes, (ii)

analyze the RSMs and (iii) obtain information on the defects

of the crystal structure. Within this theory, one can also obtain

information on the standard characteristics of the interaction

of X-ray radiation with the acoustic wave, including the

angular positions of the diffraction orders; the number of

satellites, which depends on the magnitude of the amplitude of

the ultrasonic wave; and the peak intensities of the satellite

peaks. Furthermore, the proposed formalism can be used to

investigate other physical problems not discussed in this

paper, for example, the distribution of the X-ray fields in the

surface region of the crystal modulated by the SAW, and the

influence of spatial inhomogeneities of the chemical compo-

sition and structural imperfection of the crystal on the inter-

action of X-rays with the SAW. Among the outstanding

fundamental physical problems are theoretical and experi-

mental studies of the diffraction of X-rays in heterostructures,

low-dimensional systems, porous crystals and other complex

structures modulated by the SAW.
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Figure 8
Theoretical (curve 1) and experimental (curve 2) qz scans for a 127�

Y0-cut LiNbO3 crystal: across the main peak (qx ¼ 0) (a), the (�1)
satellite peak (qx ¼ �s) (b) and the (+1) satellite peak (qx ¼ s) (c).
Other parameters are the same as in Fig. 7.
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