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The morphology of low-dimensional structures, in
particular quantum dots, strongly depends on the con-
ditions of epitaxial layer growth. Quantum dots of var-
ious shapes (lens, drop, pyramid, cone, etc.) can be cre-
ated by varying the fluxes of molecular beams, growth
temperatures, and deposition rates, with an important
role played by the stages of interruption of the epitaxial
growth. Under certain conditions, self-organized quan-
tum dots, particularly those with an initial lens shape,
transform into nanodimensional volcano-shaped
islands [1]. Nanoobjects of this type are called quantum
rings (QRs). The circular geometry of these low-dimen-
sional objects is of special interest in view of their pos-
sible applications in magneto-optics and electronics
(see [2] and references therein). For this reason, much
attention has been devoted to investigations of the pro-
cess of QR formation and the factors determining their
dimensions [3–6]. 

Features of the morphology of QRs grown on the
surface of epitaxial layers have been frequently studied
using atomic force microscopy (AFM) techniques [1,
3–6]. However, the possibilities of this method are lim-
ited by the small thickness of analyzed layers. For a
vertical array of stacked epilayers with QRs, a sequence
of AFM images must be obtained after depositing every
intermediate layer (spacer), while the entire system of
vertically ordered QRs is studied by means of electron
microscopy [7]. On the other hand, nondestructive
monitoring of the structural stability of nanoobjects
with separating layers can be performed using X-ray
techniques [8]. In recent years, QRs have been studied
using small-angle X-ray scattering [9] and X-ray dif-
fraction at grazing incidence of the primary radiation
[9, 10].

The results obtained using high-resolution X-ray
diffractometry showed good prospects for the investi-
gation of self-organized nanostructures by means of
diffuse X-ray scattering [11]. However, despite the rich
empirical material available on the diffuse X-ray scat-
tering from low-dimensional structures, the corre-
sponding theories have not been developed in many
cases and the experimental data are analyzed within the
framework of the numerical method of finite elements
[11]. In particular, no theory of diffuse X-ray scattering
from epilayers with QRs has been available until now.
The present study is devoted to developing such a the-
ory. 
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 [12] is the static
Debye–Waller factor characterizing random distortions
of the crystal lattice structure (this value depends on the
number of QRs in the layer), symbol 
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 is the scattering ability of the medium [13]. 
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—A theory of diffuse X-ray scattering from a crystalline layer containing quantum rings (QRs) ran-
domly distributed in lateral directions has been developed. The QR is modeled by a truncated cone with a crater
that has the shape of an embedded inverted truncated cone. Reciprocal-space maps of the scattering intensity
distribution are obtained by numerical calculations for epitaxial layers containing QRs of various shapes. It is
established that the angular distribution of the diffuse scattering significantly depends on the slope of the exter-
nal cone generatrix, as well as on the crater shape and dimensions. 
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The correlation volume 
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(
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) can be expressed as fol-
lows [14]: 
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where 
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 is concentration of QRs in the layer, and 
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 is the crys-
tal unit cell volume. Using these relations, we eventu-
ally obtain the following expression for the diffuse
X-ray scattering intensity: 
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 is a constant coefficient
and, hence, 
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(
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) has the value of the scattering ampli-
tude. 

The QR is modeled by a truncated cone with a crater
in the shape of an inverted truncated cone of smaller
radius and height (Fig. 1). The field of atomic displace-
ments for this model can be written as follows: 

(5)
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 are the radii of the internal and external
truncated cones, respectively, at 
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= 0 (top face); 
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 are the heights of the internal and external cones,
respectively; and 
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 are the angles of the internal
and external cone generatrix, respectively, relative to
the base plane normal. In the general case, the model
determined by relations (5) corresponds to a volcano-
like QR, which is most frequently observed on the

τ q( ) c

2π( )2V c 1 f 2–( )
--------------------------------------- D q( ) 2,≈

D q( ) 1 ihδu r( )( ) iqr( )expexp–( ) r,d∫=

Ih
d q( ) KD D q( ) 2,=

δu r( )

random, fot R1 z α( )tan– x2 y2+≤
≤ R2 z β( ),tan+

0, for x2 y2+ R1 z α( ),tan–<

x2 y2+ R2 z β( ),tan+>⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

=

AFM images [1, 3–9]. For α = β = 0 and h1 = h2, the
model corresponds to a vertical hollow cylinder (disk). 

Expression (5) was used to calculate the amplitudes
D(q) of diffuse X-ray scattering. The integration in for-
mula (3) is conveniently performed in a cylindrical
coordinate system. Having accomplished simple trans-
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Fig. 1. Schematic diagram of the QR model (see text for
explanations). 
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Fig. 2. Calculated RSMs of the intensity of X-ray scattering
from an epitaxial layer with QRs of various shapes: (a) α =
–60°, β = 60°, h1 = 4 nm, and h2 = 4 nm; (b) α = 0, β = 60°,
h1 = 0, and h2 = 4 nm; (c) α = 0, β = 0, h1 = 4 nm, and h2 =
4 nm. 
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formations, we eventually obtain the following rela-
tion: 

(6)

where 

Φ(q; h, R, γ) 

= 2π exp(iqzz) J1(q0[R + z ]) 

is the QR form factor, q0 = , and J1(q0R) is the
first-order Bessel function. 

The diffuse scattering intensities were calculated
using the following expression [15]: 

(7)

Expressions (6) and (7) were used to calculate recip-
rocal space maps (RSMs) of the diffuse scattering
intensity distribution (Fig. 2) for QRs with various geo-
metric parameters. All calculations were performed for
QRs with a height of 4 nm and the top face representing
a ring with an external radius of R2 = 60 nm and an
internal (crater) radius of R1 = 40 nm. The QR shape
was modified by varying the slopes of generatrices of
the internal (α angle) and external (β angle) cones (rel-
ative to the base plane normal) and the crater depth h1.
For the neighboring isolines in Fig. 2 (plotted on a log-
arithmic scale), the ratio of intensities amounts to
0.316. 

For the volcano-like QRs with α = –60°, β = 60°,
and h1 = 4 nm, the pattern of diffuse scattering (Fig. 2a)
is characterized by splitting of the horizontal band into
two directions (indicated by dashed lines). These direc-
tions depend on the slopes of the internal and external
cone generatrices relative to the base (or the normal).
An analogous splitting is observed for a model of
nanoislands without craters, that is, for the QRs trans-
formed into quantum dots in the shape of truncated ver-
tical cones (Fig. 2b). If the QR shape corresponds to the
vertical hollow cylinder (disk), the pattern of diffuse
scattering exhibits two perpendicular bands corre-
sponding to the vertical and lateral directions (Fig. 2c). 

In conclusion, it should be noted that all QRs in the
proposed theory have the same dimensions, which is
evidently at variance with real situations. For this rea-
son, the angular distribution of the diffuse scattering
intensity in all RSMs has a pronounced oscillating
character. For the analysis of experimental data within
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the framework of this theory, it is necessary to perform
statistical averaging with respect to both dimensions
and shapes of QRs [16, 17]. 
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