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Cayley-Klein geometry
It is known that there are 3n n-dimensional geometries of constant

curvature or Cayley-Klein geometries. Their uni�ed axiomatics which involve
�xed as well as varying axioms was given by R.I. Pimenov. All these geometries
are locally simulated on spheres Sn(j) = {y ∈ Rn+1(j)| y2

0 + j2
1y2

1 + · · · +
j2
1 · · · j2

ny2
n = 1} in zero curvature spaces Rn+1(j) with named Cartesian

coordinates y0, (0, 1)y1, . . . , (0, n)yn, where (i, k) =
∏max(i,k)

l=min(i,k)+1 jl, (k, k) =
1 and each parameter takes three values jl = 1, ιl, i, l = 1, . . . , n. Here ιl
are nilpotent units ι2l = 0 with commutative law of multiplications ιlιm =
ιmιl 6= 0, l 6= m.

The distance dAB between arbitrary points A(y) and B(z) is de�ned as
the angle between its radius-vectors in the ambient space Rn+1(j) : dAB =
φAB and with the help of an intrinsic Beltrami (or geodesic) coordinates
xk = yk+1/y0, k = 1, . . . , n, y0 > 0 is written as
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,

where (x(j′),u(j′)) = x1u1+(1, 2)2x2u2+· · ·+(1, n)2xnun, x2(j′) = (x(j′),x(j′)),
j′ = (j2, . . . , jn). Parameter j1 de�ne the geometry curvature: positive (j1 =
1), negative (j1 = i) and zero (j1 = ι1). All other parameters correspond
to the metric signature: if some parameters are equal to i and the rest to
1, then pseudoriemann (or pseudoeuclead) geometry is obtained; if some
parameters are nilpotent, then a �ber geometry with the degenerate metric
is in result. Cayley-Klein planes (n = 2, x1 ≡ t, x2 ≡ r) are presented
on Fig.1. Some of these 3n geometries are isomorphic. The total number of
locally nonisomorphic n-dimensional Cayley-Klein geometries is given by
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The motion group SO(n + 1; j) of Cayley-Klein geometry (or orthogonal
Cayley-Klein group) is de�ned as the set of transformations of Rn+1(j)
leaving invariant Sn(j) and is realized as the matrix group of the special
matrices (A(j))kp = (k, p)akp, k, p = 0, 1, . . . , n, which satisfy the j-orthogonality
relations: A(j)At(j) = I. Cayley-Klein groups are obtained from orthogonal
group SO(n+1) byWigner-In�on�u contractions (Contraction of a Lie algebra)
and analytic continuations.

All possible kinematics (1+3 space-time models) are Cayley-Klein spaces
for n = 4, j3 = j4 = 1, namely: relativistic (j2 = i) de Sitter (j1 = i)
( De Sitter space), anti de Sitter (j1 = 1) (Anti-de Sitter space) and Minkowski
(j1 = ι1) (Minkowski space), nonrelativistic (j2 = ι2) Galilean (j1 = ι1)
(Galilean space) and Newton with positive (j1 = 1) and negative (j1 = i)
curvature. These kinematics are presented on Fig.1, where r means three
dimensial space. The Flag space is obtained under nilpotent values of all
parameters jk = ιk, k = 1, . . . , n.
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Fig.1. Beltrami coordinates of Cayley-Klein planes
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