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INTRODUCTION

Diffuse scattering in a crystal containing randomly
distributed defects with elastic fields of atomic dis-
placements has been investigated in detail within the
kinematic diffraction theory [1]. Among all the numer-
ous lattice defects, spherically symmetric clusters with
elastic strain fields are particularly interesting. The dif-
fuse scattering from crystals with such defects was con-
sidered for the first time in the 1940s [2, 3]. The fields
of defect-induced random atomic displacements 
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A detailed theoretical analysis of diffuse scattering
from crystals containing spherically symmetric defects
in the form of clusters with intense fields of atomic dis-
placements showed that the scattering intensity is con-
centrated in narrow angular ranges near Bragg reflec-
tions [4]. For small values of 
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, is the
scattering vector, and 

 

h

 

 is the reciprocal lattice vector),
Huang scattering dominates, at which point the inten-
sity of the diffraction radiation diffuse component
decreases according to 
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. Huang scattering gives
information about the defect symmetry. For large 
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 is the mean defect radius), the
diffuse scattering intensity decreases as 
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 (Stokes–
Wilson scattering) [4, 5]. This scattering depends
strongly on the strains inside clusters.

Hol  [6] considered the dynamical theory of X-ray
diffraction from a crystal with randomly distributed
precipitates using the optical formalism of mutual-
coherence function. The diffuse scattering was dis-
cussed for the model of spherically symmetric precipi-
tates with amorphous internal defect structure.

y′

 

A numerical simulation of diffuse scattering near
the Bragg reflection from coherent precipitates was per-
formed in [7]. In contrast to [6], the defect model in [7]
assumed a linear increase in strain in the central part of
a precipitate. Calculations were performed for defects
in an elastically isotropic medium. The solution pro-
posed in [7] makes it possible to consider separately the
contribution to the total diffuse scattering from the
internal part of a defect and Huang scattering from lat-
tice strains and from structural defects of a higher order.
A high sensitivity of the angular distribution of scatter-
ing intensity to changes in size and internal strains of
spherically symmetric precipitates was demonstrated.

High-resolution X-ray diffraction measurements of
Huang scattering were performed for the first time in
[8] on a triple-crystal diffractometer. The experimental
profiles of the same diffuse scattering intensity were
compared with theoretical calculations based on the
models for dislocation loops and spherical inclusions.
Good agreement was obtained between the measured
and calculated intensity maps and the possibility of
determining the defect symmetry from experimental
data was shown.

The diffuse scattering for spherically symmetric
defects was investigated in [10–12] on the basis of the
formalism of Kato statistical theory of diffraction [9]
within the method of double-crystal diffractometry.
The static Debye–Waller factors, correlation functions
[11], and correlation lengths [12] were calculated for
three models of defects.

The fact that high-resolution triple-crystal X-ray
diffractometry was widely used for studying structural
characteristics of crystals [6, 13–15] required the devel-
opment of a more general statistical theory of diffrac-
tion [16, 17]. Expressions for correlation volumes
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(areas) of spherically symmetric defects were obtained
in [17]; they make it possible to calculate reciprocal
space maps.

Improving high-resolution X-ray diffractometers
and using high-power synchrotron sources make
experimental measurements more detailed and
highly sensitive to various distortions of crystal struc-
ture [5]. The simultaneous development of the theory
and the application of high-speed computers for
solving inverse diffraction problems call for consid-
ering all factors affecting the angular distribution of
scattering intensity.

All theories of diffuse scattering from crystals with
spherical inclusions generally consider defects of the
same size; however, this assumption is far from the
actual situation. The effect of the statistical spread of
sizes of spherically symmetric defects on the character
of diffuse scattering has not been investigated. The pur-
pose of the present study is to consider this physical
problem.

DIFFUSE SCATTERING. GENERAL RELATIONS

We consider the X-ray diffuse scattering from a
crystal with uniformly distributed defects. Let 
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 be
random atomic displacements caused by random dis-
tortions of the crystal structure. The diffuse scattering
intensity as a function of vector 

 

q

 

 can be written as
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 is the irradiated volume of the crystal, 
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 is the static Debye–Waller factor of a crys-
tal with uniformly distributed defects (
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 means sta-
tistical averaging), 
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 is the reciprocal lattice vector, and
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 is the scattering coefficient of the crystal [15].
Generally, the correlation volume 
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 in the statis-
tical theory of diffraction [17] for compositionally
inhomogeneous and deformed crystals depends on spa-
tial coordinates. If a crystal has a uniform chemical
composition and a distribution of structural defects, the
correlation volume 
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(
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 is the Fourier transform of the
intrinsic correlation function Kato 
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 [10]:
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It follows from (1) that this parameter directly charac-
terizes the angular distribution of diffuse scattering
intensity for a crystal with defects, because the other
factors in (1) are constants. The type of structural defect
is determined by random fields of atomic displace-
ments and is characterized by the correlation function
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The correlation volume (2) can be represented in
another form. Let us define the phase function of ran-
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into consideration, which can be written as F(r) =
exp(–T(r)) [10], where

(4)

is the Krivoglaz correlation function [1]. In this rela-
tion, c is the defect concentration in the bulk of the crys-
tal and Vc is the unit-cell volume. It is convenient to
introduce into consideration another space variable:

D(r) = 1 – (r). Then function (3) takes the form

(5)

Let us write the Fourier representation of the variable
D(r),

(6)

which makes it possible to represent expression (2) as

(7)

The diffuse scattering intensity (1), taking into
account the above transformations, can be written as

(8)

The coefficient KD = c |ah |2(V0/Vc)/(2π)2, which depends
on the defect concentration c, the crystal scattering
coefficient ah, and the number of X-ray-irradiated unit
cells (V0/Vc), is a constant. Since diffuse scattering
intensity is generally expressed in relative units, it is
convenient to assume that KD = 1. In this case, the angu-
lar distribution of diffuse scattering intensity, according
to (8), can be calculated from the formula

(9)

The displacement fields that are not in the defect in
the “Coulomb” model are spatially infinite and gener-
ally can partially overlap. To avoid the overlap of
strains from neighboring defects, a model was pro-
posed in [17], where atomic displacements have the
form (Fig. 1)
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Here, R1 is the radius of the spherical volume, beyond

which the effect of defect strains is absent; A =  (ε
the defect strength); and γ = Vd/V1 is the ratio of the vol-

umes Vd =  of the defect core and the spherical

region V1 = , which limits the influence of the
defect external strains. Note that model (10) is most
general because, at γ = 1 (R1 = Rd), it is directly trans-
formed into the model of defects in the form of spheri-
cal clusters without elastic fields outside of defects; at γ = 0
(R1  ∞), correspondingly, it is transformed into the
Coulomb model.

The model of spherically symmetric defect (10) and
fields of atomic displacements for different values of
the radius R1 are shown in Fig. 1. It follows from this
figure that, for the defects under consideration with a
strength of ε = 10–3 and a core size of Rd = 50 nm, the
existence of external radius R1 = 300 nm leads only to
slight differences (10) from the Coulomb model. More-
over, as the numerical calculations show, the reciprocal
space maps of diffuse scattering from defects for the
two models are nearly the same at such characteristics.

The diffuse scattering amplitude D(q) = D(q, Rd) for
spherically symmetric defects in model (10) can be
written as

(11)

Here,

(12)

is the diffuse scattering amplitude as a function of
reciprocal space variable q for spherical clusters, disre-
garding the strains beyond defects (the index A indi-
cates model (A) in [17]);

(13)

is the amplitude of Huang scattering from Coulomb-
type defects; and

(14)

is the diffuse scattering amplitude arising due to the
spatial confinement of external strains by the radius R1.

In relations (11)–(14), q = |q | =  and the
functions N1(x) = 3(sin(x) – xcos(x))/x3 and N2(x) =
sin(x)/x are introduced. According to (14), the ampli-
tude DV(q, Rd) becomes zero at R1 = Rd (the absence of
Huang scattering) and R1  ∞ (the model of Cou-
lomb-type defects).
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Similarly to (9), one can calculate the angular distri-
bution of diffuse scattering intensity for each part of
solution (11):

(15)

where DJ(q, Rd) are the diffuse scattering amplitudes
(12)–(14) for J = A, H, and V.

The above expressions describe the 3D intensity dis-
tribution in reciprocal space. At the same time, a direct
experiment can give only 2D maps of equal-intensity
contour. Therefore, the diffuse scattering intensity
recorded by a detector in triple-crystal X-ray diffracto-
metry corresponds to the distribution obtained by the
integration of (9) along one of the projections of vector
q that is parallel to the crystal surface:

(16)

Note also that the 2D diffuse scattering distribution
(qx, qz, Rd) ∝ τ(qx, qz, Rd) can be calculated in another

way, based on determining the correlation function
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Fig. 1. Model of spherically symmetric defects (top) and the
atomic displacement field of defects for R1 = 0 (vertical
bold line); R1 = ∞ (dashed line); and 100, 200, and 300 nm.
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g(ρx, 0, ρz; Rd), which is present in the definition of cor-
relation area [17]:

(17)

This method is more laborious and time-consuming;
however, it eventually leads to the same result as for-
mula (16).

In addition, we should note that the diffuse scatter-
ing intensity calculated from formula (16) significantly
differs from the intensity in the diffraction plane, which
follows from solution (9) at qy = 0:

STATISTICAL AVERAGING
OVER DEFECT SIZES

The theoretical calculations of the angular distribu-
tion of diffuse scattering from a crystal with randomly
distributed spherically symmetric defects of the same
size show that equal-intensity contours of scattering
intensities in reciprocal space maps and the corre-
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sponding cross sections along the projections of the
vector q have an oscillatory structure [5, 17]. Indeed,
the Fourier transform of a sphere, N1(qR) and the inter-
ference function N2(qR) generate rapidly damping
oscillations with a change in q. Generally, measure-
ments of diffuse scattering intensities from spherically sym-
metric defects do not reveal such oscillations [18–22]. This
may be for the following two reasons: the insufficient
sensitivity of the measuring instruments and the
absence of defects of the same size in crystals. Never-
theless, we should note that weakly pronounced oscil-
lations were observed in the curves of reduced diffuse
scattering intensity [23–26]. Moreover, a numerical
value of the average defect size was obtained in [23] by
computer simulation.

Let us perform statistical averaging over the defect
sizes Rd within the formalism proposed in [27] and
using logarithmic normal distribution [28]:
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Fig. 2. Calculated intensity maps for diffuse scattering from spherically symmetric defects of a fixed radius Rd = 50 nm: (a) spherical
clusters without elastic fields beyond defect (R1 = 0), (b) Coulomb-type defects (R1 = ∞), (c) defects with R1 = 100 nm, and
(d) defects with R1 = 300 nm. The ratio of neighboring line intensities is 0.237.
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where the mean defect radius 〈Rd〉 =

 and its variance  =  –

〈Rd〉)2pLN(Rd)d(Rd) are related to the parameters
present in the distribution function (18) as follows:

〈Rd〉 = exp(〈RLN〉 + /2) and  = exp(2〈RLN〉 +

)[exp( ) – 1]. The angular distribution of diffuse
scattering from spherically symmetric defects of differ-
ent sizes is calculated from the formula

(19)

where distribution (18) with specified values of the
mean defect radius 〈Rd〉 and standard deviation σd plays
a key role.

NUMERICAL SIMULATION 
OF DIFFUSE SCATTERING

Relations (9), (15), and (16), taking into account
(11)–(14) for defects with a fixed size and defects with
size fluctuation obeying statistical distribution (18) and
(19), were used in calculations of 2D maps of diffuse
scattering intensities. In all figures with intensity maps,
the ratio between the neighboring equal-intensity con-
tours is given on the logarithmic scale and amounts to
0.237.

The calculations were performed for defects with
the internal core radius Rd = 50 nm. The radii of the
external elastic strain volume V1 were 100 and 300 nm.
We used the defect strength ε = 10–3 (A = 125 nm3) in
all calculations.

Figure 2 shows 2D maps of diffuse scattering from
spherically symmetric defects with different elastic
field strains beyond the internal core. In the absence of
elastic strain fields, equal-intensity contours are con-
centric circles (Fig. 2a). Calculating the elastic strains,
which decrease with the increasing distance from the
defect center according to the Coulomb law 1/r2, forms
the diffuse scattering pattern shown in Fig. 2b. The
maps of diffuse scattering from defects within model
(10) with R1 = 100 and 300 nm are shown in Figs. 2c
and 2d, respectively. For a volume V1 of a small radius,
the contours of equal-intensity contours of angular
intensity distribution form an intermediate pattern of
diffuse scattering from defects without external strains
and Coulomb-type defects (Fig. 2c). A threefold
increase in the external-strain volume V1 leads to dif-
fuse scattering only slightly differing from the scatter-
ing from Coulomb defects (Figs. 2b, 2d).

Figure 3 shows the qz-scanning diffuse scattering
curves for the model under consideration (10) for
defects with the radii Rd = 50 nm and R1 = 300 nm. The
contour of the curve in the diffraction plane (qy = 0) for
3D diffuse scattering distribution has a well-pro-
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nounced oscillatory structure (Fig. 3a). Integration
along qy (triple-crystal X-ray diffractometry) smooths
out these oscillations (Fig. 3b). In addition, the rate of
decrease in the diffuse scattering intensity reduces with
an increase in |qz |. Calculating the defect size fluctua-
tions with the variance σd = 〈Rd〉/3 leads to disappear-
ance of oscillations (Fig. 3c); however, the law of
decrease in the diffuse scattering intensity with an
increase in the angular variable remains the same. Fig-
ure 3 also shows the angular intensity distributions
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caused by scattering from a spherical defect core,
Huang scattering from a Coulomb defect, and the scat-
tering related to the boundaries of the elastic strain vol-
ume V1 – Vd separately. Note that the presence of the
external strain boundary reduces the diffuse component
with a change in the angular distribution of scattering
intensity.

The effect of fluctuations of sizes of spherically
symmetric defects with the mean radius 〈Rd〉 = 50 nm
on the angular distribution of diffuse scattering is
shown in Fig. 4. Numerical calculations were per-
formed for different standard deviations of defect sizes
from the mean 〈Rd〉. In the case of weak fluctuation
deviations with σd = 〈Rd〉/20 (Fig. 4a), the oscillatory
structure of the angular distribution is partially
retained. The oscillations remain mostly in the central
part of the map of equal-intensity contours. With an
increase in the spread of defect sizes, as follows from
Figs. 4b and 4c, the oscillatory contours of equal-inten-
sity contours are smoothed out. For a relatively large
spread of defect sizes with σd = 〈Rd〉/3, the oscillations
almost completely disappear in the diffuse scattering
maps. The contours of equal-intensity contours are
transformed from characteristic dumbbell-shaped to
elliptical. In this case, a Huang scattering zero line

along qx at qz = 0 is clearly observed in the central part
of the intensity maps. The diffuse scattering, deter-
mined by only the Huang part of the correlation area,
is illustrated in Fig. 5. For a fixed radius Rd of an
ensemble of defects, the angular distribution of
Huang scattering intensity is oscillatory (Fig. 5a).
Fluctuations of defect sizes suppress oscillations but
do not change the zero line position (Fig. 5b).

Note another peculiarity. The results of numeri-
cally simulating diffuse scattering from spherically
symmetric defects showed a significant effect of
fluctuations of the defect core radius Rd. At the same
time, fluctuations of the radius R1, characterizing the
region of external elastic strain propagation at an
invariable radius Rd, do not significantly change the
angular distribution of diffuse scattering intensity.
Figure 6 shows the diffuse scattering maps at large
fluctuations of the radius R1 with standard deviations
σ1 = 〈R1〉/3 and σ1 = 〈R1〉. As follows from this figure,
even such large fluctuations of the external radius do
not suppress size oscillations, but characteristically
affect the formation of the central region in the inten-
sity map. In addition, an increase in the spread of
propagation boundaries of cluster external strains
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Fig. 4. Effect of size fluctuations for spherically symmetric defects with the mean radius 〈Rd〉 = 50 nm on the angular diffuse scat-
tering distribution (R1 = 300 nm): σd = (a) 〈Rd〉/20, (b) 〈Rd〉/12, (c) 〈Rd〉/6, and (d) 〈Rd〉/3.
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changes the ratio of the contributions of Huang and
Stokes–Wilson scatterings (Figs. 6a, 6b).

Thus, the effect of size fluctuations of spherically
symmetric defects on the angular distribution of diffuse
scattering intensity in a reciprocal space is shown. Ana-
lyzing the spread of defects in sizes will make it possi-

ble to effectively compare the results of numerical cal-
culations and experimental data.
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