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We de�ne a class of orthosymplectic osp(m; j|2n; ω) and unitary sl(m; j|n; ε)
superalgebras with the help of degenerate bilinear superforms. A classical
basic superalgebras include a simple Lie algebras as an even subalgebras. On
the other hand it is well known that the motion groups (and their algebras)
of all 3n n-dimensional spaces of constant curvature may be obtained from
the orthogonal group SO(n + 1) (and its algebra so(n + 1)) with the help
of contractions (or limit transitions) and analytical continuations [1],[2]. The
appellation Cayley�Klein (CK) is usually used as a short name for the set
of such motion groups (algebras, spaces, etc.) as well as for extension of
this notion to the case of unitary and symplectic groups. So it looks quite
natural to introduce a new class of superalgebras with CK algebras as an
even subalgebras.

CK group SO(m; j) is de�ned as the set of transformations of vector
space Rm(j), which preserve the quadratic form x2(j) = xt(j)x(j) = x2

1 +∑m
k=2(1, k)2x2

k, where (i, k) =
∏max(i,k)−1

p=min(i,k) jp, (i, i) = 1, each parameter jk =

1, ιk, i. Nilpotent ι2k = 0 and commutative ιkιp = ιpιk 6= 0, p 6= k values
of jk correspond to degenerate form and group contraction, whereas jk = i
gives analytical continuation. Cartesian components of vector x(j) ∈ Rm(j)
are (x(j))k = (1, k)xk, as it is easily follows from x2(j). For matrix g(j) ∈
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SO(m; j) the transformation x′(j) = g(j)x(j) means that the vector x′(j)
has exactly the same distribution of parameters j among its components
as x(j). This requirement give an opportunity to obtain the distribution of
parameters j among elements of matrix g(j), i.e. to build the fundamental
representation of CK group SO(m; j) starting from the quadratic form. The
same distribution of j is hold for CK Lie algebra so(m; j), namely Aik =
(i, k)aik, for A ∈ so(m; j). The set of transformations L(j) : Rm(j) → Rm(j)
with the property det L(j) = 1 form CK special linear group SL(m; j) and
the corresponding CK algebras sl(m; j) are given by the m × m matrices
l(j), tr l(j) = 0. CK symplectic group Sp(2n; ω) is de�ned as the set of
transformations of Rn(ω)×Rn(ω), which preserve the bilinear form S(ω) =

S1+
∑n

k=2[1, k]2Sk, where Sk(y, z) = ykzn+k−yn+kzk, [i, k] =
∏max(i,k)−1

p=min(i,k) ωk, [i, i] =

1, ωk = 1, ξk, i, ξ2
k = 0, ξkξp = ξpξk, p 6= k. The distribution of parameters ωk

among matrix elements of the fundamental representationM(ω) =

(
H(ω) E(ω)
F (ω) −H t(ω)

)
of the CK symplectic algebra sp(2n; ω) may be obtained as for orthogonal
CK algebras and is as follows: Bik = [i, k]bik, where B = H(ω), E(ω), F (ω).

We de�ne CK orthosymplectic superalgebras starting with the invariant
superform [3]

inv(j; ω) = u2
m∑

k=1

(1, k)2x2
k + 2v2

m+n∑
k̄=m+1

[1, ˆ̄k]2θˆ̄k
θ−ˆ̄k

≡ u2x2(j) + 2v2θ2(ω),

ˆ̄k = k̄ − m, when k̄ = m + 1, . . . ,m + n and ˆ̄k = k̄ − m − n, when k̄ =
m+n+1, . . . ,m+2n, which is the natural uni�cation of CK orthogonal and
symplectic forms. The distributions of contraction parameters j, ω among
matrix elements of the fundamental representation of osp(m; j|2n; ω) and
the transformations of the generators are obtained in a standard CK manner
and are as follows:

Eik = (i, k)E∗
ik, Eīk̄ = [̂̄i, ˆ̄k]E∗

īk̄, Eik̄ = u(1, i)v[1, ˆ̄k]E∗
ik̄, (1)

where E∗ are generators of the starting superalgebra osp(m|2n).
CK special linear (or unitary) superalgebras sl(m; j|n; ε) are consistent

with the transformations of (super) vectors [4]

X t(j, ε) = (x1, j1x2, . . . , (1, m)xm|ν(xm+1, ε1xm+2, . . . , [1, n]xm+n))t,

where the odd components are denote as xm+1 = θ1, . . . , xm+n = θn and
ˆ̄i = ī − m, ˆ̄k = k̄ − m = 1, . . . , n, [̂̄i, ˆ̄k] =

∏max(̂̄i,ˆ̄k)−1

l=min(̂̄i,ˆ̄k)
εl, εl = 1, ξl, i, ξ2

l =
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0, ξlξp = ξpξl 6= 0. The components of X (j; ε) are chosen in such a way that
the contraction parameters εl of the odd components were independent of
the contraction parameters jl of the even ones. The transformations of the
standard generators (marked with star) of the special linear superalgebra
sl(m|n) to the generators of sl(m; j|n, ε) are given by

HI = H∗
I , Eij = (i, j)E∗

ij, Eīj̄ = [̂̄i, ˆ̄j]E∗
īj̄, i 6= j, ī 6= j̄,

Eij̄ = ν(1, i)[1, ˆ̄j]E∗
ij̄, Eīj = ν(1, j)[1, ˆ̄i]E∗

īj. (2)
Casimir operators are important in representation theory because their

eigenvalues completely characterize a typical representation of Lie superalgebras.
The Casimir operators of the basic Lie superalgebras can be constructed as
follows. Let A = sl(m|n) with m 6= n or osp(m|n) be a basic Lie superalgebra.
Let {EIJ} be a matrix basis of the generators of A where I, J = 1, . . . ,m+n
with degI = 0 for I = 1, . . . ,m and degI = 1 for I = m+1, . . . ,m+n. Then
de�ning (Ē)IK = (−1)degKEIK , a standard sequence of Casimir operators is
given by

Cp = str(Ēp) =
m+n∑
I=1

(−1)degI(Ēp)II =

=
m+n∑

I,I1,...,Ip−1=1

EII1(−1)degI1 . . . EIkIk+1
(−1)degIk+1 . . . EIp−1I . (3)

One has to stress that unlike the algebraic case, the center of U(A) for the
classical Lie superalgebras is, in general, not �nitely generated. For only Lie
superalgebra osp(1|2n) the center of its universal enveloping superalgebra is
generated by n Casimir operators of degree 2, 4, . . . , 2n.

To obtain Casimir operators of superalgebra sl(m; j|n; ε) we shall proceed
in the standard manner. First we get the matrix Ē(j; ε). For this we put
in matrix Ē the new generators of sl(m; j|n; ε) instead of the old ones of
sl(m; n) according to (2) and denote the obtained matrix as Ē(→). In general
its elements are unde�ned for nilpotent values of parameters j, ε, ν. So it
is necessary to multiply Ē(→) on minimal multiplier which eliminates all
unde�ned expressions in matrix elements, namely, ν(1, m)[1, n]. Finally we
have

Ē(j; ε) = ν(1, m)[1, n]Ē(→) (4)
with matrix elements (k 6= p, k̄ 6= p̄)

(Ē(j; ε))kk = ν(1, m)[1, n](Ekk+
1

m
Y ), (Ē(j; ε))k̄k̄ = ν(1, m)[1, n](−Ek̄k̄+

1

n
Y ),
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(Ē(j; ε))kp = ν(1, k)(p, m)[1, n]Ekp, (Ē(j; ε))k̄p̄ = ν(1, m)[1, ˆ̄k][ˆ̄p, n]Ek̄p̄,

(Ē(j; ε))ik̄ = −(i, m)[ˆ̄k, n]Eik̄, (Ē(j; ε))īk = (k,m)[̂̄i, n]Eīk. (5)

The maximal multiplier ν(1, m)[1, n] has the diagonal elements and the minimal
multiplier (equal to unit) has the matrix elements (Ē(j; ε))m,m+n = Em,m+n, (Ē(j; ε))m+n,m =
Em+n,m.

The sequence of Casimir operators of sl(m; j|n; ε) is given by

Cp(j; ε) = strĒp(j; ε) = νp(1, m)p[1, n]pstr(Ē(→))p. (6)

Indeed, letX? be an arbitrary generator of sl(m|n). Under computing [Cp, X
?] =

0 we get identical terms but with opposite signs (plus and minus) so their sum
is equal to zero. Under transformation of this commutator to the corresponding
commutator of sl(m; j|n; ε) identical terms are multiplied on identical multipliers,
therefore, their sum remains equal to zero, i.e. [Cp(j; ε), X] = 0.

In the case of superalgebras osp(M |N) the multiplier in (4) is equal
to ν(1, M)[1, N

2
] and all formulae for matrix Ē(j; ε) and matrix elements(

Ē(j; ε)
)

kp
appear as for the sl(m; j|n; ε) with substitutions m = M and

n = N
2
.
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